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Abstract — This paper is a first attempt at characterizing the
spectrum of signals obtained by feeding chaotic sequences into
FM modulators. First of all, it is shown that previous analytic re-
sults about FM modulators driven by random PAM signals do not
generally hold when chaotic PAM signals are used. Secondly, two
novel theorems are proposed: the first one states that the random-
FM spectrum formulas can in fact remain valid for the chaotic
case as a limit condition; the second establishes some constraints
sufficient for achieving symmetric chaotic-FM spectra.

1 Introduction

Driving an FM modulator with random sequences — or more
precisely with random Pulse Amplitude Modulated (PAM)
signals — as in figure 1, is a flexible way to generate constant
envelope spread spectrum signals [1]. The latter are indis-
pensible in many novel telecommunications schemes [1] and
useful for the synthesis of temporization signals suitable for
digital equipment, DC-DC converters, power actuators, and
any kind of switching device designed for environments where
strict electromagnetic compatibility requirements exist [2].
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Figure 1: Applications of random/chaotic FM modulation.

For all these applications, a spectral characterization of the
signal at the output of the FM block is a pre-condition. A gen-
eral result in this sense was recently presented in [3], where a
formula was derived, linking the FM power density spectrum
to the probability density function (PDF) of the random mod-
ulating sequence. In the first instance, this result appeared
sufficient to enable the design of practical spread spectrum
sources following the architecture proposed in figure 1.

However, the required truly random sequences are inconve-
nient to synthesize in hardware, especially if they need to obey
a prescribed PDF and/or to be updated at high data rates. Con-
sequently, the exploitation of sequences generated by chaotic
sources [3, 4] is currently being actively experimented. As
well known, dynamical systems based on models such as

xn � 1 � M
�
xn � M : � � 1 � 1 	 
 � � 1 � 1 	 (1)

can produce chaotic, noise-like sequences if M is appropri-
ately chosen [5]. Furthermore, techniques exist for the syn-
thesis of M in order to have them obey a given PDF [6].
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Unfortunately, in the architecture of figure 1, the adoption
of chaotic PAM signals at the input of the FM modulator is
not seamless. For instance, figure 2 compares the spectra ob-
tained by cascading an FM modulator to a random and two
different chaotic sources, all characterized by the same PDF.
The spectra are all notably different and the use of chaos does
not always permit a correct approximation of the power dis-
tribution which is achieved in the random case.
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Figure 2: Spectra comparison. Carrier frequency f0 � 1MHz;
Frequency deviation ∆ f � 8 B 5MHz; Modulating signal data
rate 1 C T � 20MHz (modulation index m � 0 B 425).

To the best of our knowledge, the peaks in the center graph
have not been completely explained yet. In this paper we il-
lustrate two novel theorems which can be employed to achieve
a first characterization of the phenomena. In many cases their
use can enable the spectral analysis of chaotic-FM signals and
the synthesis of systems conforming to particular spectral re-
quirements.

2 Spectral characterization

2.1 Preliminary concepts

In the following we shall assume that the FM signal under
exam is:
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s
�
t � � cos

D
2π E f0 t F ∆ f G tH ∞

ξ
�
τ � dτ I J (2)

where f0 indicates the carrier frequency, ∆ f the frequency de-
viation, and ξ

�
t � the input PAM signal

ξ
�
t � � ∞

∑
k L H ∞

xk g
�
t � kT � (3)

given that g
�
t � is a function equal to 1 for t M 	 0 � T 	 and to zero

elsewhere. In other terms, ξ
�
t � is a zero-order-hold version of

a sequence xk updated at t � kT and whose values are gener-
ated following the recursive rule (1). We assume that the map
M used in (1) is exact [5]. Recall that M defined in � � 1 � 1 	
is said to be exact if limk O ∞ µ

�
Mk � P � � � µ

� � � 1 � 1 	 � for allP S � � 1 � 1 	 s.t. µ
� P � U 0, when Mk is the k-th iteration of the

map and µ denotes a measure function. The meaning of these
easy-to-satisfy assumptions is to guarantee that (almost) every
modulating sequence xk is characterized by the same prob-
ability density function ρ, characteristic of the map M and
determinable as the unique invariant of its Perron-Frobenius
operator (PFO) P [5]. Furthermore, it is guaranteed that the
autocorrelation function of almost every sequence xk remains
bounded by an exponentially vanishing envelope whose de-
cay rate is set by the modulus of the largest eigenvalue of P
less than 1 [7]. This quantity will be further on referred as the
system rate of mixing rmix.

