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Abstract

In this work, an eddybreakupmodelfor chemicalreactionsis implementedto an
existing multi-block Navier–Stokes solver, which is then usedto solve the flow
pastasupersoniclong-rangebase-bleedprojectile.Thenew schemeis validatedby
simulatinganaxisymmetricbluff-body stabilizedflame,which hasbeenmeasured
in awind tunnelandsimulatednumericallyby otherwork groups.

Comparisonof thenumericalresultsfor theprojectileshows theimportanceof
thechemistrymodellingfor accuratenumericalpredictions.Thefinal combustion
of thefuel-richpropellantsimulatedin thiswork makesadramaticdifferencein the
predictedaerodynamicdragof theprojectile.Thedragreductiondueto basebleed
is morethandoubledwhenthechemicalreactionsareaccountedfor, andthedrag
predictionbasedon thesimulationsincludingchemicalreactionsis excellent.
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Nomenclature

���������
Jacobianmatrices( 	�
�� 	�� in � ��� and � -directions)�������������
coefficientsin thecurve-fit equationfor

���
in Eq. (2.84)���

dragcoefficient,
� ������! �"�$# &%&'���

pressurecoefficient,
�)(+*,(-�$'./�����$ "� &%&'

; alsomolarheatcapacity�0�2143
cross-diffusiontermin the

�65
-equation�

dragforce[N]; diameterof thebluff body[m]; diameterof theprojectile
[m]; Jacobianmatrixof thesourceterm 7 , ( 	-7  	8� )9;:=<
multicomponentdiffusioncoefficientof species� [m

"
/s]>

specifictotal internalenergy [J/kg]� ��?+��@
flux vectorsin A , B and C -directions�ED � � " � �0F � �0G functionsin the � *H5 modelI�
flux vectorin acurvilinearcoordinatesystem
� flux in agivendirectionin space@
specifictotal enthalpy [J/kg]J
identitymatrixKML
KnudsennumberN
characteristiclengthscaleof theflow case[m]O
molecularweight[g/mol]P,Q
MachnumberR
numberof particlesR�:
numberof particlesof species� ; alsoashapefunctionS�T
Prandtlnumber7 sourcetermU
universalgasconstant,8.314J/(molK)V
residual;eigenvectormatrix; specificgasconstant,

U� OV�W
Reynoldsnumber,

���$ -�XNY[Z\�#
cell facearea[m

"
]; referencearea[m

"
]#^] � #^_ � #�`

cell faceareacomponentsin A , B and C -directions[m
"
]# :ba

strain-ratetensor[1/s]#8c
non-dimensionalcoefficient relatedto surfaceroughnessd
temperature[K]; time-scale;alsoa rotationmatrixdfe
turbulencelevel,

g eih h: eih h: 6jk "�lnm % � 6jk "� vectorof theconservativevariables 
cell volume[m

F
]; velocity [m/s]o

weightfunction
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p
molefraction

R�:qrRQ/D
constantcoefficient in Bradshaw’sassumptionin Eq.(2.68)sut local skin friction coefficient, vuw ��x���$ �"� 6%&'s � specificheatcapacityat constantpressure

� 	zy  	 d{' � [J/(kg K)]s�| specificheatcapacityat constantdensity
� 	 W} 	 d{'�~ [J/(kgK)]s D � s " � s�� coefficientsinvolvedwith the � *�� model�

cell thickness[m]; distanceto the nearestwall point [m]; diameterof
thefuel jet [m]W
internalenergy perunit mass,i.e. specificinternalenergy [J/kg]y specificenthalpy [J/kg]I� � I��� I� unit vectorsin Cartesiancoordinatesystem� thermalconductivity [W/(K m)]; kinetic energy of turbulence,

D" e h h: e h h:
[(m/s)

"
]; alsospecificreactionrate�� massflow rate[kg/s]���� massflow rateperunit area[kg/(m

"
s)]IL

cell faceunit normalvector(
staticpressure[N/m

"
]� heatflux [W/m

"
]T

distancefrom theaxisof rotation[m]; stoichiometriccoefficient�
time [s]e ���-���
velocitycomponentsin A , B and C -directions[m/s]ei�
friction velocity

m v�w [� w [m/s]A � B � C Cartesiancoordinates[m]B�� normaldistancefrom thesurface[m]B�� non-dimensionalnormaldistancefrom thesurfaceB[� e-��&�� � � " argumentsto theblendingfunctionsin the � *�5 modelI�
angularvelocity [rad/s]� :ba
vorticity tensor[1/s]� characteristicvariable,angleof attack[ � ]� � �0�
modelconstantsin the � *H5 model� ratioof specificheatss �  s�|� :ba
Kronecker’s delta�

,� dissipationof kineticenergy of turbulence,seeEq.(2.53)[m
"
/s
F
]� constantin the

�65
productionterm 

meanfreepathof molecules[m]; eigenvalue�
density[kg/m

F
]Z

dynamicviscosity[kg/(m s)]�
kinematicviscosity

Z\[�
[m
"
/s]¡

conservativescalar5
specificdissipationrateof kineticenergy of turbulence,� �� � � � ' [1/s]v normalor shearstress[N/m

"
]; alsopseudo-time[s]¢

massfractionof aspecies;alsoa generalscalarvariable£
length-scalevariablefor theturbulenceequation,i.e. either

�
or
5¤ 1&� ¤i¥ � ¤ 3^� ¤i¦ Schmidtnumbersfor � , � , 5 and

¢
, respectively
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SubscriptsN
,
d

laminarandturbulentconditions,respectively
b base-regionvalue
burn burningsurfacevalue� index of thegasspecies� ���&� � grid coordinatedirections
max maximumvalue
min minimumvalue
st stoichiometricconditions
v viscous
w wall§ free-streamvalue¨
,
%

first andsecondcell above thesurface

Superscripts

e explicit change� index of inneriterationcycle� � ' index of thecharacteristicvariable,eigenvectoror eigenvalue
mol molarvalueL

index of time-level
l, r left andright sideof thecell face,respectively©

valuescaledwith wall conditions
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1 Intr oduction

Thedevelopmentof computertechnologyduringthe1980’sand1990’shasbrought
a radicalchangein thewaynew productsaredevelopednowadays.Numericalsim-
ulationsandcomputeranimationsareutilized asan integral part of the develop-
mentcycle, asthe desktopcomputerpower seemsto increasewithout end. Also,
techniquesto utilize clustersof workstationsaslocal massively parallelcomputers
enchancethecapacityavailableat mostresearchinstitutes.Sofar, however, all the
computingpoweravailablehasbeenimmediatelyharnessedto solvemoreandmore
complex problems.

The on-goingdevelopmenttowardsever increasingcomplexity in numerical
modelling of fluid flow actually startedbeforeany computersexisted. The first
numericalmodelswere intendedfor manualcalculationof boundarylayersand
straightwings, the latter being basedon the lifting line theory and the potential
flow assumption.Fromthatpointon,thephysicalrealismandthegeometricalcom-
plexity of numericalsimulationshave increased,little by little, to reachthecurrent
stateof theart. On a conceptuallevel, theproductof thecomplexity of thephys-
ical modelandthe sizeof the numericalmodel is a measurefor the requirement
of computationalresourcesfor a givenproblem.With givencomputingresources,
a balancehasto be found betweenthe sizeof the modelandthe physicaldetails
includedin thecomputation.

This work is focusedon numericalsimulationsof a long-rangebase-bleedpro-
jectile. Thewholeprocessof investigatinga real-life situationwith numericalsim-
ulationsis described,andthe differentassumptionsmadeto obtainthe numerical
modelarereviewed. Sincethephysicalmodelitself is quitecomplicated,thecom-
plexity of thecomputationaldomainis reducedby studyingonly axisymmetricflow
cases,althoughthemethodis by nomeanslimited to that.

Overthepastdecades,flowspastartillery shellsor fin-stabilizedprojectileshave
beenstudiedextensively bothnumerically[1–7] andexperimentally[8,9]. Most of
the work hasconcentratedon the basicfluid dynamicphenomenaoccurringnear
thebaseof a blunt-basedobject.Basebleedasa methodof reducingaerodynamic
draghasbeendiscussedin severalpapers[10,11], but little work hasconcentrated
on theeffectsof chemicalreactionsin conjunctionwith basebleed[12,13].

Theincreasein theavailablecomputercapacityis seenin theemployedmodel-
ling techniques.In theearlywork, thesimulationswerefor axisymmetricflow situ-
ations,andturbulencewasmodelledwith thealgebraicBaldwin–Lomaxmodel[1]
or the two-equation� *ª�

model[2]. Later, 3-D simulationswith non-zeroangle
of attack[3] andsimulationsof complex geometries[4–7] aswell aschemically
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«�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬««�«¬«�«¬«�«�«¬«�«¬«
Expansion
Fan

Recompression
Waves

Recirculating
Flow Region

Stagnation point

Symmetry Axis

Ma > 1

Ma < 1

Stagnation point

Fig. 1.1: Thebasicstructureof theflow field right behindthebaseof abase-bleedprojectileata low
base-bleedrate.

reactingflow fields [6,7] couldbecarriedout. GibelingandBuggeln[12] aswell
as Nietubiczand Gibeling [13] simulatedthe afterbodyof base-bleedprojectiles
with chemicalreactionsin a semi-parabolicmanner. In mostof thesestudies,the
Baldwin–Lomaxmodelwasusedexclusively, andin noneof themwastheprojectile
rotating.

The ideabehindbasebleedis to modify the basepressure,andthusthe base
pressuredrag,of a supersonicprojectileby injectingsmallamountsof gasinto the
flow field behindthebaseof theprojectile. Theoriginally largerecirculationzone
is split into two halves;onerecirculationregion remainsat thesymmetryaxis,and
theotheroneright behindthebasecorner[9]. This situationis illustratedin Figure
1.1. As themassflow rateis increased,therecirculationzoneat theaxis is pushed
further out, and the otheroneat the basecornerbecomeslarger. The main flow
separatesfrom the basecorner, andthe wake turnswith the expandingflow, and
eventuallycompressesbackto be alignedwith the axis of symmetry. If the mass
flow rateis further increased,therecirculationregion neartheaxisdisappears,and
thebase-bleedflow followsastraightpath.

This researcheffort is a part of a long-termresearchcampaignto develop a
flexible flow solver, FINFLO [14–19]. The new featuredevelopedin this work is
theability to simulatereactive flows,andit is a follow-up to severalyearsof work
on simulatingfin-stabilizedprojectiles[20,21] andartillery shells[22].

Theeddybreakupmodel(EBU) implementedin thiswork wasfirst publishedby
Magnussen[23], andit is basedonSpalding’s [24] earlierwork. Lateron, it hasbe-
comeverypopularin simulationof turbulentpremixedflows[25–28].Detailsof the
modelandits implementationarepresentedin thiswork, andtheimplementationis
validatedwith a casefor which bothexperimental[29] andnumerical[30] results
exist. Finally, the flow pasta long-rangeartillery projectile is simulatedwithout
basebleed,with basebleed,andwith reactivebasebleed.All of thesimulationsare
carriedout for botha rotatingandanon-rotatingprojectile.
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Besidesenlarging thecapabilityof theemployedsolver, thesimulationsin this
work demonstratethedramaticeffect thereactionmodelhason theaccuracy of the
dragpredictionsof a long-rangebase-bleedprojectile.Sofar, theimportanceof the
reactionshasnotbeenwidely known. Also, theissueof determiningthebase-bleed
inlet conditionsis treatedby extendingthe computationaldomaininsidethe unit,
andthussolving theconditionsat thebase-bleednozzleexit insteadof specifying
them. This allows for determiningthe effectsof rotationon basebleedin a more
realisticmanner.
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2 Modelling of a Reactive Flow
Field

2.1 GeneralThoughts

In any simulationof fluid flow it is essentialto identify the approximationsasso-
ciatedwith the selectedmodelsandnumericalmethods.The underlyingphysics
shouldbeunderstoodin orderto haveabaseknowledgeof thephenomenonpresent
in the flow field andto selectappropriatemodellingschemesfor them. It is clear
thatany assumptionsmadewhile modellingthephysics,or evenbeforethat,when
definingthephysicalenvironment,will limit therangeof applicabilityof thesimu-
lationmethod.

In thischapter, theprocedureof simulatingfluid flow is reviewedwith emphasis
onreactiveflows. Thevariousassumptionsmadearementioned,andthelimitations
sointroducedarealsodiscussed.Althoughmostof thistext is writtenwith ageneral
perspective, someissuesrelatedto the presentimplementationin the flow solver
employedin this work arealsodescribedin this chapter.

2.2 BasicPhysicsof Fluid Flow

2.2.1 Continuum Assumption

The commonassumptionmadewhile simulatingfluid flow is to assumethe fluid
to bea continuum,a continuousmedium.This assumptionis valid for mostaero-
dynamicflows,sincethemeanfreepath

 
of moleculesin air at standardsea-level

conditionsis of the orderof /®°¯²± ¨ �³�´ m, which is several ordersof magnitude
smallerthanany characteristiclength

N
in mostaerodynamicsstudies.Theratio of

thoselengthsdefinestheKnudsennumber
KML l   6N

, which determineswhether
the continuumassumptionholdsor not. The limit

K2L¶µ /®· j canbe usedasan
upperlimit for thestandardcontinuumassumptionwith no-slipsurfaces[31].

2.2.2 Conservation Equationsfor Mass,Momentum andEnergy

The physicalmodellingof fluid flow is basedon a numberof conservation equa-
tions.Theconservationequationfor mass,thecontinuityequation,is written using
a tensornotationas
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		 � � © 		�A : �x�kei:x' l  (2.1)

where
�

is the densityand
e-:

is thevelocity in the A : -direction. The conservation
equationsfor momentum,theNavier–Stokesequations,areactuallyaform of New-
ton’ssecondlaw, ¸ � lº¹  ¹ � � �  2' , written for afluid elementtravelling with the
flow. Ignoringgravity andotherbodyforces,theNavier–Stokesequationsare

		 � �x�kei:x' © 		�A a �x�ke-:»e¼a½' l * 		�A : ( © 		�A a v :ba (2.2)

wherepressureis denotedwith
(
, and v is theviscousstresstensor. In theseequa-

tions,theleft-handsiderepresentsthetime rateof changeof momentumof a fluid
element,and the right-handside is the force imposedon the fluid element. The
stresstensorv is symmetric,which follows from therequirementof finite angular
accelerationof afluid element[32].

Theenergy equationis againjustabalanceequationstatingthatthetotalenergy
is conserved,i.e.

		 � ����>�' © 		�A : ����>¾ei:q' l * 		�A : �¿(Àei:q' © 		iA : �xe�a v :baÁ* � :x' (2.3)

where
��>

denotesthetotal internalenergy perunit volume.Also, � : representsthe
energy flux dueto diffusionin the A : -direction.

Eqs. (2.1)–(2.3)are the basicfield equationsgoverning the flow of a homo-
geneousfluid, andnowadaysthey areoften all togethercalled the Navier–Stokes
equations.We shouldnoteherethat, in theform presentedabove,we have neither
assumedanything aboutthe viscousstresstensor v nor the heatflux � . For the
stresstensor, a commonassumptionis to adoptthelinearstress–strainrelationship
togetherwith Stokes’assumption,andtheexpressionfor theviscousstresstensoris

v :Âa l ZÄÃ�% # :baÁ* %j � :ba 	 e 1	iA 1¼Å (2.4)

where
# :Âa

is thestrain-ratetensor# :ba l ¨%�Æ 	 ei:	�A a © 	 e¼a	�A :ÈÇ (2.5)

In Eq. (2.4),
Z

is the viscosityof the fluid, and
� :ba

is Kronecker’s delta. The heat
flux is usuallyapproximatedwith Fourier’sgradientdiffusionformula

� : l * � 		�A : d (2.6)

where � is the thermalconductivity of the fluid. In the above,
(
,
d

,
Z

and � are
assumedto beknown functionsof two statevariables,e.g. specificinternalenergy
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W
anddensity

�
. Thespecificinternalenergy is alsoa statevariable,i.e. formallyW l W��x� � (z' l W��)( � d{'

, andtheconnectionbetween
��>

and
W

is

��> l ��W © ¨% �kei:»e-: (2.7)

Themajorityof fluid flow problemsstudiedin aerodynamicsis governedby the
equationsgivenabove. The expressionsfor

(
,
d

,
Z

and � in termsof
�

and
W

are
not givenhere,sincethey involve modellingassumptionsandarenot fundamental
in thatsense.

