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Synthesis of broadband multiport
phase commutators and uncouplers

Gennadij Chavka*

Abstract - Methods of synthesis, mathematical
models and parameters of broadband multiport
phase commutators and uncouplers are considered
in this paper. These circuits are used for a solution
of an optimal broadband matching problem for
a complex n-port load. Structure parameters and
a synthesis of these networks are based on eigen-
values and eigenvectors of multiport scattering
matrices on jωω-axis of the complex frequency plane.

1 Introduction

A design of an optimum multiport equalizer to match
an arbitrary multiport load is one of the classic
problems in the circuit theory [1,2,]. An application of
broadband n-port phase commutators and uncouplers
may carry out a solution of this problem [3,4,5].

The paper presents mathematical models and structu-
res of the multiport broadband phase commutators and
the uncouplers for a given resistive or complex n-port
load. It is used resistive and complex normalized
scattering matrices for a network connection [4,5,6].

The phase commutator is such network who provides
a distribution of output signals with the same ampli-
tudes and different phase of its (Fig.1,a). With the
change of an excitation input of the phase commutator
we have different distributions of output signal phases.

The uncoupler is named a multiport network provid-
ing a total diagonal scattering matrix of the cascade
connection of the uncoupler and the whole multiport
complex load (Fig.1,b).

A synthesis theory of the phase commutators and the
uncouplers is based on power parameters coupled with
eigenvalues and eigenvectors of the multiport matri-
ces. Formulas for a computing of these parameters are
presented in the paper.

Obtained results may be used for the design of the
multiport networks of the different structure [7].

2 Scattering matrices and parameters
of phase commutators and uncouplers

Consider a base theory of the phase commutators and
the uncouplers with use of a complex normalized
scattering matrix on the imaginary axis of the p-plane.
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The complex normalized scattering matrix SN of
a double-side n-order network N (Fig.1,a) is provided
by block relations:
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For the reciprocal coupling network N :

tαααα =SS  ,   tββββ =SS  ,   tβαβα =SS      (2)

and for the lossless network matrix SN  is unitary:

1SS =+
NN , (3)

superscript (+) denotes the hermit conjugate matrix.
For the cascade connection of multiport networks

(Fig.1,b) a total scattering matrix is given by [5,6]:

αβ
−

βββααα −+= SSS1SSSS 1)( LL ,         (4)

where LS - scattering matrix of the multiport load.
It is proved that a total normalized average power

absorbed by the whole multiport network (Fig.1,b) for
the arbitrary excitation vector is given by Rayleigh
ratio and limited by the minimum and the maximum
eigenvalues of a dissipation matrix D [2,5,6]:

maxmaxmin // dPPd ≤=≤ α
+
αα

+
α aaaDa ,   (5)

where SS1D +−= - dissipation matrix of the whole

network; ααα = ERa 5.05.0 - excitation vector; αR -

real parts of the diagonal impedance matrix αZ ; id -
real eigenvalues of the matrix D.
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Figure 1: Phase commutator (a) and uncoupler for
a multiport complex load (b).
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The matrix D is hermetian and unitary similar to the
diagonal positive real matrix of its eigenvalues d i :

1VVVVD === +∗+ ,,}{ iii ddd ,    (6)

where V- a complex unitary matrix of the eigenvectors
of the matrix D.

In general case the scattering matrix of the multiport
load has a singular expansion [2]:

1WW1VVWVS === ++
LLLLLiLL s ,,}{ ,     (7)

where iLs - singular values of the matrix LS ; LV , LW -
complex unitary matrices of eigenvectors of matrices

+
LLSS  and LL SS +  correspondingly. Notice that for

a normal scattering matrix ( LLLL SSSS ++= ) we have:

1VVVVS == ++
LLLiLL s ,}{ .          (8)

For the lossless coupling network N in (Fig.1,b):
2||1 ii sd −= . (9)

Hence the optimization and the multiport matching
problem comes to maximization (minimization) of the
eigenvalues (singular values) of the dissipation matrix
D (matrix LS ) at the frequency band [5,6].

The double-side multiport network N (Fig.1) is
named the uncoupled-matched network  that has zero
diagonal blocks of the scattering matrix:

0SS == ββαα .       (10)
In general the phase commutator is the uncoupled-

matched network  and provides a transmission between
inputs and outputs only with various distributions of
output signal phases with a change of excitation input.

The synthesis methods of the phase commutators by
use of two-port hybrids are described in [4,7].

For the cascade connection  of the uncoupled-
matched network and multiport load (Fig.1,b) from (4)
and (10) we have:

βαβα= SSSS L .   (11)

Further, if these transmission blocks of scattering
matrix of uncoupled-matched network are equal to
hermit conjugate eigenvectors matrices of the load
scattering matrix:

+
βα

+
βα == LL WSVS , ,      (12)

then total scattering matrix of this cascade connection
from (11) is diagonal:

++== LLLis WSVS }{ . (13)

It means that the all input ports of cascade connec-
tion (Fig.1,b) are mutually uncoupled; this uncoupled-
matched network is named by uncoupler for given n-
port load. Notice that in general case this uncoupler is
nonreciprocal because tβαβα ≠ SS .

normal  load  scattering
matrix LS

real  orthogonal
eigenvectors T of LS

nonreciprocal  uncoupler reciprocal  uncoupler
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Table 1: Scattering matrices of the uncouplers.

m n Transmission matrix Circuit Uncoupler Phase
commutator
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Table 2: Matrices and structures of the uncouplers and the phase commutators (m is a number of the circuit).
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m n Transmission matrix Circuit Uncoupler Phase
commutator
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
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Table 2: Matrices and structures of the uncouplers and the phase commutators (cont.).