To proceed, it is convenient to strip the carrier information
from s

�
t � , by considering the low-pass equivalent s̃

�
t � , defined

so that s
�
t � � Re � s̃ �

t � e W 2πf0t 	 . Setting ϕk � 2π∆f T ∑k H 1
j L H ∞ x j ,

one gets

s̃
�
t � � ∞

∑
k L H ∞

e W X 2π∆f xk Z t H kT [ � ϕk \ g
�
t � kT � (4)

Since s
�
t � is cyclostationary [8, 3], the autocorrelation

function must be obtained by averaging [8, chapters 4.4.1–2]:

φs̃s̃
�
τ � � 1

2T
G T

0
Ex0 � s̃ ] �

t � s̃
�
t F τ � 	 (5)

where the superscript asterisk denotes complex conjugation.
The low pass power density spectrum is obviously given by

Φs̃s̃
�
f � � G ∞H ∞

φs̃s̃
�
τ � e

H W 2πf τdτ (6)

from which the spectrum of the original signal can be obtained
as

Φss
�
f � � 1

2
� Φs̃s̃

�
f � f0 � F Φs̃s̃

� � f � f0 � 	 (7)

Wanting to consider only positive frequencies, in practical
cases (7) can be approximated by Φs̃s̃

�
f � f0 � .

It is hence necessary to compute φs̃s̃. Starting from its def-
inition (5), the substitution of (4) into the integrand gives

Ex0 � s̃ ] �
t � s̃

�
t F τ � 	 �

∞

∑
k L H ∞

∞

∑
l L H ∞

Ex0 ^ e H W _ 2π∆f X xk Z t H kT [ H xl Z t � τ H lT [ \ � ϕk
H ϕl a b d

g
�
t � kT � g

�
t F τ � lT � (8)

By splitting the two sums into the cases k � l, k U l and k f l

Ex0 � s̃ ] �
t � s̃

�
t F τ � 	 �

∞

∑
k L H ∞

Ex0 ^ e W 2π∆f xkτ b g
�
t � kT � g

�
t F τ � kT � F

∞

∑
k L H ∞

∞

∑
n L 1

Ex0 g e H W 2π∆f X xk Z t H kT H T [ H xk h n Z t � τ H Z k � n [ T [ \ d
e W 2π∆f T ∑k h n i 1

j j k h 1 x j b g
�
t � kT � g

�
t F τ � �

k F n � T � F
∞

∑
k L H ∞

∞

∑
n L 1

Ex0 g e H W 2π∆f X xk h n Z t H Z k � n [ T [ H xk Z t � τ H kT H T [ \ d
e

H W 2π∆f T ∑k h n i 1
j j k h 1 x j b g

�
t � �

k F n � T � g
�
t F τ � kT � (9)

Exploiting the stationarity of the modulating sequence, φs̃s̃ can
thus be expressed as

φs̃s̃
�
τ � � 1

2T
Ex0 ^ e W 2π∆f xτ b G T

0
g

�
t � g

�
t F τ � dt F

1
2T

G T

0

∞

∑
n L 1

Ex0 ^ e H W 2π∆f X x0 Z t H T [ H xn Z t � τ H nT [ \ d
e W 2π∆f T ∑n i 1

j j 1 x j b g
�
t � g

�
t F τ � nT � dt F

1
2T

G T

0

∞

∑
n L 1

Ex0 ^ e H W 2π∆f X xn Z t H τ H nT [ H x0 Z t H T [ \ d
e

H W 2π∆f T ∑n i 1
j j 1 x j b g

�
t � g

�
t � τ � nT � dt (10)

where only one of the two latter sums can be non-null, de-
pending on the sign of τ. Furthermore, φs̃s̃