If the fluid consistsof several species,conservation equationsmustbe written
for all the components.Defining

¢ : l �&:x[�
asthe massfraction of species� , we

maywrite for eachspecies

		 � �&: © 		�A a ���&:»e¼a½' l
		 � �x� ¢ :�' © 		iA a ��� ¢ :»e¼a½' l 		�A a�Æ �&9;:=<É		�A a ¢ : Ç © 7 : (2.8)

where
9;:=<

is themulticomponentdiffusioncoefficient of species� and 7 : denotes
theproductionor destructionof species� dueto chemicalreactions.Sincethetotal
massis thesumof themassesof thespecies,wemaywrite for amixtureof

L
speciesÊË :¿Ì^D �&: l �

(2.9)

or ÊË :¿Ì^D ¢ : l ¨
(2.10)

which can be usedto eliminatethe
L
:th speciescontinuity equation. We might

noteherethat the speciescontinuity equation(2.8) hasa diffusion term, which is
not presentin the equationfor total mass. If the differentspecieshave different
thermodynamicproperties,the energy equationhasto be completedwith a term
representingthediffusionof energy dueto diffusionof mass

� ¦.Í l *Î� y 1 9 1 <Ï		�A a ¢ 1 l * y 1 Z¤i¦½Ð 		�A a ¢ 1 (2.11)

where y 1 is thespecificenthalpy of species� , and ¤i¦ Ð l Zf��x�&9 1 <Ñ'
is theSchmidt

numberof species� . Themassfractions
¢ :

introducedin Eq. (2.8)alsohave to be
accountedfor whenformulatingthe thermodynamicrelationshipsfor

d
and

(
, as

well asfor
Z

and � .
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2.2.3 Equations for Turbulent Flow

AlthoughEqs.(2.1)–(2.3)togetherwith Eq.(2.8)aregeneralandvalid for all kinds
of aerodynamicflows, they arenotsuitablefor turbulentflows— unless,of course,
direct numericalsimulationis carriedout. The reasonis simply that many flows
areturbulent in nature,which meansthey includeunsteadydetailswith very small
time-scales.Therefore,for thesimulationof turbulentflows, it is customaryto ex-
presstheflow variablesasasumof their time-averagedvalueandfluctuatingvalue.
Thestandardprocedureleadingto Reynolds-averagedNavier–Stokesequationsfor
incompressibleflows involvesordinarytime-averagingas

e-: lÓÒe-: © e h: Òei: l ¨dÉÔ ��ÕÖ
Ô
ei:�� v ' ¹ v (2.12)

wherethe Reynolds-averagedvalue is denotedby an overbar. For compressible
flows this treatmentis cumbersome,sincethe equationscontainseveral termsin-
volving productsof threedecomposedvariables. A betterapproachis to utilize
density-weighted[33] averagingsuggestedby Favre. IntroducingFavre-averages
definedby

ei: lØ×ei: © e h h: ×e-: l ¨Ò�Yd Ô ��ÕÖ
Ô
�z� v 'Ùei:Ù� v ' ¹ v (2.13)

wheretheFavre-averagedvalueis denotedby a tilde. Theadvantageof theFavre-
averageis that thetime-averageof theproductof densityandany othervariableis
theproductof theaveragedensityandtheFavre-averagedvariable.Therefore,the
following equationholds

�kei: lÚÒ� Òei: © � h e h: l Ò� ×ei: © �ke h h: lÛÒ� ×e-:
(2.14)

(2.15)

In otherwords,the time-averageof
�ke h h:

is identically zero. This follows from the
definition of the Favre-averagein Eq. (2.13). The employed decompositionsare
then

� lÜÒ� © � h ( lÛÒ( © ( h � : lÝÒ� : © � h: e-: lÓ×e-: © e h h: > l ×> © > h h
(2.16)

where,for example,
×ei:

and
e h h:

are the Favre-averageandfluctuatingvalueof
ei:

,
respectively. Replacingthe variableswith the above decompositionsandtaking a
time-averageof theequations,we arrive at equationsresemblingtheoriginal equa-
tions,but someextra termshave alsobeenformed,sincein a generalcasetheav-
eragevalueof the productof two fluctuatingvaluesis not identically zero. The
Favre-averagedNavier–Stokesequations[34] are
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		 � Ò� © 		�A : � Ò� ×ei:q' l  (2.17)		 � � Ò� ×ei:q' © 		iA a � Ò� ×ei: ×e¼au' l * 		�A : Ò( © 		�A a2Þ Òv :baÁ* �ke h h: e h ha�ß (2.18)

		 � Ã Ò� ×> © ¨% �keih h: eih h: Å © 		�A a Ã}à Ò� ×> © Ò(-á ×e¼a © ×e¼a ¨% �keih h: eih h: Å l (2.19)		�A a Ã * Ò� aÁ* Ò� ¦4Í * �keih ha y h h © v aâ:»eih h: * �keih ha ¨% eih h: eih h: © ×e-: Þ Òv :baÁ* �keih h: eih ha ß Å
		 � à Ò� ×¢ : á © 		�A a à Ò� ×¢ : ×e¼a á l 		�A a�Æ Ò�&9�:=< 		�A a ×¢ :-* � ¢ h h: e h ha Ç © ×7 : (2.20)

Theseequationsaresimilar in form to theoriginalconservationequations(2.1)–
(2.3) and(2.8),but therearesomenew terms,averagesof productsof fluctuations
which cannotbe assumedto vanish. The continuity equationretainsits original
form, but the momentumequationhasa new term, the Favre-averagedReynolds-
stresstensor

* �ke h h: e h ha
. It representsturbulentmomentumtransport,andappearsin

theequationsasanadditive term for theviscousstresses.Thesametermappears
alsoin theenergy equation,andagainasanapparentturbulentshearstress.

Also theenergy equationcontainssomenew terms,which canbeinterpretedin
asimilarmannerto theReynolds-stresstensor. Theterm

� ¨ &%&' �ke h h: e h h:
representsthe

turbulentkinetic energy per unit volume,andis usuallydenotedby
Ò� � . The term�ke h ha y h h is the turbulent conductionof heat,and v :ba�e h h: is the turbulent work of mo-

lecularstresses.Theterm
�ke h ha D" e h h: e h h: representstheturbulent transportof turbulent

kinetic energy. The term
Ò� ¦.Í representsthediffusionof energy dueto diffusionof

mass,andit is usedto denotethecontributionsof boththemolecularandturbulent
diffusionof mass.

Sofar, theoperationsperformedontheconservationequationshavebeenpurely
mathematical.Equations(2.17)–(2.20)arebasicallyfilteredversionsof theoriginal
ones,with all fluctuationswith a periodlessthan

d
filteredout,asis obviousfrom

Eqs.(2.12)and(2.13). Theproblemis that thecorrelationsmentionedabove have
to bemodelledwith a turbulencemodel.

Thereis anotherfundamentalproblemwith bothReynolds-averagingandFavre-
averaging: the time-scale

d
employed in the averagingis presentonly in the de-

rivation procedure,but so far the majority of all the existing turbulencemodels
are independentof

d
. The idea behindthe the time-averagingis, however, that

a time-scalelarger than the turbulent time-scalesbut smallerthan the meanflow
time-scaleswouldexist, thusjustifying thefiltering procedure.Unfortunately, there
is no law forcing this to happen.In addition,mostmodelscarry out this filtering
by diffusive damping,and thereforethe simulationof time-dependentflows with
Reynolds-averagedor Favre-averagedequationsis a little bit questionable.Since
this is currently the only practicalmethodavailable, the so introducederrorsare
hopedto besmall.
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2.2.4 Thermodynamicsof a Mixtur eof Gases

Whendealingwith thermodynamics,this text will consideronly perfectgases,i.e.
gaseswhereintermolecularforcesarenegligible. This is a goodapproximationfor
gasesat low pressures(

(ãµ ¨ &6 bar) andall but low temperatures(
dÉäÛj  K),

which is thecasein mostaerodynamicflows [31]. For a perfectgas,theequation
of stateis ( l ��V{d

(2.21)

Here,however, thespecificgasconstant
V

is afunctionof thechemicalcomposition
of the mixture,which in turn is a function of the solutionof the flow field. For a
mixture,

V
is calculatedfrom V l U� O

(2.22)

where
U

is theuniversalgasconstantå/® j ¨�æ J/molK and
O

is themolecularweight
of themixture.

Thethermodynamicpropertiesof amixtureof gasescanbedeterminedby ana-
lyzing thethermodynamicsof thecomponentsof themixture. Eachcomponentin
turn is a thermallyperfectgas,andwecanwrite for eachspecies�

VÀ: l U� O :
(2.23)(/: l �&:xVÎ:»d
(2.24)¹ Wr: l s�|�ç ¹ d (2.25)¹ y : l s � ç ¹ d (2.26)s�|�ç l s � ç *�VÎ: (2.27)

where
(�:

is thepartialpressureand
VÎ:

is thespecificgasconstantof species� . s�|�ç
and s � ç arethespecificheatsof species� at constantdensityandpressure,respect-
ively. For amixtureof

L
specieswe have

( l Ë : (�: (2.28)V l Ë : ¢ :�VÎ:
(2.29)W l Ë : ¢ :�Wr:
(2.30)

y l Ë : ¢ : y : (2.31)O l ¨¸ : ¢ :x O : (2.32)

For acaloricallyperfectgas,thespecificheatcapacitys�| is constant,whichisavalid
approximationfor air up to å6& K [31, p. 373]. Whenthetemperatureis increased
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enough,the gasbecomesvibrationally excited andsomeof its internalenergy is
occupiedby the vibrationalenergy of the molecules.Therefore,the specificheat
capacitys�| is notconstantbut afunctionof

d
, andthegasis by definitionthermally

perfect. Fromquantummechanics[31, pp. 435–440],we have for thevibrational
energy of asinglespecies

W | :)è theresultW | :)è l y �� � dW�é�ê�ë 1 Õ * ¨ V{d (2.33)

wherey denotesPlanck’sconstant,� is theBoltzmannconstant,and
�

is thefunda-
mentalvibrationalfrequency of themolecule.Thisequationis tricky to solve for

d
andthereforeit is not straightforwardto applyto computations— not to mentiona
mixtureof severalspecies.

In light of theabove,for a givengascomposition,theinternalenergy
W líì �xd{'

andenthalpy y lïî �qdX'
of thegasarefunctionsof temperature

d
only. Dueto the

complicatedform of theexpressionfor vibrationalenergy in Eq. (2.33),someap-
proximateexpressionsareusuallyemployedfor s�|�ç and s � ç to facilitatestreamlined
computationof thefunctionalrelationships

d líì ³ D �ðW}' lªî ³ D � y ' .
2.2.5 Transport Propertiesof a Mixtur e

The transportpropertiesof a mixture aredeterminedemploying Sutherland’s for-
mulafor viscosityandthermalconductivity for eachspecies,andthemixtureprop-
ertiesareobtainedwith Wilke’s rule [35]

Z�<\ñ ò l ÊË :¿Ì^D p+:»Z�:Ê¸a.Ì^D p;a½óô:Âa (2.34)

where

óô:ba l Æ ¨ © g Z�:x�Zia m O au O : Ç "m å © å O :õ O a (2.35)pM: l ¢ : OO : l R$:R l (�:( (2.36)

In Eq. (2.36)
p+:

and
R$:

arethemolefractionandthenumberof particles,respect-
ively, of species� in a givensystem.An exactly similar formulaholdsfor thermal
conductivity. Eachoccurrenceof

Z�:
is simply replacedby � : .

2.2.6 Chemical Reactionsin a Mixtur eof Gases

Under suitableconditions,chemicalreactionsmay take placeand the chemical
compositionof thegasmixtureis changed.Thesereactionsmaybeunidirectional,
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wherereactionsonly takeplacein onedirection,or bidirectional,whenabackward
reactionmayalsooccur.

A unidirectionalreactionis onein which, from a macroscopicpoint of view, a
fuel andanoxidantreactandproducesomeproduct.For example,in thefollowing
schematicreaction,

�
and

�
will produce

�
� © � ö �

(2.37)

The reactiontakesplaceas long asthereis enoughfuel andoxidantpresentand
someotherconditionsarefulfilled, e.g.thetemperatureis highenough.

A bidirectionalreactionconsistsof two elementaryreactionsin which thereac-
tion productsmay reactin a backward directionandproducemoreof the original
reactants.An elementaryreactionis suchthat takesplacein a singlestep. One
exampleof sucha reactionis thedissociation–recombinationof oxygen

÷ " © P ø % ÷ © P
(2.38)

where
P

is acollisionpartner. Theforwardandbackwardspecificreactionratesare
denotedby � t and � è , respectively, bothof whicharefunctionsof temperatureonly.
Theratesof productionandconsumptionof

÷ " and
÷

arefunctionsof therespective
concentrations,andin equilibriumproductionandconsumptionbalanceeachother.
This type of equationis one which tries to reachan equilibrium state,and, for
given initial concentrations,theequilibrium concentrationsof thecomponentsare
functionsof temperatureonly.

In reality, many reactions,whichmayseemto beelementaryreactions,actually
consistof severalelementaryreactions,which, from a macroscopicpoint of view,
arereactingall togetherin onesinglestep.Strictly speaking,thepreviousformalism
aboutreactionratesappliesonly to elementaryreactions[31, p. 495].

Anotherthingassociatedwith reactionsis theconceptof heatof reaction.When
areactionproceeds,acertainamountof heatmaybereleased(exothermicreaction)
or consumed(endothermicreaction).Thedissociationreactiondescribedabove is
endothermicbecauseit takesenergy to dissociatean

÷ " molecule.Consequently,
the recombinationreactionis exothermicsincethenthesameamountof energy is
releasedasis requiredfor thedissociationreactionto takeplace.

2.3 Modelling of the Physicsof Fluid Flow

Sometheoreticalaspectsof the underlyingphysicsof fluid flow were described
in theprevioussection.Many detailsremainedopenin thesensethatanequation
couldnotbederivedfromfirst principles,or theresultingsystemof equationswould
becomefar too complex to solve for any practicalflow case. To overcomethese
problems,simplifiedmodelsareemployedto closethesystemof equations.
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2.3.1 TurbulenceModelling

ReynoldsStressModelling

Themainproblemwith turbulencemodellingis to obtainexpressionsfor thenew
termsin Eqs. (2.17)–(2.20)producedby time-averaging,above all the Reynolds
stresses

* �keih h: eih ha
. Dif ferentialequationsfor the Reynoldsstressescanbe derived,

but they involve a numberof new terms,which againrequiremodelling. How-
ever, if this kind of amodellingis conducted,theturbulence-modellingapproachis
calledReynoldsstressmodelling(RSM). Themainproblemin thatparticulararea
is to generatesatisfactorymodelsfor the unknown sourcetermsappearingin the
equationsfor theReynoldsstresses.

The classof Reynoldsstressmodelsincludesa simplifying sub-class,the Al-
gebraicReynoldsstressmodels(ARSM), in which a two-equationmodel,like the� *�� or � *M5 model,is combinedwith amodelfor theanisotropiesof theReynolds
stresses.The convectionanddiffusion termsof the differentialequationsfor the
anisotropiesareassumedto benegligible in comparisonwith thesourceterms.As
a result,a setof implicit nonlinearalgebraicequationsfor thestressesis obtained.
A further simplification is to expressthe individual stressesas explicit algebraic
functionsof theflow properties.This allows for straightforwardcalculationof the
stresseswithout limiting assumptionsaboutthe propertiesof the turbulent fluctu-
ations.Thesetypesof modelsarecalledExplicit AlgebraicReynoldsStressmodels
(EARSM), andbecausethe ARSM andEARSM modelsare normally combined
with a two-equationturbulencemodel,they arealsocallednonlineartwo-equation
models.

Two-Equation TurbulenceModels

In two-equationturbulencemodels,theequationsfor theReynoldsstressesarere-
placedwith two transportequationsfor theturbulentkineticenergy � anda length-
scalevariable

£
, like

�
or
5

. The Reynoldsstressesarethenobtainedwith some
assumedrelationshipbetween

* �ke-h h: eih ha
, � , £ andthemeanflow strain-ratetensor.

Usually, theBoussinesq’sapproximationis employedas* �ke h h: e h ha l Z Õ Ã % # :ÂaÁ* %j � :ba 	 e 1	�A 1�Å * %j � :ba�� � (2.39)

where
Z Õ is a turbulent viscosity coefficient obtainedfrom � and

£
. The basic

equationsfor � and
£

written in conservative form are

		 � �x� � ' © 		�A a ��� � e¼au' l 		�A a�Æ Z 1 		�A a��/Ç © 7 1 (2.40)		 � �x� £ ' © 		iA a ��� £ e¼au' l 		�A a�Æ Z�ùú		�A a £ Ç © 7 ù (2.41)

where 7 1 and 7 ù arethesourcetermsfor
� � and

� £
, respectively.

Z 1
and

Z�ù
are

thecorrespondingviscositiesoftenapproximatedwith
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Z 1 l Z © Z Õ¤ 1 Z^ù l Z © Z Õ¤ ù (2.42)

where ¤ 1 and ¤ ù are the appropriateSchmidtnumbersfor � and
£

, respectively.
Although not required, ¤ 1 and ¤ ù are usually assumedto have constantvalues.
With theaboveequations,wehave implicitly assumedthegradient-diffusionmodel
to bevalid for � and

£
.