For particular cases of a normal load scattering
matrix LS and the real orthogonal eigenvectors T
a general structure and the transmission blocks of the
uncoupler scattering matrix are shown in table 1. It is
proved that the uncoupler is reciprocal for real
orthogonal eigenvectors of LS  only [4,7].

3 Phase commutators  and uncouplers

Consider a synthesis of the phase commutators for
resistive loads (Fig.1,a) and the uncouplers for a multi-
port load with ring symmetry in given frequency band
(Fig.1,b).The corresponding transmission matrices and

results of the synthesis of these networks are shown in
table 2. For ring symmetry scattering matrices for 2-
and 4- orders of the multiport load have next forms:





= ab

ba
L 2S   ,
















=

abcb
babc
cbab
bcba

L 4S ,     (14)

Impedance and dissipation matrices have the same kind.
The eigenvectors of these matrices are shown in 1 and
2 lines of the table 2. The eigenvalues of matrices (14):

basn ±== 2,1:2  ,        (15)

casscbasn −==+±== 423,1 ,2:4 .   (16)
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For the 8-order multiport ring complex load the scat-
tering matrix and corresponding eigenvalues are:

























=

abcdedcb
babcdedc
cbabcded
dcbabcde
edcbabcd
dedcbabc
cdedcbab
bcdedcba

L 8S   ,       (17)

.22
,2,222

6,84,2

735,1

edbass

ecassedcbas

−±==
+−==+±+±=

m
(18)

The eigenvectors of the impedance and scattering
matrices are shown in line 5 of the table 2.

For n = 2 we have a simple symmetrical load, then
the both the phase commutator and the uncoupler are
reciprocal and its are usual hybrids (m = 1 from table
2). Principle of the work of the hybrid is presented in
(Fig.2). This two-port phase commutator realize equal
and opposite phases of the output signals with switch-
ing of the inputs. Input parameters of this uncoupler
with the symmetrical load are described by (14), (15).
Constructions and frequency characteristics of the
hybrid on transmission lines are presented in [4,5].
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Figure 2: Principle of the work of the hybrid.

For n = 4 and n = 8 the matrices (14), (17) have
double eigenvalues (16), (18); it means that there are
infinite number of schemes realized by any linear
combination of the eigenvectors corresponding to the
multiple eigenvalues. Part of these is shown in table 2.

For n = 4 three networks are represented. First of
these has complex unitary transmission matrix that de-
scribes nonreciprocal uncoupler and reciprocal phase
commutator. The uncoupler may be realized by use of
hybrids, phase shifters and circulators. In the same
case reciprocal phase commutator is a known Butler
matrix and realizes a quadrature phasing of output
signals with switching of it's inputs with phase shift

2/)1( π−=ϕ∆ k , where k  is number of excitation input.
Thus Butler matrix is not uncoupler for this ring load.

The second and the third real orthogonal matrices
for n = 4 are designed by summation and subtraction
of the eigenvectors corresponding to eigenvalues 2
and 4 in (16). In this case networks 3 and 4 from table
2 are  reciprocal uncouplers and circuit 4 is reciprocal
phase commutator. But scheme 3 is not commutator
because transmission matrix consists of zero elements
and not all inputs connected to all outputs.

All uncoupler (m = 2, 3, 4) have insulated inputs for
ring load with parameters described by (14), (16).

For n = 8 four matrices are shown in table 2. First o f
these (m = 5, table 2) represents a complex unitary
transmission matrix corresponding to nonreciprocal

uncoupler for the ring complex load and reciprocal
phase commutator with output phases: 4/)1( π−=ϕ∆ k .

The next networks (6 and 7 from the table 2) are
designed by the summation and subtraction of the
eigenvectors corresponding to double eigenvalues
2 and 8, 3 and 7, 4 and 6 in (18). In this case we obtain
real orthogonal transmission matrices too. These
devices are reciprocal uncouplers for the given ring
load but its are not phase commutators because the
zero elements exist in the transmission matrix.

At last fourth network (m=8) is a reciprocal phase
commutator with real orthogonal matrix but it is not
uncoupler because last four columns of the trans-
mission matrix are not eigenvectors of the matrix (17).

All uncoupler (5 - 8) have insulated inputs for the
given ring load with the parameters described by (17),
(18). All reciprocal uncouplers and phase commutators
(6 - 8) may be realized by use of the hybrids [4, 7].

4 Conclusions

The presented theory based on the eigenvalues and
eigenvectors of the n-port matrices, methods of synthe-
sis and the structures of the broadband multiport phase
commutators and uncouplers may by use for solution
different circuit problems, including an optimization of
the power signal transmitting in multiport structures.
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