�
τ � � φ]s̃s̃

� � τ � , as
it is always the case with autocorrelation functions, meaning
that it is possible to consider only positive values for τ without
loosing any information. By setting w � e W 2π ∆f T , (6) can thus
be recast as

Φs̃s̃
�
f � � 2Re E G ∞

0
φs̃s̃

�
τ � w

H f τ
∆ f T dτ I (11)

where φs̃s̃
�
τ � is simplified into

φs̃s̃
�
τ � � 1

2T
Ex0 ^ wx0

τ
T b �

T � τ � g
�
τ � F

1
2T

G T

0

∞

∑
n L 1

g
�
t � g

�
t F τ � nT � En

�
t � τ � dt (12)

thanks to the definition of

En
�
t � τ � � Ex0 ^ wx0

�
1 H t

T � � ∑n i 1
j j 1 x j � xn

�
t h τ
T

H n � b (13)

2.2 Theorems

Theorem 1 (Convergence to random FM for rmix 
 0).

lim
rmix O 0

Φs̃s̃
�
f � �

Ex0 � K1
�
x0 � f � 	 F Re n E2

x0
� K2

�
x0 � f � 	

1 � Ex0 � K3
�
x0 � f � 	 o (14)
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where

K1
�
x � f � � 1

2
T sinc2 �

πT
�
f � ∆ f x � �

K2
�
x � f � � r e

H W 2πT Z f H ∆ f x [ � 1

2πt T
�
f � ∆ f x �

K3
�
x � f � � e

H W 2πT Z f H ∆ f x [
(15)

Remarks: Equations (14) and (15) are the same formula
given in [3] for the spectrum of FM signals obtained by the
modulation of a random sequences. Hence this theorem can
be informally restated by saying that for the generation of con-
stant envelope spread spectrum carrier via the FM of a noisy
PAM signal, a chaotic source can be seamlessly substituted
for a random one if its rate of mixing is sufficiently good. In
this condition the spectrum shape can be determined analyti-
cally and it depends exclusively on the FM modulation index
m � ∆ f T and on the probability density function ρ of the mod-
ulating signal. This theorem has a strong operational value
as it opens the way to an iterative design process in which
chaotic sources characterized by progressively better rmix can
be sequentially tested, until a sufficiently good behavior is ob-
tained.

Proof: Define

Gn u i �
x � � vxy

xz
wx

�
1 H t

T � i � 0

wx 0 f i f n

wx
�

t h τ
T

H n � i � n

(16)

Fn u k �
x � � n Fn u k H 1

�
x � Gn u k H 1

�
Mk H 1 �

x � � 1 { k { n

1 k � 0
(17)

With this, the term En in (12) can be recast as

En
�
t � τ � � G 1H 1

Fn u n �
x � Gn u n �

Mn �
x � � ρ �

x � dx (18)

Now, consider a generic correlation term built as

Ln u k � G 1H 1
Fn u k �

x � Gn u k �
Mk �

x � � ρ �
x � dx (19)

From the very definition of rmix it follows that [7] | C M } �
so that for any t and τ the following inequality holds:���� Ln u k � G 1H 1

Fn u k �
x � ρ

�
x � dx G 1H 1

Gn u k �
x � ρ �

x � ���� {
C �� Fn u k ρ �� BV

�
rmix � k dx (20)

Now, define

an u k � Ln u k � k

∏
i L 0

G 1H 1
Gn u i �

x � ρ �
x � dx

bn u k � G 1H 1
Fn u k �

x � ρ
�
x � dx G 1H 1

Gn u k �
x � ρ �

x � dx �
k

∏
i L 0

G 1H 1
Gn u i �

x � ρ �
x � dx

(21)

so that equation (20) can be rewritten as? an u k � bn u k ? { C �� Fn u k ρ �� BV

�
rmix � k (22)