Thetwo-equationmodelsareclassedbasedonthechoiceof theturbulencevari-
ablesto besolved. In this text, only � *¾� and � *H5 modelsareconsidered.û�üþý

TurbulenceModels Thesourcetermsfor the � *�� modelare

7 ~ 1 l Sí*¾���
(2.43)7 ~ ¥ l s D �� Sí* s " ��� "� (2.44)

wheres D l ¨ ® æ&æ ands " l ¨ ®·ÿ % aremodelconstants.
S

is theproductionof turbulent
kinetic energy, which,employing Boussinesqapproximation,is writtenas

S � * �ke h h: e h ha 	 ei:	�A al ÃxZ Õ Æ % # :baô* %j � :ba�	 e 1	�A 1 Ç * %j � :bau� � Å 	 e-:	iA a (2.45)

In the � *�� modeltheturbulentviscosityis calculatedfromZ Õ l s�� � � "� (2.46)

where s�� l /®·&ÿ is a constant.Also, ¤ 1 l ¨ ®· and ¤i¥ l ¨ ® j arekeptasconstants.
As such,the � *Ä� modelis not suitablefor boundarylayercalculationsdueto the
lack of sufficient viscousdampingin the near-wall region. Thereare two differ-
ent approachesfor using the � *í�

model in suchcases.Onecaneitherusethe
wall-functionapproach,or onecanusea low-Reynoldsnumber� *Ä� model. The
subsequenteffectsaredescribedbelow.

Whenusingawall-functionapproach,thesolutionof all theconservationequa-
tionsis notextendedto thewall. Instead,thegrid pointclosestto thewall is located
into the log-law layer. Theregion betweenthefirst point andthewall is modelled
by fitting the log-law velocity profile to the solutionat the first point andsolving
for the friction velocity

ei� l m vuw [� , where v�w is the shearstresson the wall.
Boundaryvaluesfor � and

�
areobtainedasfunctionsof

ei�
and B .

In a low-Reynolds numbermodel, viscousdampingis enchancedwith addi-
tional wall-dampingfunctions,andthe standardsolutionprocedureis extendedto
thewall. Thewall-dampingfunctionsareusuallyfunctionsof someof thefollowing
parameters



Modelling of thePhysicsof Fluid Flow 25

B � l � B[� ei�Z V�W Õ l � � "�.Z V�W _ l � B[� � �Z (2.47)

where B�� is the normal distancefrom the wall. For example, the low-Reynolds
numbermodelof Chien[36] hassourcetermswith thefollowing form

7 ~ 1 l Sã* ���E*�%[Z �B "� (2.48)

7 ~ ¥ l s D �� Sí* s " ��� "� *�%[Z �B "� W ³ _�� ë " (2.49)

with definitions

s D l ¨ ® æ&æ (2.50)s " l ¨ ®·ÿ %�� ¨ * �® %&%[W ³ c����� ë F
	 ' (2.51)s�� l /®·&ÿ � ¨ *�W ³��� � D�D�� _ � ' (2.52)

WemightnoteherethatChien’soriginalmodelhasslightly differentconstantcoef-
ficientsin theexpressionsfor s D and s " , namely

¨ ® j�� and
¨ ®°å& . In thepresentim-

plementation[17], however, the coefficients from the standardmodelareusedin
Eqs.(2.50)–(2.52).

The dissipationof
� � hasan extra term,

%[Z �  B "� , which, in effect, redefines�
in Chien’s model. Likewise, the dissipationof

���
alsohasan additionalterm,%[Z\�� B "� W ³ _�� ë " , which is a direct consequenceof the redefinitionof

�
. Chien’s

�
is

oftendenotedby
×�
, but from now on in this text, it will bedenotedsimplyby

�
, and

the “standard”dissipationin Eq. (2.44) will be denotedwith � , wherenecessary.
Therelationbetweentheseis � � l ��� © %[Z �B "� (2.53)

This type of modellingallows for integrationof the equationsup to the wall.
Theboundaryvaluesof both

� � and
���

areconvenientlysetto zero.Theadditional
multipliers in the Eqs.(2.50)–(2.52)aresupposedto provide sufficient additional
dampingto modeltheeffectsof asolid wall.

TheparameterB�� hasanundesirablepropertyin that it dependson thefriction
velocity

ei�
. Thismaycausesevereproblemsnearseparationpointsbecauseatthose

points v�w ö  andconsequently
ei� ö  and B � ö  . Also, thepresenceof

¨  B "�
in thesourcetermscausessomenon-uniquenessto theequationsin thevicinity of
severalwalls.

In theimplementationemployedin this work, theexpressionfor B�� is modified
to containtheabsolutevalueof vorticity insteadof thevelocitygradienton thewall

B � l B[� �kei�Z l B[� � � v�wZ l B[� g ����� � �b[Z8' w (2.54)
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where
� � � l m % � :ba � :ba is theabsolutevalueof vorticity andthevorticity tensoris

definedby � :ba l ¨% Æ 	 e-:	iA a * 	 e¼a	iA : Ç (2.55)

Thisway, mostof theproblemscausedby zerofriction velocitynearseparation
pointsareavoided. Also, in thepresenceof severalwalls, the contributionsof all
the walls are summedto obtain the final additionalwall dampingto the source
terms[19]. In a similar manner, thedampingtermsin Eq. (2.52)aremultiplied by
eachother.û ü��

TurbulenceModels The � *H5 modelwasfirst proposedby Kolmogorov
in 1942[34]. Sincethen,a few scientistshavedevelopedthemodel,but only lately
hasthemodelgainedwider popularityin theform known asthe � * 5 SSTmodel
[37,38].

Wilcox’s � *ã5
model [39] is the basisfor most modern � *º5

models. In
Wilcox’smodel,thesourcetermsfor

� � and
�65

are

7 ~ 1 l Sí* � � � � 5 (2.56)7 ~ 3 l � 5 � Sº* � �65 "
(2.57)

where � l �& ÿ , � l /®·k¯ � and
� � l /®·&ÿ are model constants.The Schmidt

numbershave constantvalues¤ 1 l % ®° and ¤ 3 l % ®· . Theproductionof turbulent
kinetic energy

S
is modelledasin the � *Ä� modelusingEq. (2.45).Theturbulent

viscosityis obtainedfrom Z Õ l � �5 (2.58)

As is obvious,theformal relationshipbetween� and
5

is5 l �� � � (2.59)

The “standard” � * 5
modelpresentedabove is known to be sensitive to the

free-streamvalueof
5

[38]. To overcometheseproblems,Menterdecidedto blend
the � * 5 modelandthe � *ª�

model transformedto the � * 5 form so that the
modelwould reduceto thestandard� *¾5 nearsolid surfaces,andswitchto � *¬�
elsewhere.A blendingfunction

�ÑD
is employedfor mixing the � *H5 andthe � *��

models. In Menter’s model,known asthe new baselinemodel(BSL), the source
termsare

7 ~ 1 l Sã* � � � � 5 (2.60)7 ~ 3 l � �Z Õ Sí* � �65 " © � ¨ *��ED4' %[�¤ 3 " 5 	^�	�A a 	 5	�A a (2.61)
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Thenew term in the sourceterm for
�65

is known asthe cross-diffusion term,de-
notedherewith

�f�2143
. It originatesfrom thetransformed� *¬� equations,andit is

presentonly when
�EDÁµ ¨

.
�ED

is definedby�ÑD l�������� �ð� G '
(2.62)

where

� l��! "�$#%�&�(')# � �� � 5 �+* � & �5 � "-, * æ � ��f�2143 ¤ 3 " � "., (2.63)

where
�

is the distanceto the nearestwall point. The model constantsare also
blendedas � ¤ 1 ¤ 3 � ' Õ l �ÑD8� ¤ 1 ¤ 3 � ' Õ D © � ¨ * �ED.'\� ¤ 1 ¤ 3 � ' Õ " (2.64)

wheresubscripts̈ and
%

refer to constantsin Wilcox’s modelandthetransformed� * � model,respectively. Themodelconstantsof thetransformed� * � modelare¤ 1 " l ¨ ®· ¤ 3 " l ¨ ® ¨0/ å � " l �®°&å % å (2.65)

and,with � l /® æ�¨ keptasconstant,� is definedby

� l �� � * � "¤ 3 � � � (2.66)

The above equationsdescribethe � * 5
BSL model. The � * 5 SSTmodel

presentedby Menter[38] is a furtherdevelopedversionof the � *Ä5 BSL model.
Theideais to setanupperlimit for theturbulentshearstressin boundarylayers.In
theSSTmodeltheeddyviscosity

Z Õ is definedasZ Õ l Q/DÙ� ��&�1' �ðQ/D�5 * � � �Â� " ' (2.67)

where
Q/D l �® j ¨ . The lower limit of the denominatorof Eq. (2.67) is basedon

Bradshaw’s assumptionthat in boundary-layerflows the principal turbulent shear
stress,denotedhereby

�ke h h � h h
, dependson � asfollows22 �ke h h � h h 22 l Q�DÙ� � (2.68)

TheconventionalKolmogorov-Prandtlexpressionin Eq. (2.58) is usedasfar asit
doesnotexceedthevalue

Z Õ l 22 �ke h h � h h 22� � � l Q/Dâ� �� � � (2.69)

This is called the SST limitation for
Z Õ and it significantly improves the model

performancefor adversepressure-gradientboundarylayers,sincetheconventional
formulationclearlyoverestimates

Z Õ in thepresenceof adversepressuregradients
[37,38]. Thesamevaluesfor themodelconstantsapply for both theBSL andthe
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SSTmodelsexceptthat theSchmidtnumber¤ 1 D hasthevalueof
¨ ® ¨ ¯ / in theSST

model.TheSSTlimitation is suitableonly for wall-boundedflows. Thepurposeof
thefunction

� " in Eq.(2.67)is to preventtheactivationof theSSTlimitation in free
shearflows.

� " behavesotherwiselike
�ED

exceptthatit remainsatunity furtherout
in thedefectlayerandit is givenby� " l��3���4� ��� "" ' (2.70)

where

� " l5�&�(')# % � �� � 5 �+* � & �5 � "6, (2.71)

In theimplementationemployedin thepresentcomputations,theSSTlimitation
is furtherdevelopedby Hellsten[40] from its originalform,and

Z Õ is obtainedfromZ Õ l Q/DÙ� ��7�1' �ðQ/D�5 * � � �Â� " � F�' (2.72)

The
� F

function is designedto prevent the SSTlimitation from beingactivatedin
theroughnesslayer in rough-wall flows, i.e. thelayervery closeto theroughwall.
This is necessarybecauseBradshaw’s assumptionis not valid there. The function�0F

is givenby

�0F l ¨ * �������98 Æ ¨ �  �5 � " Ç G�: (2.73)

In general,the � * 5 modeltendsto producebetterresultsthanthe � *�� model
in adversepressure-gradientflows [34]. A clearadvantageof the � *Ä5 modelis
the freedomof wall-dampingfunctions. On theotherhand,the solid wall bound-
ary conditionfor

5
is theoreticallyinfinite, andthereforetheboundaryconditions

have to bespecifiedwith extremecare.Themethodsemployedin thepresentcom-
putationsto specifytheboundaryconditionsfor

�65
weredevelopedandtestedby

Hellsten[41,42].

Weaknessesof the Two-Equation TurbulenceModels A commonweaknessin
boththe � *¾� and � *�5 modelsis relatedto theuseof Boussinesqapproximation.
As such,it is actuallynotaweaknessof the � * � or the � *�5 model,but sincethe
Boussinesqapproximationis almostregularly employedwith them,theassociated
problemsshouldalso be identified. The alternative would be to usea nonlinear
stress–strainrelationshipfor the turbulent stresses,and that is actuallywhat was
previously denotedwith EARSM.

The main weaknessof Eq. (2.39) is the assumptionthat the turbulent stress
tensoris alignedwith themainstrain-ratetensor. Thisassumptionworksquitewell
in plain shearflow, but fails totally in impinging flows and in flows with strong
streamlinecurvatureandswirl [43].
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The problemswith the impinging flow wereencounteredby Kaurinkoski and
Hellsten[18] in front of the stagnationpoint of an artillery projectile. Following
Menter[37], anad-hocfix wasdevelopedto limit theproductionof turbulentkinetic
energy with S0<<; ò l>= % © ¨ å �3���4� Ã Æ � � ��@?BADC Ç ÊFE ÅHG � � (2.74)

Here,
�JI

is amodelparametersetto /®· j andtheexponent
L 3 l æ

is alsoaselected
modelparameter. In Eq. (2.74),

�@?BADC
is givenby�@?BADCLK �JI  z�� l �JI  -� � V WÈ�� ® jEN (2.75)

where
�

is anestimatefor theboundary-layerthicknessbasedon theBlasiussolu-
tion for theflat plateboundarylayer.

N
is a characteristiclengthfor theflow case,

and
 -�

is thefree-streamvelocity.
Eq. (2.74) is calledthe Vorticity-BasedProductionLimit (VBPL), andis em-

ployedin all thesubsequentcomputationspresentedin thiswork, unlessstatedoth-
erwise. In addition,a rotationandcurvaturecorrectionpresentedby Hellsten[42]
is employedin all thecomputationswith the � * 5 modelin this work. Thebasic
ideawith thecorrectionis to modify theturbulentlength-scaleby multiplying

� �65 "
in Eq.(2.61)by a function

�0G
definedby�0G l ¨¨ © �@M�N V � (2.76)

where
V � is theRichardsonnumberdefinedbyV � l � � :ba��� # :ba�� Æ � � :ba��� # :ba�� * ¨ Ç (2.77)

Lateron in this work, themodelwill becalledthe � * 5 RCSSTmodel.

Algebraic TurbulenceModels

Thesimplestclassof turbulencemodelsis known aszero-equationturbulencemod-
els, or algebraicturbulencemodels. They aresuchthat no separateconservation
equationis solved for a turbulencevariable. Instead,the turbulent stressesare
evaluatedbasedon Boussinesqapproximationwith a

Z Õ obtainedfrom themodel.
Therefore,the modelsareactuallymodelsfor

Z Õ in termsof the local flow field
properties.Theunderlyingtheoryis basedontheanalogybetweenturbulentfluctu-
ationsandrandommolecularmovement.Theconceptualexpressionfor theturbu-
lent stressin asimpleshearflow is* �ke h h � h h l ¨% � � <\ñ òPO <\ñ ò ¹ e¹ B (2.78)

where
� <\ñ ò

is the mixing velocity and
O <\ñ ò

is the mixing length,both determined
basedon local flow properties,andthedistanceto thewall or thewake centreline.
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Prandtlpostulatedthatthemixing velocity canbeexpressedin termsof themixing
length[34] � <\ñ ò l�QFR���ST�������VU O <\ñ ò 2222 ¹ e¹ B 2222 (2.79)

which leavesus only with oneunknown, the mixing length
O <\ñ ò

. Therearevari-
ous modelsbasedon the mixing length concept[44, 45], and basically they all
sharethe sameweaknesses.They do not model history effects in any way, and
they haveproblemswith separationpointsdueto thevanishingfriction velocity

ei�
,

sincethey usuallyemploy B � in onewayor another. Also, sincethemodelsareof-
tendevelopedfor aerodynamicboundarylayer typeflows, they explicitly needthe
boundary-layerthickness,which may be tricky to determinein complicatedflow
cases.

Turbulent Scalar–Equations

The time-averagingproceduredescribedearlier produceda speciesconservation
equation(2.20) with an additionalterm representingturbulent diffusion of mass.
Thewholediffusiontermof Eq. (2.20)is oftenmodelledwith		iA a²Æ Ò�&9;:°< 		�A a ×¢ :-* � ¢ h h: e h ha Ç K 		�A a�Æ Z ¦ ç 		�A a ×¢ : Ç (2.80)

where Z ¦ ç l Z¤i¦ çXW © Z Õ¤i¦ ç � (2.81)

Here ¤i¦½çXW and ¤i¦uç � arethe laminarandturbulentSchmidtnumbersfor
¢ :

, respect-
ively. This type of gradientdiffusion modelling is consistentwith the modelling
of the diffusion of

� � and
� £

in Eqs. (2.40)and(2.41). Justlike ¤ 1 and ¤ ù , the
Schmidtnumbers¤i¦½çXW and ¤i¦uç � arenot requiredto have constantvalues,although
this is usuallythecase.

Theturbulentconductionof heatin theenergy equation(2.19)is usuallymod-
elled employing the eddyviscositymodel. Also, the energy diffusion dueto the
diffusionof massis modelledin thiswork by simplymultiplying thetotaldiffusion
of species� by y : andthusthewholeenergy diffusionis modelledas

		�A a Æ � 		�A a d * �ke h ha y h h * Ò� ¦.Í Ç l 		�A a Æ � � © � Õ ' 		�A a d © Òy 1 Z ¦ Ð 		iA a ×¢ 1 Ç (2.82)

where

� Õ l Z Õ s �S�T Õ (2.83)

Here
S�T Õ is theturbulentPrandtlnumber, and s � is thespecificheatof thegas.
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2.3.2 Modelling of the Thermo-ChemicalDetails

Whenanalyzingreactive flows, thereareseveral new issuesthat have to be mod-
elled. As temperaturesrise, the thermodynamicpropertiesof thegaseschange,as
explainedin Section2.2.4. One possibility is, of course,to ignore the changes,
but in order to model thesechanges,the basicproblemis to model the depend-
ency between

W
and

d
. Anotherthing is to accountfor thechangescausedby the

changesin thecomposition,maythey becausedby reactionsor mixing. This issue
is coupledto theconceptof heatof reaction.

Thermodynamic Model

For thethermodynamicdetails,themodelselectedin thiswork is basedoncurve-fit
equationsfor thepropertiesof individualgases.Knacke [46] givesaninterpolation
equationfor

��� l O s � with coefficients
�

,
�

,
�

and
�

as

��� l � © � ¨  ³ F d © � ¨  	 d ³ " © � ¨  ³ 	 d " � díä %.� � C (2.84)

wherethesecondandthird termaccountfor vibrationalenergy andthefourth term
coversthecontribution of electronicenergy. With Eq.(2.84)theequationof stateis
closedandtheremainingproblemis to solvefor

d
with agiven

W
and

�
. Thedetails

areshown in Ref. [22]. In order to be able to model the heatreleaseassociated
with chemicalreactions,theheatof formationis includedin theexpressionof total
internalenergy, i.e. energiesaretreatedasabsoluteenergiesas

W l y Õ Ì �� © ÕÖ � s�| ¹ d (2.85)

where y/Õ Ì �� l ¸ : ¢ : y�Õ Ì �� ç is the heatof formationof the mixture at
d l  K.

Changesin thelocalmixturecompositionwill thenimmediatelybeseenaschanges
in the heatof formation,which is subtractedfrom the absoluteenergy to get the
sensibleenergy. For a given mixture composition,the sensibleenergy is a func-
tion of thetemperatureonly, andconsequently, thetemperatureswill changeif the
sensibleenergiesarechanged.

Thereis also anotherpossibility to model the heatrelease,which would in-
volve treatmentof the energies as sensibleenergies. Then, the energy equation
(2.3) would have to be completedwith a sourcetermaccountingfor thechemical
energy exchange[31, p. 617]. Thechoiceis free,but onceeitheroneis selected,
the whole treatmentof energieshasto be consistentthroughoutthesolver. In the
end,it is amatterof tastewhichoneis moreconvenient.

Onepoint worth mentioninghereis theway y Õ Ì �� ç is obtained.Thetablesgiven
byKnacke[46] containareferenceenthalpy at

d l %.� � C. Also,asexplainedin Ref.
[22], theemployedmodelfor s � ç �xd{' attemperaturesbelow

d l %.� � C approximatess � ç with constantvaluesevaluatedat
d l %.� � C. Thevaluesfor y�Õ Ì �� ç areobtained

consistentlyfrom
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y Õ Ì �� ç l y Õ Ì " �ZYZ[� ç *�% ÿ&å U s Õ Ì " �ZY\[� ç (2.86)

Thevalueof s Õ Ì " �ZY\[� ç is calculatedwith Eq.(2.84).

ReactionModel

An arbitrarysingle-stepchemicalreactioncanbeexpressedas]Ë :¿Ì^D � h: P�: ö ]Ë :)Ì^D � h h: P�: (2.87)

where
� h:

is thestoichiometriccoefficient of reactant� , and
� h h:

is thestoichiometric
coefficient of product � . P : is anarbitraryspecificationof thechemicalspecies� ,
and

R
is thetotal numberof speciesinvolved.

Thelaw of massaction[27], which is confirmedby experimentalresults,states
that the reactionratedependson the concentrationsof the reactantsraisedto the
powerequalto thecorrespondingstoichiometriccoefficientas^-^ l � ]_ :¿Ì^D � �a` ç ' ê�bç (2.88)

where
�a` ç is theconcentrationof species� , and

�È:
is thecorrespondingstoichiomet-

ric coefficient of the reactant. � is thespecificreactionratecoefficient, which is a
function of the temperatureandthe reactionunderconsideration.A widely used
empiricalmodelfor thespecificreactionratesof elementaryreactionsis theArrhe-
niusequation

� l � W ³�c�d ëfe Õ (2.89)

where
>g;

is the activation energy of the reaction,and
�

is a reaction-dependent
coefficient. It maybeapproximatedwith apre-exponentialfactor, andtheArrhenius
equationis writtenas

� l Q�D�d6h&W ³�c dfi ëfe Õ (2.90)

where
Q/D

, � and
>-;.D

arefoundfrom experiments.As explainedin Subsection2.2.6,
this type of a formalismis unfortunatelyvalid only for elementaryreactions.For
a small setof reactions,like the dissociation-recombinationof oxygen,the above
approachis useful,but for a detaileddescriptionof thecombustionof a base-bleed
propellant,thewholeconceptof solvingthemassfractionsof every singlespecies
presentin thecomplicatedchainof reactionsis notfeasible.Therefore,in thiswork,
a differentkind of approachhasbeenselected.

First of all, all the fine detailsof the reactionmechanismare dropped. The
combustionreactionof the partially burnedpropellant(or fuel in the testcaseof
Chapter4) is modelledwith theconceptualform of Eq. (2.37)as¨

kg Fuel
© T CXj

kg Air
ö � ¨ © T CXj '

kg Products (2.91)
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where k CXj is the oxidant-to-fuelmassratio. As is obvious, this kind of reactionis
notanelementaryreactionandanexpressionlikeEq.(2.89)is not valid.

Assumingtemperaturesarehigh enoughfor thereactionsto take place,there-
actionsthemselvesare, in reality, usually very fast. Under suchconditions,the
rate-limitingphenomenonis themixing of the reactants,not the reactionkinetics.
Actually, asSpaldingpointsout in Ref. [24], a reactionmodelbasedsolelyon the
averageconcentrationsof the reactantsgivesresultswhich arenot even qualitat-
ively correct.Therefore,hededucedthatapropermodelwould utilize a time-scale
basedon thelocal turbulenceconditions.Originally, a modelbasedon themixing-
lengthconceptwas proposed[24], but after a somemore development[27], the
eddybreakupmodelof combustion(EBU) wasintroducedby Spaldingaslnm�oLp�q@r�s�tguv+wxgy ¢{z|~}F� (2.92)

where
lnm�o

is therateof productformation,
¢ z|~} is thefuel massfractionfluctuation,

and
q@r.s�t

is amodelconstant.Thedrawbackof thismodelis thatit requiresexplicit
knowledgeof themassfractionfluctuations.To remove this problem,Magnussen
andHjertager[23] proposedamodelbasedononly thetime-averagevaluesaccord-
ing to which thetime-rateof theconsumptionof fuel isl |X} p���qa� v�wx9�7�B��� ¢ |X}�� ¢����k |~} � qa�{� ¢ m�o�\�V� k |~}0��� (2.93)

where
qa��p����X�

and
qa���gp��4�~�

aremodelconstants.All thevaluespresentin the
above equationaretime-averages,andtheoverbarshave beendropped.As canbe
seen,thereactionrateis alsoafunctionof themassfractionof thereactionproduct.

In thepresentimplementationof theEBU model,Eq. (2.93)hasbeenmodified
somewhat. First, we identify theturbulencetime-scale� definedbasedon

x
and w

or
x

and � as �&� x w �&� �� (2.94)

Accordingto Eq. (2.59), w�� x maybereplacedwith  ¢¡\� . Also, thedependency
of thereactionrateon themassfractionof thereactionproductis undesirablein the
sensethatwith a zeroinitial reactionproductmassfraction,thereactionwill never
start.Therefore,in thepresentimplementation,

¢ m�o
in Eq. (2.93)hasbeenchanged

to �7£1¤ � ¢ m�o � ¢ m�o¦¥�§ ¨ � . Also, thetime-scaleis expressedin termsof
x

and � , because
with thisformulationtheexpressionfor thereactionratebecomessimpler. Thefinal
form of theimplementedEBU modelisl |~} p��6qa�   ¡ v � �!�"� � ¢ |X}�� ¢��©�k |X} � qa�{� �&£(¤ � ¢ m�o � ¢ m�o¦¥�§ ¨ ��\�V� k |X}(� � (2.95)

where
¢ m�o¦¥�§ ¨�pª�4�X�.� �

is employedto ensurethestartingof thereactionunderoth-
erwisefavourableconditions.Thesourcetermsfor thereactionproductandair are
obtainedeasilyfrom



34 Modellingof a ReactiveFlow Field

l �©� p k |~} l |X} (2.96)lnm�o«p � �\�@� k |~}0� l |~} (2.97)

Settinga lower limit
¢ m�o¦¥�§ ¨

is a relatively safeoperation,becausethe reaction
still needsbothfuel andoxidantto start,andthetruemassfractionexceedsthatof
the lower limit almostimmediately. The otheralternative would be to employ an
initial small valuefor the reactionproductmassfraction either in the fuel stream
or in the oxidantstream. This approach,however, doesnot soundtoo attractive,
becauseit wouldactuallyrequiremodifiedboundaryconditions.

2.4 Discretization of the PhysicalModel

Sofar, wehaveexaminedthegoverningequationsfor theflow of areactivemixture
of gases,i.e. Eqs. (2.1)–(2.8),andwe have investigatedsomemodelsfor the un-
known termsin theequations.Sinceno generalsolutionexists,therearebasically
two differentwaysfrom which to choose.Onecaninvestigateasufficiently simpli-
fied problemfor which ananalyticsolutionmight exist, or onehasto discretizethe
equationsandtry to solve theresultingsystemof equations.In this work, thelatter
approachis followed.

Whendiscretizingthe conservation equations,the basicidea is to obtain nu-
mericalexpressionsfor thederivativesandothertermsin theequations.Thereare
severalwaysto discretizetheequations,andin computationalfluid dynamics(CFD)
themostcommonwaysarethefinite volumemethod(FVM), thefinite difference
method(FDM), andthefinite elementmethod(FEM).

In thefinite elementmethod,theunknown variablesareexpressedasaweighted
sumof all thevaluesatthegrid nodes.For afixedgeometry, ¬ �® ��¯°�3±4��²T� is obtained
from ¬ �® ��¯°�3±4�T²T� p ³´®µ¶´�·¸´®¹Zº"»1¼�½ �D ��¯¾��±�� ¬ ½ � ²T� (2.98)

where¬ representsany generalvariable,¼¿½ �® ��¯°�3±�� and ¬ ½ � ²T� aretheshapefunction
andgeneralvariablevalueassociatedwith node À , respectively. The form of the
shapefunctionsis not predeterminedfrom a methodologicalpoint of view, except
thatthevalueof ¼¿½ hasto beunity at nodeÀ , andit hasto vanishatany othernode.

Whenconstructingthe systemof equationsin the finite elementmethod,the
differentialequationsaremultipliedbyarbitraryweightfunctionsÁ , andintegrated
overthewholedomain.Thentheapproximationfor ¬ is insertedinto theintegrated
equations,andasystemof algebraicequationsis obtained.Theideais to searchfor
a solutionthat satisfiesthe differentialequationsin an integral sense,thusposing
weaker differentiability conditionson the solution. Therefore,this formulationis
alsoknown astheweakformulation,asopposedto thestrongformulation,which is
basedonthedifferentialequations.Sincethefinite elementmethodis notemployed
in this work, it will notbediscussedany further.
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Thefinite differencemethodis basedon theideaof replacingall thederivatives
in the differentialequationswith differenceexpressionsin termsof the valuesof¬ at thenodes.Thedifferenceformulasarederivedfrom Taylor seriesexpansions
of ¬ aroundthepoint underinvestigation.FDM wasat first themostpopularone
in CFD, andasa consequence,a lot of the terminologyemployed in the FVM is
inheritedfrom the FDM community. The final equationssolved with FDM are
actuallyalmostexactly thesameasthosesolvedwith FVM.

Becausethesolveremployedin thiswork is basedonthefinite volumemethod,
FDM will not be discussedany further. Somefinite differenceterminology, how-
ever, will appearin the text. The following discussiondescribesboth the present
implementation,andFVM in general.

2.4.1 Finite VolumeForm and Discretization of the Fluxes

In thefinite volumemethod,thebasicideais to fulfil theprincipleof conservation
statedby the governingequations.Therefore,the conservation equationsarefirst
cast in an integral form, sometimesalso referredto as a weak form, and for an
arbitraryfixedregion Â with aboundaryÃ theequationsareÄÄ ²+ÅÆÈÇ Ä Â � Å É ÊË � Ç �+Ì Ä ÊÃ p ÅÆ l Ä Â (2.99)

where Ç is thevectorof conservative variables, ÊË � Ç � is theflux vector, and
l

is
thesourceterm.Performingtheintegrationsfor acomputationalcell À yieldsÂ ½ Ä Ç ½Ä ² pÍ³|~Î�Ï ´®» � ÃÑÐË � Â ½ l ½ (2.100)

where Ã is the areaof the cell face,and the sum is taken over the facesof the
computationalcell. Eachfacehasaunit normalvector ÊÒ definedby

ÊÒ p Ò°Ó ÊÀ � Ò°Ô ÊÕ � Ò%Ö Êx p Ã ÓÃ Ê À � Ã ÔÃ ÊÕ � Ã ÖÃ Êx (2.101)

where Ò°Ó , Ò°Ô , and Ò¾Ö arethe

, ¯ and ± -componentsof ÊÒ , respectively, and Ã Ó , Ã Ô

and Ã Ö aretherespectivecomponentsof thecell facearea.Theflux for eachfaceis
definedby

ÐË p Ò¾Ó � Ë � Ë¸× � � Ò¾Ô �©Ø � Ø × � � Ò%Ö ��Ù � Ù × � p Ò ½ � Ë ½ � Ë¸×�Ú � (2.102)

Here
Ë

,
Ë¸×

,
Ø

,
Ø ×

,
Ù

and
Ù ×

aretheinviscid andviscousfluxesin the

, ¯ and ± -

directions,respectively. Usingtensornotationwith two-equationturbulencemodels
in mind,

Ë ½ is givenby
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Ë ½ p
ÛÜÜÜÜÜÜÜÜÜÜÝ

v�Þ ½v�Þ�Þ ½ �àß � ½¾á"â � �ã v x4äv�åæÞ ½ �àß � ½%áBâ � �ã v x4äv�ç�Þ ½ �èß ã ½%áBâ � �ã v x4ä� væé � â � �ã v x � Þ ½v x Þ ½v�êëÞ ½v ¢ Þ ½

ìFííííííííííî (2.103)

andthecorrespondingviscousflux
Ë¸×�Ú

is

Ë¸×�Ú p
ÛÜÜÜÜÜÜÜÜÜÜÝ

�� � ½ �àß � ½ �ã v x� � ½ �àß � ½ �ã v x� ã ½ �àß ã ½ �ã v xÞ�ï á � ½ ï �àß ½ ï �ã v x4ä �9ð ½ñ�ï �©ò x � ò� ½ �ñ%ó �©ò ê � ò� ½ �ñ�ô �©ò ¢ � ò� ½ �
ìFííííííííííî (2.104)

In theabove, � and
ð

denotethesumof themolecularandturbulentdiffusiondefined
by Eqs.(2.4),(2.39)and(2.82).Thetotal internalenergy væé is now obtainedfromvæé p væõ � �ö v�Þ ½ Þ ½ � v x (2.105)

Eq. (2.100)illustratesthebasicideaof thefinite volumemethod:to fulfil con-
servation.Also, it is obviousthatin afinite volumeformulation,theimportantissue
is to obtainaccurateexpressionsfor theflux ÐË . Wecouldnoteherethatactually, as
definedby Eq. (2.100), ÐË is of typeflux density, andtheflux is Ã9ÐË . It is, however,
commonpracticeto droptheattribute“density” from thenameandsimply usethe
word flux for ÐË . Fromthis point on, this practiceis followed.Discretizationof the
temporalderivative

Ä Ç ½ � Ä ² is discussedlater.

Inviscid Fluxes

The solver employed in this study is designedfor compressibleflows. For such
solvers,properupwindingis necessaryto stabilizethescheme.In thiscase,alocally
one-dimensionalRiemannproblemis solvedwith Roe’s method[47] on eachcell
faceto determinetheinviscidfluxes.Theflux is calculatedasÐË p5÷nø � Ë � ÷ Ç � (2.106)

where
÷

is a rotationmatrix that transformsthedependentvariablesto a local co-
ordinatesystemnormalto thecell surface. In this way, only theCartesianform

Ë
of theflux is needed.This is calculatedfrom
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Ë � Ç µ � Ç o � p �ö)ù Ë � Ç µ � � Ë � Ç o �
ú � �öüû³ ï�ý � kæþ ï3ÿ��   þ ï3ÿ���� þ ï3ÿ (2.107)

where Ç µ and Ç o are the solutionvectorsevaluatedon the left andright sidesof
the cell surface, k þ ï3ÿ the right eigenvectorof the Jacobianmatrix � p ò Ë � ò Ç p����� ø �

, the correspondingeigenvalueis
  þ ï3ÿ , and

� þ ï3ÿ is thecorrespondingchar-
acteristicvariableobtainedfrom

� ø �
	 Ç , where
	 Ç p Ç o � Ç µ . Thevectors Ç µand Ç o areevaluatedwith theMUSCL schemetogetherwith thevanAlbadalimiter.

Detailsof theimplementationarefoundfrom Refs.[14,17].