Exploiting the inequality ? a � b ? � �� ? a ? � ? b ? �� , this becomes? an u k ? { C �� Fn u k ρ �� BV

�
rmix � k F ? bn u k ? (23)

By means of the recursive definition (17), the term ? bn u k ? can
be expressed as

? bn u k ? ������ Ln u k H 1 G 1H 1
Gn u k �

x � ρ �
x � dx � k

∏
i L 0

G 1H 1
Gn u i �

x � ρ �
x � dx

����� ����� G 1H 1
Gn u k �

x � ρ �
x � ���� ? an u k H 1 ? { ? an u k H 1 ? (24)

Hence, we have the recursive inequality? an u k ? { C �� Fn u k ρ �� BV

�
rmix � k F ? an u k H 1 ? (25)

Since ? an u 0 ? is obviously zero, for the case k � n one can write

? an u n ? { C
n

∑
i L 1

�� Fn u i ρ �� BV

�
rmix � i (26)

which vanishes for rmix 
 0. Since the product in the defini-
tion of an u k (21) is a product of expectations, this means that

lim
rmix O 0

En
�
t � τ � �

Ex0 ^ wx0

�
1 H t

T � b � Ex0 g wx0 � � n H 1 Ex0 ^ wx0

�
tτ
T

H n � b (27)

In order to exploit this factorization we must consider the sum-
mands in (12). First of all, intuitively accept that the integral
and the sum can swap, even if space constraints prevent us
from formally proving it here. The general summand is thus

G T

0
g

�
t � g

�
t F τ � nT � En

�
t � τ � dt � � � � 


rmix O 0

Hn H 1 �
T � G T

0
g

�
t � g

�
t F τ � nT � H

�
T � t � H

�
t F τ � nT � dt �

G ∞H ∞
g

�
t � H

�
t � g

�
τ � �

n � 1 � T � t � H
�
τ � �

n � 1 � T � t � dt ��
gH � gH � �

τ � �
n � 1 � T � (28)

where H
�
ξ � � Ex0 g wx0ξ � T � and � stands for convolution. The

last equality is obtained by substituting t F τ � nT for t and
exploiting the vanishing of g when its argument lays outside� 0 � T 	 . Note that for any given n the limit holds uniformly in
τ. Now consider the expression of the spectrum Φs̃s̃

�
f � when

(12) is substituted into (11). Since it is not obvious whether it
is legitimate to compute limrmix O 0 Φs̃s̃

�
f � by moving the limit

inside the infinite sum, we shall split the spectrum into the
following terms:

Φ Z 1 [
s̃s̃

�
f � � Re E 1

T
G T

0
H

�
τ � �

T � τ � e
H W 2πf τ dτ I

Φ Z 2 [
s̃s̃

�
ñ � f � � Re E 1

T

ñ

∑
1

G ∞

0
G T

0
g

�
t � g

�
t F τ � nT � d

En
�
t � τ � e

H W 2πf τ dt dτ I
Φ Z 3 [

s̃s̃
�
ñ � f � � Re E 1

T

∞

∑̃
n

G ∞

0
G T

0
g

�
t � g

�
t F τ � nT � d

En
�
t � τ � e

H W 2πf τ dt dτ I

(29)
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so that for any finite ñ, Φs̃s̃
�
f � � Φ Z 1 [

s̃s̃
�
f � F Φ Z 2 [

s̃s̃
�
ñ � f � F

Φ Z 3 [
s̃s̃

�
ñ � f � . The first term can always be rewritten as

Φ Z 1 [
s̃s̃

�
f � � G 1H 1

Re E 1
T

G T

0
e W 2πZ ∆ f x0

H f [ τ �
T � τ � dτ I d

ρ
�
x � dx � Ex0

D
sin2 � πT

�
f � ∆ f x � 	

2π2T
�
f � ∆ f x � 2 J (30)