ViscousFluxes

Discretizationof the viscousfluxesdoesnot causeany specialstability problems.
Instead,theviscousfluxescanbediscretizedin averystraightforwardmannerusing
centraldifferences.Thereareseveralwaysof deriving expressionsfor theviscous
terms,anddependingontheselectedstartingpoint,somewhatdifferentexpressions
maybederived. In thepresentsolver, thegradientof any generalvariable

¢
on the

cell surfaceÀ ��� � ö is approximatedwith� ¢ � ½� ��� � p ¢ ½� �L� ¢ ½� ½� ��� � ÊÒ ½� ��� � (2.108)

where
� ½� ��� � is thedistancebetweenthecentre-pointsof thecells À and À � �

, andÊÒ ½� ��� � is thenormalvectorof thecell facebetweenthecells À and À ���
definedby

Eq.(2.101).

Simulation of Rotational Flows

In the simulationsof the flow pastthe rotatingartillery projectile to be described
later in this work, the methoddevelopedby Siikonenand Pan [48] is employed
for theeffectsof a rotatingsystemof coordinates.The implementationis practic-
ally unchangedfrom theoriginal implementation,andthereforeonly theassociated
theoryis repeatedherebriefly.

Thebasicideais to employ Cartesianvelocity componentsin a fixedframeof
reference,andto let the grid rotateaboutthe axisof rotation. Theflow equations
needonly smallmodificationsfor rotationalgeometries.Assumingrotationaround
the


-axis,theNavier–Stokesequationsneedadditionalsourcetermsfor the ¯ and± -momentumequations,andalsothe convective speedassociatedwith the fluxes

hasto be rewritten. Denotingthe angularvelocity with Ê� , the velocity of a point
in the grid is Ê��� Êk . The grid velocitieshave to be subtractedfrom the inertial
velocitieswhenevaluatingtheconvective speedsin thefluxes. In theenergy flux,
however, thework doneby pressureis pressureâ multipliedby theinertial velocityÊÂ , not therelativevelocity. As a result,theinviscid partsof thefluxesin the ¯ and± -directionsarewrittenas
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Ø p
ÛÜÜÜÜÜÜÜÜÜÜÝ

v Ðåv�Þ Ðåv�å Ðå � â � �ã v xv�ç Ðå� væé � �ã v x � Ðå � â åv x Ðåv�ê Ðåv ¢ Ðå
ìFííííííííííî Ù p

ÛÜÜÜÜÜÜÜÜÜÜÝ
v Ðçv�Þ Ðçv�å Ðçv�ç Ðç � â � �ã v x� væé � �ã v x � Ðç � â çv x Ðçv�ê Ðçv ¢ Ðç

ìFííííííííííî (2.109)

where Ðå p å � å o � º , Ðç p ç � ç o � º , å o � º pª� � ± and ç o � º p � ¯ . Thecontributions
of rotationto theflux termsdependonly on thegeometryandtheangularvelocity,
andthey canthereforebeprecalculatedandstoredasseparatearrays.

The sourcetermsfor the momentumequationsdueto rotationof the grid are� Ê��� v ÊÂ , which in this casereducestolno � º p � � � � v�ç � � v�å � � � � ��� (2.110)

The sourceterm
lno � º is a direct consequenceof the rotationof the grid. The

time derivativeof a vector ÊÂ in an inertial frameof reference
Ä � Ä ² ÊÂ expressedin

termsof thederivative in a rotatingcoordinatesystem
ß � ß ² ÊÂ is [49, p. 56]ÄÄ ²JÊÂ p ßß ²VÊÂ � Ê��� ÊÂ (2.111)

where Ê� is theangularvelocityof therotatingcoordinatesystem.

SpecialTreatmentof the Inviscid Fluxesin the Cir cumferential Dir ection

For theaxially symmetricflowsto besimulatedlateron in thiswork, aspecialsim-
plified flux-treatmentfor the circumferentialdirectionwasdeveloped. Due to the
axisymmetricnatureof theflows, thegradientof any scalarvariablein thecircum-
ferentialdirectionvanishes.Therefore,assuming


-axis is the axis of rotation, it

is unnecessaryto calculatethecircumferentialfluxesof v , v�Þ , væé , v x , v�ê and v ¢ .
Thenecessarytermsfor theinviscid fluxesof v�å and v�ç areË ã��������! p "#%$ å1ï'& ��� � � â Ò°Ô �(�����! (2.112)Ë*) �������! p "#%$ ç ï�& ��� � � â Ò%Ö �������! (2.113)

where
"#%$ is themassflow rateperunit areain thecircumferentialdirection"#%$ p �ö v,+ � å�ï � å o � º � � � Ò°Ô �(-.���� � Ò°Ô �
/0���! 3� ��� çaï � ç o � º � � � Ò%Ö ��-1���! � Ò%Ö �
/0���! 3��2

(2.114)
Whenconsideringthe flows simulatedin this work, thereis only onecompu-

tationalcell in thecircumferentialdirection,and
x

in Eqs.(2.112)through(2.114)
couldbereplacedwith

�
.
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Ghost cells for
boundary values

Last rows of cells in the
computational domain

Fig. 2.1: The ghostcells locatedoutsidethecomputationaldomainarefor the specificationof the
boundaryconditions.

2.4.2 Boundary Conditions

For thefinite volumeformulationof Eq.(2.100),weshouldnotethatthesolutionofÄ Ç ½ � Ä ² dependsonthefluxesoverthesurfacesÃ ½ & ��� � , whichin generalalsodepend
on Ç ½ & � . On theotherhand,thereis no requirementthat ÐË ½� ��� � shouldalwaysde-
pendonboth Ç ½ and Ç ½3� � . Theflux just hasto bedeterminedsomehow. Therefore,
it makessenseto arguethattheboundaryconditionfor a finite volumemethodis a
givenflux at theboundary. For thepracticalimplementation,however, usuallytwo
extra rows of cells areallocatedfor the definition of the boundaryconditions,as
shown in Figure2.1. Theseghostcellsareutilized for storingblock-to-blockcon-
nectivity in orderto ensurecontinuoussolutionsover block boundaries,andthey
are,at leastin thepresentcase,employedfor specifyingthe free-streamboundary
conditions.

For a well posedproblem,the boundaryconditionsneedto be definedappro-
priately. In externalflows, like flow pasta wing, theobviousfree-streamboundary
conditionis to fix the flow variables.Nevertheless,this canalsobe a misleading
definition,becausefreestreamis easilyinterpretedasthefar-field boundary, which
againincludesalsothe wake. In the wake, however, thereis no justificationfor a
fixed boundarycondition. Fortunately, the downstreamboundaryconditionstend
to have only a small effect on the solutionof an externalflow field, asfar as the
boundaryis sufficiently faraway from thebody.

For internalflows, like flows in a channel,theremayexist detailedknowledge
of the flow conditionsat the inflow boundaries,but very often the availabledata
is limited to someintegratedinformation,like massflow rate,averagetemperature
etc. Evenif themeanflow characteristicsarefairly well known, for practicalflow
cases,thedetailsof turbulenceareusuallyunknown. In internalflows, thespecific-
ationof theoutflow conditionsis a contradictorymatter: How couldoneknow in
advancewhatis goingto flow out from theflow field, whenthewholeproblemis to
determinewhathappensinsidetheflow field?
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Free-Streamand Solid SurfaceBoundaries

In the presentimplementation,theboundaryconditionsaretreatedasfollows: At
the free-streamboundary, as far as the specifiedfree-streamvelocity is directed
into the computationaldomain,the valuesof the dependentvariablesarekept as
constants.On the otherhand,if the free-streamvelocity is directedout from the
computationaldomain,the pressureâ is fixed to its free-streamvalueandall the
otherdependentvariablesareextrapolated.

In thecalculationof theinviscidpartsof thefluxesat thesolidwall boundaries,
theflux-differencesplitting is not used.Sincetheconvectivespeedis equalto zero
onthesolidsurfaces,theonly contributionto theinviscidsurfacefluxesarisesfrom
the pressuretermsin the momentumequations.A second-orderextrapolationis
appliedfor theevaluationof thewall pressureas

â54 p�6 ö â �L� �ö â � (2.115)

wherethesubscriptç refersto conditionsonthewall, and
�

and
ö

referto thecentre
of thefirst andsecondcell from thesurface,respectively. A similar formulais used
for thediffusioncoefficientson thewall.

The viscousfluxeson the solid surfacesare obtainedby setting ÊÂ 4 p �
, orÊÂ 4 p ÊÂ · � ×87 ¹�9 if the wall is moving. At the walls, the centralexpressionof the

viscoustermsis replacedby asecond-orderone-sidedformula.ò ¢ò ¯ ¹ p �;: ¢ 4 �=< ¢ �H� ¢ �6 � 4 (2.116)

where
� 4 is thethicknessof thefirst cell above thesurface.

Inlet Boundaries

In numericalsimulations,aninlet boundaryis suchfrom which theflow entersthe
computationaldomain. An inlet boundaryshouldbe placedso that the flow con-
ditions at thatboundaryareaseasyaspossibleto definereliably. For that reason,
thecomputationaldomainof thebase-bleedprojectilestudiedin thiswork is exten-
dedto theinsideof thebase-bleedunit, andtheburningsurfaceof thepropellantis
treatedasaninlet. In thebluff-bodystabilizedflamecaseonly thefuel jet is treated
asaninlet.

For thesurfaceof thebase-bleedunit,aspecialtreatmentfor thefluxeshadto be
developedin this work. On theburningsurfaceof theunit, hot gasenterstheflow
field from asolidsurface,whichmayberotating.Thebasicspecificationof theflow
conditionsis carriedoutasexplainedin Ref. [50]. Themassflow rateperarea

"#%$ ,
thestagnationtemperature

÷?>
, turbulencelevel

÷ Þ andturbulentviscosity ñ � � ñ are
fixed by the user, andfor a subsonicinlet the staticpressureis extrapolatedfrom
theflow field. Thestagnationtemperatureis convertedto specifictotal enthalpy

Ù
,

andtheboundaryconditionsbecome
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(2.117)

In orderto differentiatebetweena subsonicor supersonicinlet, thefollowing con-
dition is applied:

â 7 ¹�µ¶´®º p �7£1¤HG â5I ´®µ�J � "#%$K ö Ù9� ÷?> � � K � � �K ��� L (2.118)

For acaloricallyperfectgas,thesolutionof Eq.(2.117)with respectto theprimitive
variablesis

v p y � K â � � � ö "# �$ Ù9� K � � � � �\�V� 6 ÷ Þ � � � K âö Ù � K � � � (2.119)Â p "#%$v (2.120)÷ p âv � (2.121)v x p 6 ö v ÷ Þ � Â � (2.122)v�F p �4�X� < � v x � �ñ � (2.123)v � p v v xñ � (2.124)

If thegasis notperfect,theiterativeschemepresentedin Ref.[50] is employedwith
theabovesolutionasastartingpoint.

Impr ovedMethod for the Inlet Boundaries

Sofar, theabovediscussionhasnothingto dowith rotation.Whentheinlet surface
is rotating,asin thecaseof the rotatingbase-bleedunit, Eqs. (2.119)–(2.124)are
employedassuch,but the velocity is correctedwith an additionalvelocity dueto
rotation Ê��� Êk . This way, the boundaryconditionspecificationis interpretedas
specifiedin thecoordinatesystemfixedto therotatingsurface.

The interestingpart is that, except for the rotationof the base-bleedunit, the
above schemehasbeensuccessfullyemployed in several studies[18,22,50] for
determiningthe boundaryvaluesin the ghostcells of a base-bleedunit. In those
studies,the standardflux-differencesplitting schemewas employed on the inlet
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surfacestogetherwith theappropriatelydefinedboundaryvalues.This time, when
employedfor agrid clusteredfor boundary-layermodellingpurposes,thenumerical
algorithmbecameunstable.Thesolutionto this stability problemwasto explicitly
specifythefluxesbasedonEqs.(2.119)–(2.124)togetherwith theviscoustermsas
usualonasolidsurface,exceptfor thecontributionsof thepressure.Thechangesof
pressuredueto themultigrid methodwereaccountedfor whenevaluatingthefluxes
on thesolidsurfaceinlets,andthis way theschemebecamestable.

Thesestability problemsare quite evidently a problemtied to the employed
solutionmethodwith a multigrid scheme.Nevertheless,suchproblemshave not
beenencounteredin any of the previous simulationsemploying the “standard”
ghost-cellvalueapproach.The presentschemeturnedout to be morerobust than
thepreviousstandardapproach,and,assuggestedearlier, theboundaryconditionis
now setby definingtheflux.

2.5 Solution of the DiscretizedEquations

2.5.1 Discretization of the Temporal Derivative

Thederivative with respectto time in Eq. (2.100)canbediscretizedwith a differ-
enceexpressionlike Ä Ç ½Ä ²NM ÇPO � � � ÇPO	 ² (2.125)

which hassecond-orderaccuracy at time-level ² O � � � ö 	 ² , but first-orderat time-
levels ² O and ² O � � . ThesuperscriptsÒ and Ò � � referto thecurrent(known) andthe
next (unknown) time-levels,respectively. For asteady-statesolution,thenumerical
accuracy of this term is not important,andEq.(2.125)may be employed without
worries. Even thoughthe term could basicallybe left out when searchingfor a
steady-statesolution,this approachis not practical,because,in a generalcase,the
nonlinearitiesin the equationsto be solved make it impossibleto obtaina direct
solution. Therefore,a time-marchingapproachis thenormalway alsofor steady-
statesolutions.

For anexplicit method,thefluxesandsourcetermsareevaluatedon time-level² O , and ÇPO � � canbecalculatedexplicitly. Foranimplicit method,they arelinearized
aroundtime-level Ò with respectto Ç andthefollowing equationis obtainedÂ Ç O � � � Ç O	 ² p Â 	 Ç	 ² p � O � ò �ò Ç 	 Ç (2.126)

wherethesubscriptÀ hasbeendroppedand
�

is usedasshorthandfor theright-hand
sideof Eq. (2.100),i.e. the residual.Moving termsinvolving

	 Ç to the left-hand
sideandall therestto theotherside,anequationfor

	 Ç is obtained� � � 	 ²Â Q ò �ò ÇSR � 	 Ç p 	 ²Â � O p 	 Ç ´ (2.127)
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where
	 Ç ´ is shorthandfor theexplicit changeof Ç . Eq. (2.127)is a matrixequa-

tion for
	 Ç . For a steady-statesolution,assumingoneexists,Eq. (2.127)maybe

usedasa basisfor a time-marchingsolutionmethod. The solutionprocedurefor	 Ç mayinvolveany numericalconvergenceaccelerationtechniquesavailable,be-
causewhena steadystateis reached,the residualsvanish,andconsequentlyalso	 Ç vanishes.

2.5.2 Solution Algorithm

As mentionedbefore,direct inversionof the matrix T � � 	 ² � Â �VU ò � � ò ÇXW is not
feasibledue to the hugesizeof the matrix in any practicalcase. However, with
approximatefactorizationthematrix inversioncanbereplacedwith threesuccess-
ive inversionsof a block-tridiagonalmatrix. Eventhoughthefactorizationreduces
thenumericalaccuracy of thetemporaldiscretization,it facilitatesa relatively fast
solutionmethod.Thesolutionalgorithmmaybefurtherenchancedby local time-
stepping,which meansthat the time-stepsizesvary locally basedon stability cri-
teria. Sucha methodis calledpseudo-timeintegrationdueto thevaryingtime-step
sizes.

The solutionmethodemployed in this work wasdevelopedby Siikonen[14,
15,51,52], andit is briefly describedhere.Only thechangescausedby thenewly
implementedreactionmodelareexplainedin detail.Thebasicsolutionalgorithmis
implicit pseudo-timeintegrationapplyingtheDiagonallyDominantADI-f actoriza-
tion (DDADI) [53]. It is basedon approximatefactorizationandon thesplitting of
theJacobiansof theflux terms.Theresultingimplicit stageconsistsof a backward
andforward bidiagonalsweepin every computationalcoordinatedirectionplus a
matrix multiplication. Thesweepsarebasedon a first-orderupwinddifferencing.
In addition,thelinearizationof thesourcetermis factoredoutof thespatialsweeps.

Theboundaryconditionsfor theimplicit sweepsaresetexplicitly to zero.After
factorization,theimplicit stagecanbewrittenasQ T � 	 ² ½Â ½ ��ò ø½ Ã ½� ��� � � �½ � ò �½ Ã ½ ø ��� � � ø½ � R �Q T � 	 ²!YÂ Y ��ò øY Ã Y � ��� �'Z �Y � ò �Y Ã Y ø ��� �[Z øY � R �Q T � 	 ² ïÂ ï �©ò øï Ã ï � ��� � q �ï � ò �ï Ã ï ø ��� � q�øï � R �+ T � 	 ² ½]\ ½ 2 	 Ç ½ p 	 ² ½Â ½ � ´½

(2.128)

where T is an identity matrix,
ò ø½�^ Y ^ ï and

ò �½_^ Y ^ ï arefirst-orderspatialdifferenceop-
eratorsin the À , Õ and

x
-directions, � , Z and

q
are the correspondingJacobian

matrices,\ p ò l � ò Ç , and
� ´½ is theright-handsideof Eq.(2.100).TheJacobians

arecalculatedas � & p � � � &S` x T � � ø � (2.129)
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where
�

is the eigenvectormatrix of � , and
� &

arediagonalmatricescontaining
thepositiveandnegativeeigenvalues,and

x
is a factorto ensurethestability of the

viscousterm.Moredetailsaboutthebasicimplicit solutionmethodcanbefoundin
Refs.[15,19].

In orderto accelerateconvergence,amultigrid methodis employed.Themulti-
grid cycling employs a V-cycle andis basedon themethodby Jameson[54]. The
detailsof theimplementationarefoundin Ref. [55]. Thedetailshave not changed
notablysincetheoriginal implementation,asexplainedin Ref. [19].

ChangesCausedby the ReactionModel

As explainedabove,theimplicit sweepsinvertablock-tridiagonalmatrix. In detail,
the changesin the conservative variables

	 Ç arefirst transformedto changesin
primitive variables

	 Â , which are further convertedto changesin contravariant
characteristicvariables

ß Á . In thefirst transformation,it is implicitly assumedthat
thetotal internalenergy is væé treatedassensibleenergy. Therefore,to maketheold
schemework, væé and

	 � væé � aremodifiedwithvæéba væé �dc ½ v ¢ ½ D � ý >> ^ ½ p væé » (2.130)	 � væé � a 	 � væé � �dc ½ 	 � v ¢ ½ � D � ý >> ^ ½ p 	 � væé » � (2.131)

wherethesubscripte standsfor sensible.With theseformulas,thechangein pres-
sureis obtainedfrom 	 â p �ò õ � ò â Q 	 õ » � ò õò v 	 v R (2.132)

asusual. As explainedin Subsection2.3.2,the whole implementationcouldhave
beenbuilt on sensibleenergies. In thatcasetheabove problemswould never have
appeared.Ontheotherhand,thesourcetermsin theenergy equationswouldrequire
specialtreatmentat leastcomparablein complexity to Eqs. (2.130)and (2.131).
Therefore,thepresentapproachwaschosen.

The implicit treatmentof the chemicalsourcetermsis factoredout from the
spatialsweepsandtreatedin a separateroutine. It is basedon linearizationof the
productionof v ¢ ½ with respectto v ¢ ½ only, andtheresultis	 v ¢ ½ p 	 � v ¢ ½ � ´� � 	 ² �©ò l ½ � ò v ¢ ½ � (2.133)

After theimplicit sweeps,væé » and
	 � væé » � areconvertedbackto absoluteenergies.

Also, in orderto ensurestability of the time-integrationscheme,the time-step
sizewasfurtherlimited with theexpression�	 ² · Î � p öq Ëgf �7£1¤ � �6l ½�&£(¤ � vih ½ � w � � l ½�7£1¤ ��� v � vih ½ �@� w � � w � (2.134)

wherew is asmallnumberto avoid possibledivisionby zero.
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2.5.3 Time-AccurateTime-Integration Scheme

The basictime-integrationschemeemployed for steady-stateproblemsis not ac-
curatein time for severalreasons.First of all, thespatiallyvaryingtime-stepsspoil
time-accuracy. Secondly, theJacobiansin Eq. (2.128)shouldbecalculatedexactly,
but still the factorizedschemewould remaina first-orderscheme.Thirdly, theim-
plicit Euler schemeemployed for steady-stateproblemsis of first orderaccuracy
dueto thetruncationerrorof Eq.(2.125).

For time-accuratesimulations,theideais to employ second-orderone-sideddif-
ferencesfor thetemporalderivatives,andto express

�
attime-level ² O � � . Following

Hoffren’swork [56], atime-accuratetime-integrationschemewasimplementedinto
thepresentsolverby Kaurinkoskiet al. [57]. In short,themethodis basedon cast-
ing theequationsto a form resemblingthe form of theoriginal steady-statesolver
as

Â � 6 ö Ç O � � � ö Ç O � �ö Ç O ø � � p 	 ² G ³|~Î�Ï ´�» � Ã>ÐË O � � � Â l O � � L (2.135)

wherethe superscriptsÒ ���
, Ò and Ò � �

refer to the next, currentandprevious
time-levels,respectively. Again, thedirect solutionof ÇPO � � from Eq.(2.135)is in
practiceimpossible,andthereforeaniterativesolutionmethodbasedoncalculating
successive correctionsto thepreviousestimatefor Ç O � � is employed. As a result,
thesolutiononthenext time-level is obtainedafteriterationinsidea time-step.The
equationsolvedis G � � 	 � · � JÂ Q ò �ò ÇSR ï L ß Ç ï p 	 � · � J	 ² ß Ç ï· � J (2.136)

where � is a local time-stepbasedon stability criteria for thesteady-statepseudo-
time integrationmethod,and

	 � · � J p 	 � 	 ² � � 	 ² � 	 � � is a modifiedtime-step.
We canseethatEq. (2.136)is exactly of thesameform asEq. (2.127)solvedwith
the steady-statepseudo-timeintegrationmethod. Only the time-stepis modified
andtheright-handsideis multiplied by the factor

	 � · � J � 	 ² . Hence,theexisting
steady-statesolverwith all themodificationspresentedin thistext maybeemployed
for obtainingthesolutions,asfar asthenecessarychangesto the time-integration
schemearemade.
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3 Application of the Chemical
ReactionModel

Thereactionmodelemployedin thiswork wasoutlinedin thepreviouschapter. The
thermo-chemicaldetailsof theinvestigatedproblemsaredescribedhere,andall the
employedmodelconstantsaregiven. Themodelis first validatedby simulatingan
axisymmetricbluff-body stabilizedflame,which hasbeeninvestigatedbothexper-
imentally [29] andnumerically[29,30] by othergroups. After that, the model is
employedfor thefinal combustionof a fuel-richbase-bleedpropellant.

3.1 Axisymmetric Bluff-Body Stabilized Flame

In the experimentscarriedout by CorreaandGulati [29], the fuel in the reaction
wasa mixture consistingof

ö.j �~�.k
CO� 6 ö � 6 k H � � ���4� ö k N � . Modelling air withö � k

O� � j < k N � resultsin aglobalreaction�4� ö.j �
CO

� �4� 6 ö 6 H � � ���X��� ö
N � �ml · � µ»Bº � �4� ö �

O� � �4� j <
N � � � a (3.1)��� ö.j �

CO� � ��� 6 ö 6 H � O � � �4�X�.� ö � �4� j <0l · � µ»Bº � N �
where

l · � µ» º p � � � ö
is the molar stoichiometriccoefficient, the valueof which is

determinedbasedon the oxygenconsumption.The compositionandmodelpara-
metersof the fuel for Eq. (2.84) areshown in Table3.1. The samedatafor the
reactionproductis foundfrom Table3.2.

Table3.3 shows the compositionandmodelparametersfor air, andthe actual
modelparametersemployed in the simulations. As canbe seen,air is modelled
asa caloricallyperfectgasto allow smoothtransitionbetweeninitial computations
withoutany reactionsandthereactiveflow field simulations.Themodelparameters
arechosento representair with K p � �X�

and
� p ö : j �X���

J/kg. This sameselec-
tion concerningthemodellingof air wasalsoadoptedwhensimulatingtheartillery
projectile.

For thesameinitialization reason,theheatsof formationweretailoredto pro-
ducethesamenetchangein theheatof formationaswith theoriginal values,but
with zeroheatsof formation for the reactants.In other words, regardlessof the
origin of theheatof reaction,it is faked to becompletelybuilt from theproduct’s
contribution. Therefore,after transformingthe datagiven for

Ù � ý ��n�o�p>
in Tables
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Table 3.1: The compositionandmodelparametersof the fuel in the bluff-body stabilizedflame.qsr0t�u�v�w�xy is theheatof formationpermoleat z,{}|�~���� . Valuesfor � , � , � and � aregivenon a
permolebasis. � � h � Z q \ Ù � ý ��n o p>

CO 28.010 0.275 0.393 30.962 2.439 -0.280 0.0 -110528
H � 2.020 0.323 0.033 26.882 3.586 1.050 0.0 0.0
N � 28.020 0.402 0.574 30.418 2.544 -0.238 0.0 0.0
Mix 19.619 1.000 1.000 29.425 2.852 0.166 0.0 -30395

Table 3.2: Thecompositionandmodelparametersof thereactionproductin thebluff-body stabil-
izedflame.

qsr0t�u�v�w�xy is theheatof formationpermoleat z,{,|�~���� . Valuesfor � , � , � and � are
givenon a permolebasis.� � h � Z q \ Ù � ý ��n�o�p>

CO� 44.010 0.130 0.200 51.128 4.368 -1.469 0.0 -393521
H � O 18.020 0.153 0.096 34.376 7.841 -0.423 0.0 -241856
N � 28.020 0.718 0.704 30.418 2.544 -0.238 0.0 0.0
Mix 28.571 1.000 1.000 33.711 3.589 -0.426 0.0 -87978

3.1,3.2and3.3with Eq.(2.86),we canwrite themodifiedheatof formationof the
productas Ù � ý >>��(� ¥1��� p Ù � ý >> ��� � ³o ´ Î�Ï º Î ¹Zº"»�� z½� z zm�o Ù � ý >> Ú

(3.2)

where � z½ is the stoichiometriccoefficient of reactantÀ , and � z zm�o is thestoichiomet-
ric coefficient of theproduct.Thefinal valueof

Ù � ý >>���� ¥1�!�
employedfor thereaction

describedby Eq.(3.1)is
� j.ö ö : <

J/mol. As mentionedearlier, themole-basedcoef-
ficientsaretransformedto mass-basedvaluessimply by division by therespective
molarmasses.

The stoichiometriccoefficient
l |X} employed in the mass-basedglobal reaction

Eq.(2.91)is obtainedby multiplying the molar stoichiometriccoefficientsby the
respectivemolarmassesandthendividing themass-basedcoefficientsby themass-
basedcoefficient of the fuel mixture. As a result, the final value

l |X} p ö �~� < �
is

obtained.

3.2 Partially BurnedBase-BleedPropellant

Whenmodellingthechemicalreactionsof thebase-bleedgas,a numberof simpli-
ficationsaremade.Firstof all, thebledgas,which is partiallyburnedwhenflowing
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Table 3.3: Thecompositionandmodelparametersof air accordingto theselectedthermodynamics
model,andtheway it wasapproximated.

qsr0t�u�v�w�xy is theheatof formationpermoleat z,{�|�~��8� .
Valuesfor � , � , � and � aregivenon a permolebasis.� � h � Z q \ Ù � ý ��n o p>

O� 31.999 0.210 0.233 29.154 6.477 -0.184 -1.017 0.0
N � 28.020 0.790 0.767 30.418 2.544 -0.238 0.0 0.0
Mix 28.856 1.000 1.000 30.153 3.370 -0.227 -0.214 0.0
Model 28.965 1.000 1.000 29.100 0.0 0.0 0.0 0.0

Table 3.4: The compositionand model parametersof the bled partially burnedpropellant[58].q�r�t�u�v�w!xy is theheatof formationpermoleat z�{}|�~��8� . Valuesfor � , � , � and � aregivenon a
permolebasis.� � h � Z q \ Ù � ý ��n�o�p>

CO 28.010 0.260 0.337 30.962 2.439 -0.280 0.0 -110528
H � O 18.020 0.232 0.194 34.376 7.841 -0.423 0.0 -241856
H � 2.020 0.230 0.021 26.882 3.586 1.050 0.0 0
HCl 36.461 0.145 0.244 26.527 4.602 0.109 0.0 -92307
N � 28.020 0.076 0.098 30.418 2.544 -0.238 0.0 0
CO� 44.010 0.050 0.101 51.128 4.368 -1.469 0.0 -393521
H 1.010 0.005 0.000 20.786 0.000 0.000 0.0 217965
Cl 35.453 0.002 0.004 23.736 -1.284 -0.126 0.0 121294
OH 17.010 0.001 0.001 27.984 3.301 250.0 -0.09 39042
Mix 21.606 1.000 1.000 31.069 4.356 0.211 -0.0001 -116474

out from thebase-bleedunit, is in realitycomposedof severalspecies.In thiswork,
however, it is treatedasa singlespecies,thepropertiesof which arebasedon the
compositiongivenin Ref. [58]. Thecompositionis shown in Table3.4.

The detailsof the reactionare also dropped,and the reactionis modelledas
anartificial single-stepreactionproducingthefinal reactionproductof theburning
reaction.Thecompositionof thefinal productis basedon datafrom Ref. [59] at a
final temperatureof

÷�p��.���
K.

The investigatedproblemin Ref. [59] is to determinethefinal outcomeof the
reactingbase-bleedgaswhen the reactionprogressis not limited by the amount
of oxygenpresentduring the reaction. In thesesimulations,air is modelledwithö � k

O� � j < k N � , andfrom the compositionof the productsit is obvious that the
nitrogen N � is aninertcomponentin theglobalreaction.Also,accordingto theres-
ults of Ref. [59], theamountof oxygenconsumedis independentof theprescribed
final temperatureof the reactionenvironment. Therefore,the global reactionis
modelledin this work with a single-stepreaction,wherethe inert partof air ( N � )



50 Applicationof theChemicalReactionModel

Table 3.5: Thecompositionandmodelparametersof themixtureof totally burnedpropellant[59]
andinert componentsof air.

q�r�t�u�v�w�xy is theheatof formationpermoleat z�{�|�~��8� . Valuesfor� , � , � and � aregivenon a permolebasis.� � h � Z q \ Ù � ý ��n o p>
N � 28.020 0.544 0.522 30.418 2.544 -0.238 0.0 0.0
H � O 18.020 0.256 0.158 34.376 7.841 -0.423 0.0 -241856
CO� 44.010 0.153 0.231 51.128 4.368 -1.469 0.0 -393521
Cl � 35.453 0.026 0.063 36.610 1.079 -0.272 0.0 0
HCl 36.461 0.021 0.027 26.527 4.602 0.109 0.0 -92307
Mix 29.201 1.000 1.000 34.685 4.185 -0.468 0.0 -124207

is transferredto the productsideof the reactionwithout any changes,andall the
oxygenin the air is consumed.The compositionof the reactionproductsformed
basedon theseapproximationsis shown in Table3.5. The so formedreactionis
expressedas �

mol Fuel
�5� � ö < ö

mol Air
� a ö �~� � j

mol Product (3.3)

or asamass-basedreactionequation�
kg Fuel

��� � j.ö �
kg Air

� a ö � j.ö �
kg Product (3.4)

Hence,the stoichiometriccoefficient to be employed in the EBU model is
l |~} p� � j.ö �

. Theheatsof formationaremanipulatedin asimilarmannerasin theprevious
sectiondescribingthebluff-body stabilizedflame. Theresultingheatof formation
of thereactionproductis

Ù � ý >> �(� ¥1�!� p��;��� < �.:
J/mol.
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4 Axisymmetric Bluff-Body
StabilizedFlame

In orderto validatetheimplementationof theEBU-reactionmodel,a testcasewith
a bluff-body stabilizedflameis simulated.For the selectedtestcaseboth experi-
mental[29] andnumerical[29,30] resultsexist. Thecaseis simulatedemploying
boththe

x � � RCSSTandChien’s
x � F turbulencemodels.

4.1 Experimental Setupand Computational Grid

In theexperiments,an axisymmetricflameholderwith an outerdiameterof \ p6 :4� � mm was placedin a streamof air at a velocity of Â�� p �4�~�
m/s. At the

centrelinewasaconcentricfuel jet of diameter
� p 6 � � : mmatanaveragevelocity

of
:��

m/s. The blockageratio of the bluff body in the tunnelwasapproximately�.k
, basedon whichwecanapproximatetheouterdiameterof thetestsectionwith� j �4� �

mm. Figure4.1 shows the experimentalsetupandthe main dimensionsof
the problem. Both the fuel-jet inlet streamand the wind tunnel flow were at a
temperatureof

÷�p 6 �.� K andpressureof â p �
atm

p � � �
kPa.

For thenumericalsimulations,anorthogonalgrid with
:.� � :.� � �

cells in the
axial, radialandcircumferentialdirections,respectively, wasemployed. The fuel-
jet inlet wasdiscretizedwith

� �
cells,thebluff-body surfacewith 6 ö cells,andthe

wind tunnelair flow inlet wasmodelledwith 6 ö cells. Thegrid is depictedin Fig-
ure4.2.Thetop-wall of thewind tunnelwastreatedasaninviscidwall, sinceit was
assumedto have little effect on the jet properties.Theboundaryconditionsfor the
wind tunnelair flow inlet aswell astheoutlet from thetest-sectionwerespecified
asfree-streamboundaries,i.e. fixedvalueson theupstreamsideandextrapolated
valueswith fixedpressureon thedownstreamside,asexplainedearlier.

Sincethe fuel-jet inlet conditionsarenot describedin detail in Ref. [29], the
fuel jet wasmodelledin two differentways: the flow waseitherassumedto be a
bulk flow with constantaxial velocity Þ p�:.�

m/s, or theflow wasassumedto be
a fully developedpipeflow with anaveragevelocity of

uÞ p�:.�
m/s. In thefigures

shown later, thetwo fuel-jet typesarelabelledwith “Bulk” and“FD”, denotingthe
constantvelocity fuel jet and the fully developedfuel jet, respectively. In order
to specify the massflow rateper unit area,as in Eq. (2.117),the velocitieswere
multiplied by theassumeddensity v p â � � ÷ , where

÷�p 6 ��� K and â p � � �
kPa.