The second term, for any given ñ and for rmix 
 ∞ is

Φ Z 2 [
s̃s̃

�
ñ � f � � lim

rmix O 0
Φ Z 2 [

s̃s̃
�
ñ � f � � Re � 1

T
d

� ñ

∑
n L 1

Hn H 1 �
T � e

H W 2πf T Z n H 1 [ � E G T

0
H

�
τ � e

H W 2πf τdτ I 2 �
(31)

Finally, the third term vanishes for ñ 
 ∞ for any f . This

is due to the fact that Φ Z 3 [
s̃s̃

�
0 � f � is nothing but the spectrum

itself, which must obviously converge for any f . Therefore,

for any given f , Φs̃s̃
�
f � � Φ Z 1 [

s̃s̃
�
f � F limñ O ∞ Φ Z 2 [

s̃s̃
�
ñ � f � . The

latter limit can be recast considering that

1
T

E G T

0
H

�
τ � e

H W 2πf τdτ I 2 �
E 1t T

G 1H 1
G T

0
e W 2πZ ∆ f x H f [ τ dτ ρ

�
x � dx I 2 �

Ex0 � r e
H W 2πT Z f H ∆ f x0 [ � 1

2πt T
�
f � ∆ f x0 � � (32)

and that

∞

∑
n L 1

Hn H 1 �
T � e

H W 2πf T Z n H 1 [ � 1
1 � H

�
T � e H W 2πf T ��

1 � Ex0 ^ e H W 2πT Z f H ∆ f x0 [ b � H 1
(33)

Note that (33) is valid thanks to the fact that ? H �
T � ? f 1.

Now compare K1, K2 and K3 in the theorem statement with
equations (30), (32), and (33) to see that the thesis has been
proven.

Theorem 2 (Spectrum symmetry).

M
� � x � � � M

�
x � � Φs̃s̃

� � f � � Φs̃s̃
�
f � (34)

Remarks: If the chaotic map is odd symmetric, then the base
band spectrum is even symmetric and thus also the band pass
spectrum is symmetric with regard to the axis f � f0. This
theorem can find applications in all the cases where a precise
specification of the spectrum shape is not important, but a bal-
anced power distribution is. For instance consider the center
and bottom spectra in figure 2: both are different from the
random-FM spectrum (top). Nonetheless, the bottom one is
much more regular than the other, thanks to the symmetry de-
riving from an odd symmetric map.

Proof: First of all, note that M
� � x � � � M

�
x � � ρ

� � x � �
ρ

�
x � , i.e., if the map is odd symmetric, then the invariant

density is even symmetric [6]. Also, consider 2 sequences

x Z A [
k � Mk �

x Z A [
0 � and x Z B [

k � Mk �
x Z B [

0 � . If M is odd symmet-

ric x Z B [
0 � � x Z A [

0 � � k M � � x Z B [
k � � x Z A [

k , i.e., a change in the
sign of the initial value causes only a change in the sign of all
the following values.

Now, consider the definition of En
�
t � τ � in equation (13) and

note that it can be recast as

En
�
t � τ � �G 1

0
w

H x
�
1 H t

T � � ∑n i 1
j j 1 M j Z H x [ � Mn Z H x [ �

t h τ
T

H n � ρ
� � x � dx F

G 1

0
wx

�
1 H t

T � � ∑n i 1
j j 1 M j Z x [ � Mn Z x [ �

t h τ
T

H n � ρ
�
x � dx (35)

and thus, if the map is odd symmetric, EN
�
t � τ � is the sum of

2 complex conjugated quantities and is real. If EN
�
t � τ � is real,

also the autocorrelation function (12) is so. Since the Fourier
transform of real functions is even, we have the thesis.

3 Conclusions

Building upon results describing the spectrum of signals ob-
tained by feeding random sequences to FM modulators, we
have proposed mathematical tools which help the spectral
characterization of chaotic-FM signals. The proposed the-
orems permit a complete derivation of chaotic-FM spectra
in many limit cases (large rmix, slow modulations) and can
be interpreted as a generalization of the previously known
random-FM methods. Further investigation is still necessary
to broaden the range of conditions for which formal results
can be proposed.
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