Thegasconstantwasobtainedfrom Eq.(2.22).Theaveragemassflow rateperunit
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Wind tunnel
air flow 6.5 m/s

Fuel jet 80 m/s

R19.05 mmR1.59 mm

R85.19 mm

Fig. 4.1: Thegeometryof theexperimentalsetup.

areawasthussetto
"#%$ p�� 6 � j � kg/(m� s).

With the bulk flow fuel inlet, following the conventionof the simulationsof
Ref. [29], the inlet turbulencekinetic energy wasfixed to

x p«�4�~����� Â � , andthe
turbulencelength-scale� p x ��� n � F wassetto

�4�~� 6 � . For theinlet definitionscheme
presentedby Eq. (2.117), the fuel-jet turbulencelevel was set to

�4�X��� j
, and the

turbulentviscositywasfixedto ñ � � ñ p ö � ��<
.

Boththefully developedinlet andthebulk inlet casesweresimulatedemploying
both the

x � � RCSSTandChien’s
x � F turbulencemodels.Thesodefinedfour

caseswerealsosimulatedastheflow of a non-reactingfuel jet, i.e. inert fuel with
unchangedthermodynamicproperties,to make comparisonsof the jet spreading
rates. In all the computedcases,the outflow boundarywas treatedwith a fixed
pressure,andafirst-orderextrapolationfor v and v ÊÂ .

When comparingthe results,a frequently usedquantity is the conservative
scalar, denotedherewith � , which is definedas the massfraction of fuel, both
burnedandunburned.Therefore,it is obtainedfrom� � v |X} ��� � �\�V�dl |X}(� v m�ov p h |~} � ��V�dl |X} h m�o (4.1)

With the above definition, � is a truly conservative scalar, i.e. thereis no net
changefor � due to the sourceterms. For the reactionunder investigation,the
stoichiometricvalueof � is
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Fig. 4.2: The ¡�¢¤£¥¡�¢�£ ¦ grid employedto modelthegeometryof theexperimentalsetup.

� »Bº p ��@�ml |X} p �4� 6 ö 6 ö (4.2)

The jet spreadingratesareanalyzedby monitoringthescaledvelocity profiles
of Þ ¡ versus

l ¡§ definedby Þ ¡ p Þ � Þ �Þ�¨ª© � Þ � (4.3)l ¡§ p ll §V« ý >8� n (4.4)

where
l § « ý >8� n is thedistancefrom the


-axisat which Þ ¡ p���� �

, Þ � is thevelocity
on theinviscid top-wall, and Þ�¨ª© is thevelocity at thecentreline.In all thefigures,

is scaledwith thediameterof thefuel jet
�
. Anothermeasureof thejet spreading

rateis obtainedfrom thehalf-widthbasedon theconservativescalar� , whichgives
riseto anotherdefinitionfor

l ¡¬ � ¡ p � � ���� ¨ª© � ��� (4.5)l ¡¬ p ll ¬ « ý >8� n (4.6)

where
l ¬ « ý >8� n is thedistancefrom the


-axisat which � ¡ p �4�~�

, and ��� is thevalue
of � on thetop-wall.

4.2 Simulations with the ReactingFuel Jet

Thesimulationswith theEBU modelconvergedquiteslowly. Thisis mostprobably
dueto thethin cellsin thecircumferentialdirectionnearthesymmetryaxisandthe
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Fig. 4.3: The conservative scalar  alongthe symmetryaxis accordingto the ®;¯±° model(solid
line) andthe ®�¯³² model(brokenline) with a constantvelocity fuel jet, aswell asaccordingto the®g¯�° model(dottedline) andthe ®´¯s² model(dash-dottedline) with a fully developedfuel jet. All
thesewith theEBU-reactionmodel. µ Experimentsfrom Ref. [29].

high speedsof sounddueto thehigh temperatures.Nevertheless,aftercompleting
all the necessarymodificationsto the solver, therewereno specialproblemswith
thesimulations.Onenoteworthy thing wasthattheflux limiter hadto beemployed
in all thesimulationswith thereactionmodel.Therefore,thediscretizationscheme
wassecond-orderupwindwith thevanAlbadalimiter. Thereasonis obviously the
stronggradientscausedby thereactionzonesin theflow field.

Figure4.3shows theconservative scalardistributionsalongthesymmetryaxis
accordingto all the reactive simulationscarriedout in this work togetherwith the
experimentalresults. As canbe seen,the inlet conditionshave a strongeffect on
the initial mixing propertiesof the jet, whereasthe final distribution closerto the
outflow edgeseemsto dependmoreon theemployedturbulencemodel.According
to the

x � � model,theconservative scalar� diffusesfasterthanaccordingto thex � F model.
Figure4.4showsthetemperaturedistributionsalongthesymmetryaxisaccord-

ing to the differentsolutions. Again, the inlet conditionsof the fuel jet affect the
initial mixing properties,andthe overall behaviour is governedby the employed
turbulencemodel. Thepeaktemperatureon theaxis is somewhat lower according
to the

x � � model thanaccordingto the
x � F model. According to Ref. [29],

thestoichiometricequilibriumtemperaturefor this mixture is
ö � j �

K, whereasin
Ref. [30] a valueof

ö � : 6 K is given. Both of thesearehigherthanthoseseenin
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Figure4.4.
The radial temperaturedistribution at

 � � p � �
accordingto the simulations

andexperimentsis shown in Figure4.5. Theseresultsalsoconformto theprevious
statementaboutthedifferentdiffusionratesdueto differentturbulencemodels.Ac-
cordingto this figure,all thesimulationsoverpredictthemaximumtemperatureby
over

ö �.�.¶
. This is probablydueto overpredictedreactionrates.

Theradialdistributionsof theconservative scalar� at cross-sections
 � � p � �

and
 � � p ö �

accordingto all thesimulationsareshown in Figures4.6and4.7.As
canbeseen,therearedifferencesbetweenthecomputedandmeasureddistributions,
especiallyneartheaxis,but in generaltheagreementis quitegood.

Basedon Figures4.3– 4.7, thesolutionaccordingto the
x � F modelwith the

fully developedfuel jet givesthebestpredictionfor theconservativescalar� in the
flow field. Accordingto Figures4.6 and4.7, all but the solutionaccordingto thex � F modelwith thebulk fuel jet predictthe � -distribution very well exceptright
at theaxisof symmetry. Theseresultsdemonstratetheimportanceof theinlet con-
ditions for the solutiondetailsneartheaxisof symmetry. With thebulk inlet, the
conservative scalar � remainsunchangedconsiderablyfurther downstreamalong
the


-axis,andthesteepnessof thegradientin the radialdirectionis clearlyover-

predictedby the constantvelocity fuel-jet simulationemploying the
x � F model.

Nevertheless,all of thepresentedresultsarepromising,andthebasicimplementa-
tion canberegardedasvalidated.

We shouldkeepin mind that the EBU-reactionmodel is employed with the
modelcoefficientspresentedfor the

x � F turbulencemodel.Thetransformationto
the � -basedformulationof Eq. (2.95)is merelya changeof variables— no efforts
to accountfor thedifferentpropertiesof the

x � � modelwith respectto the
x � F

modelaremade.Only onetestcaseis not enoughto justify generaladjustmentsof
the modelparameters.For that purpose,a wider selectionof testcasesshouldbe
studied.Thepresentedresultsdemonstratethat thereis no urgentneedto tunethe
parameters.

Althoughnot shown here,theresultswith a low-Reynoldsnumber
x � F model

presentedby Granet al. [30] arevery similar to thoseobtainedherewith thefully
developedinlet usingthe

x � F model.Theaxialdistributionof � obtainedby Gran
et al. is asaccurateasthe presentresult from

 � � p 6 � downstream,but before
thatthey predictedsomewhathighervaluesfor � . They employedthreecombustion
modelsin their work, namelytheassumed-PDFmethod[60], theEddy-Dissipation
Concept(EDC)by Magnussen,with afastchemistryassumption,andtheEDCwith
detailedchemistry. Granet al. alsoutilized four turbulencemodels:the standardx � F model,RSM,thelow-Reynoldsnumber

x � F modelby LaunderandSharma,
andthelow-ReynoldsnumberRSMby Kebedeetal. Their conclusionwasthatthe
importantissuewasproperturbulencemodelling. The resultsobtainedby Correa
andGulati [29] differ somewhat more from the presentresultsprobablybecause
they usedthe standard

x � F model. Correaand Pope[61], on the other hand,
obtainedverygoodresultswith ahybridMonteCarloPDF/finite-volumemeanflow
model.

Figures4.8through4.11show thescaledexcessvelocity Þ ¡ asa functionof the
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Fig. 4.4: Thetemperaturealongthesymmetryaxisaccordingto thedifferentturbulencemodelswith
theEBU-reactionmodel.

Fig. 4.5: The temperaturedistribution at section ·.¸[¹º{N¦�¢ accordingto the different turbulence
modelswith theEBU-reactionmodel. µ Experimentsfrom Ref. [29].
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Fig. 4.6: Theconservativescalar atsection·.¸[¹»{H¦8¢ accordingto thedifferentturbulencemodels
with theEBU-reactionmodel. µ Experimentsfrom Ref. [29].

Fig. 4.7: Theconservativescalar atsection·.¸[¹»{�|�¢ accordingto thedifferentturbulencemodels
with theEBU-reactionmodel. µ Experimentsfrom Ref. [30].
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distancefrom the

-axisscaledwith thevelocity-basedjet half-width. Resultsare

givenfor all thecomputedcasesat cross-sections
 � � p �

,
 � � p � �

,
 � � p ö �

,
and

 � � p �.�
. Figures4.8 and4.9 show clearly that the fully developedfuel-jet

simulationstendto approachaself-similarsolutionalmostasearlyasat
 � � p � �

,
whereasFigure4.10 shows that, with the

x � F modelandconstantvelocity fuel
jet, self-similarity is reachedat

 � � p ö �
. According to Figure4.11, the

x � �
simulationdoesnot reacha self-similarstatenearthe


-axis, but asof

 � � p � �
andmovingdownstreamfrom thatsection,the Þ ¡ -profilesseemto convergetowards
a self-similarsolution,especiallyfurtheraway from theaxis,when

l ¡§�¼ � �~�
.

Figure4.12shows thejet half-width basedon theconservativescalarasa func-
tion of

 � � accordingto all the reactive flow simulations.First andforemost,this
figuregivesanideaof how quickly theconservativescalaris mixed.Thespreading
rateis largestaccordingto the

x � � simulationwith thefully developedjet, but in
generalthetrendsareprettymuchalikewith all thesimulations.

Figure4.13 shows the jet half-width basedon the axial excessvelocity Þ ¡ as
a function of


accordingto all the reactive flow simulations. Up to the section � � M ���

the resultsarerelatively similar, but after that thereis a similar type of
scatterin theresultsaswith theconservativescalar� .

An interestingpropertyof thesolutionsis that,from
 � � p ���

onto theexit, the
jet spreadingratebecomeszero,or evenslightly negative. This is probablypartly
dueto the outflow boundaryconditions,but alsodueto the effectsof the recircu-
lation zonebehindthebluff body. It createsa region of flow with lower velocities
thanat thewind tunnelmainstreaminlet. Theslow-velocity region extendsto the
exit boundary, andits existenceis evidentfrom Figures4.8through4.11.Theexist-
enceof anaxialvelocityminimumlowerthanthemainflow velocitymakesformula
(4.3) somewhatquestionable.On theotherhand,theexistenceof therecirculation
zonedoesnot supporttheideaof employing theminimumaxial velocity insteadof
the top-wall velocity in Eq. (4.3). Nevertheless,this slow-velocity region explains
why theexcess-velocity-basedjet width suddenlyseemsto decrease.

Both the � -basedandthe Þ ¡ -basedjet half-width resultsshow an approximate
jet spreadingrateof

�4�~� j
–
�4�X�.:

, which is a little bit smallerthanthe experimental
value

�4�~�0:.�
–
�4�X� < �

givenfor a roundnon-reactingjet in Ref. [34]. The � -basedjet
width valuesarea little higherthanthosebasedon Þ ¡ .

Whencomparingthespreadingratefigureswith experimentalvalues,weshould
rememberthattheexperimentalsetupandtheoreticaltreatmentof roundjetsdonot
cover thebluff-bodystabilizedmixing of jets,not to mentionthereactivemixing of
a fuel andanoxidant.Therefore,thespreadingratecomparisonis not supposedto
giveaperfectagreement.

Figure4.14shows theaxial velocity profilesalongthe

-axisaccordingto the

differentturbulencemodelsandfuel-jetvelocityprofiles.It is interestingto seehow
the velocity profilesaccordingto the fully developedjet andtheconstantvelocity
jet converge towardsalmostthe samesolution. Also, the

x � � modelpredictsa
clearly fastervelocity decaythanthe

x � F model. Thereasonfor thevelocity not
beingexactly

:��
m/s at

 p«�
for the constantvelocity jet is that the pressureat

the jet inlet is not preciselywhat wasassumedwhendefining the inlet boundary



Simulationswith theReactingFuelJet 59

Fig. 4.8: Thescaledaxialexcessvelocity ½�¾ asafunctionof ¿�¾À atdifferentcross-sectionsaccording
to the ®»¯Á² turbulencemodelwith thereactingfully developedfuel jet.

Fig. 4.9: Thescaledaxialexcessvelocity ½ ¾ asafunctionof ¿ ¾À atdifferentcross-sectionsaccording
to the ®»¯�° RCSSTturbulencemodelwith thereactingfully developedfuel jet.
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Fig. 4.10: Thescaledaxialexcessvelocity ½1¾ asafunctionof ¿[¾À atdifferentcross-sectionsaccording
to the ®»¯�² turbulencemodelwith thereactingconstantvelocity fuel jet.

Fig. 4.11: Thescaledaxialexcessvelocity ½ ¾ asafunctionof ¿ ¾À atdifferentcross-sectionsaccording
to the ®»¯ ° RCSSTturbulencemodelwith thereactingconstantvelocity fuel jet.
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Fig. 4.12: The jet half-width distribution basedon the conservative scalar  asa function of ·1¸'¹
accordingto thedifferentturbulencemodelswith theEBU-reactionmodel.

Fig. 4.13: Thejet half-widthdistributionbasedontheaxialvelocity ½ asafunctionof ·1¸'¹ according
to thedifferentturbulencemodelswith theEBU-reactionmodel.
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Fig. 4.14: Theaxialvelocity ½ alongthesymmetryaxisaccordingto thedifferentturbulencemodels
with theEBU-reactionmodel.

conditions.
Figures4.15and4.16show thetemperaturedistributionandstreamlinesfor the

constantvelocity fuel-jet simulationsaccordingto the
x � � and

x � F models,re-
spectively. Figures4.17and4.18show thesameinformationfor thefully developed
fuel-jet simulationsaccordingto the

x � � and
x � F models,respectively. These

figuresshow how the
x � � modelpredictsawider, but shorterregionof high tem-

peraturesthanthe
x � F model.Thestreamlinepatternsarequalitativelyverysimilar

to eachother, althoughdifferencesin thedetailscanbeseen.
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Fig. 4.15: The temperaturedistribution and streamlinesaccordingto the ®X¯,° model with the
reactingconstantvelocity fuel jet.

Fig. 4.16: Thetemperaturedistributionandstreamlinesaccordingto the ®�¯Â² modelwith thereacting
constantvelocity fuel jet.
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Fig. 4.17: The temperaturedistribution and streamlinesaccordingto the ®s¯,° model with the
reactingfully developedfuel jet.

Fig. 4.18: Thetemperaturedistributionandstreamlinesaccordingto the ®1¯Ã² modelwith thereacting
fully developedfuel jet.
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4.3 Simulations with the Non-ReactingFuel Jet

Thesameflow casesasdescribedin theprevioussectionwerealsosimulatedwith
thereactionmodeldeactivated,i.e. simulatingnon-reactiveflow. Themainideawas
to gainmoreinsightinto whichdifferenceswerecausedby thedifferencesbetween
theturbulencemodels,andwhichoneswerecausedby thereactionmodel.

Figures4.19and4.20show the scaledexcessvelocity Þ ¡ asa function of the
distancefrom the


-axisscaledwith thevelocity-basedjet half-width accordingto

thesimulationswith thefully developedfuel jet employing the
x � F modelandthex � � RCSSTmodel,respectively. Figures4.21and4.22show thesameinformation

for the caseswith the constantvelocity jet. Accordingto thesefigures,the simu-
lationswith the fully developedfuel jet start to reachself-similarity at

 � � p ö �
,

whereasaccordingto theconstantvelocity jet, self-similarityis not reachedatall.
Figure 4.23 shows the � -basedand Figure 4.24 shows the Þ ¡ -basedjet half-

width as a function of
 � � . As a whole, the different simulationspredict quite

similar spreadingratesto eachother. However, it is interestingto see,how the � -
baseddataand Þ ¡ -baseddatacrosseachother. Basedon � , the

x � � modelpredicts
systematicallyfasterspreadingof the jet thanthe

x � F model,while basedon Þ ¡ ,
towardstheendof thecomputationaldomain,theconstantvelocity jet simulations
with bothof theemployedturbulencemodelspredictfasterspreadingthanthefully
developedjet simulations.Theconstantvelocity jet simulationspredictanalmost
lineargrowth of the Þ ¡ -basedjet half-widthbetween

 � � pÄ:
and

 � � p����
.

After
 � � M ���

, the Þ ¡ -basedjet half-width startsto decrease,which is a con-
sequenceof the low-velocity region dueto the recirculationzone. This confirms
that thesimilar behaviour seenin the resultsfor the reactive flow field wasnot an
anomalycausedby thereactionmodel.

Theconservativescalarbehavesqualitatively in asimilar fashionasin thereact-
ive flow simulations.Thedetailsare,however, completelydifferent,asseenfrom
theradial � -profilesat

 � � p � �
andat

 � � p ö �
shown in Figures4.25and4.26.

Therapidmixing of theconservative scalaris alsoseenasa fastdecayof � in the
axial � -profileshown in Figure4.27.

Figure4.28 shows the axial velocity profilesaspredictedby the non-reacting
simulations.Again,wecanseethat,the

x � � modelpredictsamorerapidvelocity
decaythanthe

x � F model.
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Fig. 4.19: Thescaledaxialexcessvelocity ½1¾ asafunctionof ¿[¾À atdifferentcross-sectionsaccording
to the ®»¯�² turbulencemodelwith thenon-reactingfully developedjet.

Fig. 4.20: Thescaledaxialexcessvelocity ½ ¾ asafunctionof ¿ ¾À atdifferentcross-sectionsaccording
to the ®»¯ ° RCSSTturbulencemodelwith thenon-reactingfully developedjet.
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Fig. 4.21: Thescaledaxialexcessvelocity ½�¾ asafunctionof ¿�¾À atdifferentcross-sectionsaccording
to the ®»¯Á² turbulencemodelwith thenon-reactingconstantvelocity jet.

Fig. 4.22: Thescaledaxialexcessvelocity ½ ¾ asafunctionof ¿ ¾À atdifferentcross-sectionsaccording
to the ®»¯�° RCSSTturbulencemodelwith thenon-reactingconstantvelocity jet.



68 AxisymmetricBluff-Body StabilizedFlame

Fig. 4.23: The jet half-width distribution basedon the conservative scalar  asa function of ·.¸[¹
accordingto thedifferentturbulencemodelswith thenon-reactingjet.

Fig. 4.24: Thejet half-widthdistributionbasedontheaxialvelocity ½ asafunctionof ·.¸[¹ according
to thedifferentturbulencemodelswith thenon-reactingjet.
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Fig. 4.25: Theconservativescalar atsection·1¸'¹»{Å¦�¢ accordingto thedifferentturbulencemodels
with thenon-reactingjet.

Fig. 4.26: Theconservativescalar atsection·1¸'¹»{�|[¢ accordingto thedifferentturbulencemodels
with thenon-reactingjet.
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Fig. 4.27: Theconservative scalar alongthesymmetryaxisaccordingto thedifferentturbulence
modelswith thenon-reactingjet.

Fig. 4.28: Theaxialvelocity ½ alongthesymmetryaxisaccordingto thedifferentturbulencemodels
with thenon-reactingjet.
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4.4 Grid IndependenceStudy

In order to verify that the grid densityemployed in the previous simulationswas
sufficient, a grid independencestudywascarriedout. A grid with twice asmany
cellsin theaxialandradialdirections,respectively, wasemployedfor thesimulation
of thereactiveflow casewith afully developedinlet usingthe

x � � RCSSTmodel.
Figure4.29shows a comparisonof the � -distributionsalongthe


-axisaccord-

ing to the simulationwith the standardgrid andaccordingto the simulationwith
the densegrid. As canbe seen,therearesmall differencesbetweenthe resultsin
the area

� :ÇÆ  � � Æ 6 : . The differencesare,however, muchsmallerthanthose
seenbetweenthe different turbulencemodels. Therefore,the standardresolution
employedin thesimulationscanberegardedassufficient.

Figures4.30 and 4.31 show the conservative scalar � at sections
 � � p � �

and
 � � p ö �

, respectively, andFigure4.32shows thetemperaturecomparisonat � � p � �
. Thesefiguresconfirm that the standardresolutionis sufficient for the

conductedsimulations.

4.5 GeneralRemarks

Basedon the simulationsdescribedin the previous sections,the implementation
of the EBU-reactionmodel can be regardedas validated. Thereare differences
betweenthe computationaland experimentalresults,of course,but qualitatively
thenumericalresultsareconsistentwith theexperimentalones,andin generalthe
agreementwith theexperimentsis good.

The implementationwith the
x � � modelcould be reviewed, andthe EBU-

modelcoefficientsmight be fine-tuned.However, thereis nothingfundamentally
wrong in the presentresults,andmodificationof the modelcoefficientsbasedon
onesingletestcaseonly is not whatshouldbedone.

The comparisonbetweenthe reactive and the non-reactive flow simulations
shows that the jet spreadingbehaviour is completelychangedwhenthe reactions
areaccountedfor. Themainreasonfor this is theslower decayof the jet velocity,
which, in effect,stretchestheregionwith high valuesof � furtherdownstream.

The effectsof the employed thermodynamicmodelwerealso investigatedby
simulatingtheconstantvelocity jet caseswith a thermodynamicmodelfor a mix-
tureof caloricallyperfectgases.Thepropertiesof thecomponentswerefrozento
theconditionsat

÷�p ö �0¶
C. Althoughnot shown here,themaximumtemperatures

accordingto thosesimulationswereover
ö �.�.¶

higherthanthoseobtainedwith the
model for a mixture of thermallyperfectgases,thusexceedingthe valueof stoi-
chiometricequilibriumtemperature.Therefore,it is justifiedto saythattheselected
thermodynamicmodelmayhaveanall but non-negligible effectontheresults.This
applies,naturally, to thethermodynamicmodelparametersaswell.
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Fig. 4.29: Theconservativescalar alongthesymmetryaxisaccordingto the ®¤¯ ° RCSSTmodel
with theEBU-reactionmodelemploying thestandardgrid andthedensegrid. µ Ref. [29].

Fig. 4.30: Theconservativescalar atsection·1¸'¹»{Å¦�¢ accordingto the ®g¯s° RCSSTmodelwith
theEBU-reactionmodelemploying thestandardgrid andthedensegrid. µ Ref. [29].
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Fig. 4.31: Theconservativescalar atsection·.¸'¹¤{�|�¢ accordingto the ®È¯X° RCSSTmodelwith
theEBU-reactionmodelemploying thestandardgrid andthedensegrid. µ Ref. [30].

Fig. 4.32: Thetemperaturedistribution at section·1¸'¹P{É¦8¢ accordingto the ®�¯�° RCSSTmodel
with theEBU-reactionmodelemploying thestandardgrid andthedensegrid. µ Ref. [29].
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5 Long-RangeArtillery Projectile
with a Base-BleedUnit

Thepracticalapplicationof thereactionmodeldescribedandvalidatedin theprevi-
ouschaptersis to simulatetheflow pasta supersonic

� �.�
mm-diameterlong-range

artillery projectilewith basebleed. The sameprojectilehasbeensimulatedpre-
viously with basebleed,but the projectilewasnon-rotating[18]. Anothermajor
differenceis thatnow theflow field insidethebase-bleedunit is alsoincludedin the
computationaldomain,notto mentionthesimulationsincludingchemicalreactions.

The grid for the projectile under investigationis shown in Figure 5.1, and a
detailedview of the base-bleedunit is shown in Figure 5.2. The computational
domainis discretizedwith a two-block

� ö : � ��� � ��� ��� � � ö : � �
grid. One

of theblocksdescribesthesurfaceof theprojectile,andtheotheronedescribesthe
insideof thebase-bleedunit aswell asthewakebehindtheunit. Basedonprevious
studies[18,20–22] theemployedgrid densityis expectedto besufficient for these
simulations.Theorigin of the coordinatesystemwith the


-axis alignedwith the

axisof rotationis placedat thedesignorigin,whichis located
���

mmaft of thenose
of thefuze.Thelengthof thebodyis

<4� ö
mmandthereforethe


-coordinateof the

baseis
�4�Ê:.� ö

m. Theapproximationsmadein themodellingof thegeometryof the
nozzleareshown in Figure5.3.

Thesimulationsarefor theprojectileflying at Ë}Ì�� p � � ö
,
� õ�Í p � �X� Ì � ��Î and� pÍ�.¶

, which describesapproximatelytheflow conditionsjust beforetheburning
of thebase-bleedunit comesto anend.At thispoint in thetrajectorysomeproblems
wereencounteredwith thebase-bleedunit in thetestfirings [62], andthereforethis
work is focusedon thatspecificpoint. Sincethesimulationsarefor azeroangleof
attackcaseandthegeometryis axisymmetric,only a

ö
-degreesliceof theprojectile

is modelledwith onecell in the circumferentialdirection. This way, the flow is
forcedto remain2-D axisymmetric,which is not necessarilythe casebehindthe
baseof theprojectile.Thesointroducederrorsarehopedto besmall.

Thisflow caseis simulatedin six differentways:without basebleed,with non-
reactingbasebleed,andwith reactingbasebleed.Thesethreecasesaresimulated
assumingtheprojectileis eithernon-rotatingor rotatingat

� : �.�.�
rpm,which is an

estimatefor theangularvelocityof theprojectileunderthedescribedconditions.In
all thesimulations,the

x � � RCSSTmodelis employedfor turbulencemodelling.
Thereactionmodelandthethermodynamicmodelparametersemployedin the

simulationsarethosedescribedin Section3.2. In thesimulationswith basebleed,
themassflow rateis estimatedbasedon theambientpressureâ p 6 �4�Ê: kPa at an
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Fig. 5.1: The |¤£Á¦8|�¡»£Á¦8|�¡¤£ ¦ grid usedto modelthegeometryof thelong-rangeprojectile.

Fig. 5.2: Detail view of thegrid nearthebaseof thelong-rangeprojectile.
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Surface of the propellant

Fig. 5.3: Theapproximatedgeometryof thenozzleof thebase-bleedunit.

altitudeof
<

km, andthepropellantpropertiesreportedin Ref. [63]. Accordingto
Ref. [63] theburningrateof thepropellantcanbeapproximatedwithl p l > � ââ o ´ |F� O (5.1)

where
l >Jp � � � �

mm/sand Ò p��4�Ð�
areexperimentallydeterminedmodelconstants

for thepropellant.In Eq.(5.1)thereferencepressureis â o ´ | p � ���
kPa. Multiplyingl

with thedensityof thepropellantv p � �~� ö �
g/cm

ã
yields themassflow rateper

unit area
"#%$ pÈ�4�Ê: ö.j �

kg/(m� s). In the simulations,the diameterof the surface
of thebase-bleedpropellantis

�.� 6 � j � mm, which is just slightly lessthantheouter
diameterof thepropellant.Theareaof theburningsurfaceof thepropellantunder
theseconditionsis ÃÒÑ } o ¹ p��4�X� ö < � <

m� , andconsequentlythemassflow rateis
"# p�4�~� ö �.���

kg/s. Themassflow rateis commonlyexpressedwith thenon-dimensional
quantity T definedby T p "#v ��Â���ÃÒÑ (5.2)

where v � p��4� 6 � ö kg/m
ã

and Â�� p 6 ��� m/sarethefree-streamdensityandvelo-
city, respectively, and ÃÒÑ p��4�~� � �0�

m� is theareaof theshellbase.Consequently,
in all thesimulationswith basebleedin this work, thenon-dimensionalmassflow
rateis T p ���~� � ö.ö

. To closethe inlet definitionschemepresentedby Eq. (2.117),
the turbulencelevel wasset to

� Ì � � ø ) , and the turbulent viscosity wasfixed toñ � � ñ p �4�X�.� �
. Thesevalueswerechosento representlaminarconditions.

The ideais to determinewhetherthe reactionmodelimprovestheaccuracy of
thedragpredictionsof thenumericalsimulations.Thecaseswithoutbasebleedare
alsosimulatedwith the samegrid asthe othercasesin orderto avoid any doubts
aboutgrid differenceeffects.Sincetherearenowind tunnelmeasurementsavailable
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Table 5.1: Thedragcoefficient �?Ó of the projectile. Ô�Õ×Ö�{=¦�Ø�| , Ù5Ú�Ó�{=¦�Ø Û»Ü×¦8¢�Ý and Þ�{Ç¢V� .
Thecasesmarkedwith a ß requiredtime-accuratetime-integration.T p�� T p �4�X� � ö.ö T p��4�X� � ö�ö

Inert flow Reactiveflow� p �
rpm

��� 6.6 � �4� ö :.�0à �4� ö �.�� p � :ë���.�
rpm

��� 6.6 � �4� 6 � ö à �4� ö � j à
Testfirings [62]

��� 6 ö � �4� ö �
for this projectile,theonly datafor comparisonis obtainedwith a radarfrom test
firings [62]. Thedragpredictionsarepresentedasnon-dimensionaldragcoefficient
valuesdefinedby q Í p \�� v ��Â �� Ã (5.3)

where \ is thedragforceon theprojectile,and Ã pâá \ � � � is the referencearea
basedon thenominaldiameterof theprojectile \ p � �.�

mm. The
q Í -predictions

accordingto all the simulations,aswell asthe testfirings, arepresentedin Table
5.1. Basedon theseresults,inclusionof the modellingof the chemicalreactions
makesa dramaticdifferencein the

q Í -predictions,and,in addition,thepredicted
dragcoefficient is astonishinglycloseto the experimentalvalue. In the following
discussion,the term “basecombustion” will be usedto denotesuchcombustion
that takesplacebehindthebaseof a projectile. In all the reactive simulationsfor
thepresentbase-bleedprojectile,all thefinal combustionof thefuel-richpropellant
will fall into thatcategory, becausethecombustiontakesplaceright behindthebase,
sincethatis wherethefuel andoxidantmeet.

5.1 Non-rotating Projectile

According to the simulationswith the non-rotatingprojectile, the basebleedhas
almostno effect on thepressureandtheskin-friction distribution on thesurfaceof
the shell. Figure5.4 shows the

qÈã
-distribution on the surfaceof the non-rotating

shell accordingto the simulationswithout basebleed,with inert basebleed,and
reactive basebleed.Figure5.5shows the ä�å -distribution for thesamecases.Here,qÈã

and ä�å aredefinedby qÈã p â � â ��� v ��Â �� (5.4)ä�å p � 4�� v ��Â �� (5.5)

In Figures5.4and5.5theresultsaccordingto thesimulationwithoutbasebleed
andwith non-reactingbasebleedare indistinguishablefrom eachother, andthey
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Fig. 5.4: Pressurecoefficient distribution on the surfaceof the projectile. Ô�Õ Ö {N¦�Ø�| , ÙæÚ Ó {¦�Ø ÛÈÜ�¦�¢�Ý , ÞÁ{�¢�� , ç»{,¢èØ ¢è¦8|�| and é�{�¢ rpm.

Fig. 5.5: Skin-friction coefficient ê
ë on thesurfaceof theprojectile. Ô�Õ×ÖÉ{�¦�Ø�| , Ù5Ú�Óì{�¦�Ø ÛgÜ�¦�¢�Ý ,ÞÁ{,¢V� , ç¤{,¢íØ ¢í¦8|�| and é�{%¢ rpm.
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bothdiffer slightly from theresultsfrom thereactingbase-bleedsimulationson the
boattail of the projectile. This is obviously a consequenceof the increasedbase
pressureasseenin Figure5.6.

Figure5.6showsthe
qÈã

-distributionontheplaneof thebaseof theprojectileac-
cordingto all thenon-rotatingsimulations,andFigure5.7showsthe

qÈã
-distribution

insidethebase-bleedunit for thesamecases.Accordingto Figures5.6and5.7,the
reactionmodelincreasesthepressurecoefficient level insidetheunit by approxim-
atelyaconstantvalueof

�4�X���
, andat thebaseplaneby

�4�~� <
. Thisexplainsthehuge

differenceseenin
q Í betweentheinert andreactivebase-bleedflows.

It shouldbekept in mind herethat,sincetheforcesactingon theprojectileare
determinedby integratingthemomentumflux over thesolid surfaceboundariesas
well astheinlet boundaryon theburningsurface,the

qÈã
-valuesin Figure5.6in the

area
�mî l î �4�X� ö � j

m do not directly contribute anything to the drag. Instead,
it is the pressureon the basesurfacetogetherwith the pressureon the bottomof
thebase-bleedunit, aswell asthepressuredifferencebetweenthebottomandtop
surfacesof theunit, thatconstitutethebasedragof this projectile.This, of course,
is amatterof definition.

Figure5.8 shows the axial velocity distribution at the baseplaneof the base-
bleednozzleexit. A small region of recirculatingflow is presentnearthe kink of
the surface,but otherwisethe velocity distribution is plain outflow from the unit.
The velocitiesare lower for the reactingjet case,which is in harmony with the
observedhigherpressuresat thebaseplane.

Figure5.9 shows theMachnumberdistributionsat thebaseplaneof thebase-
bleednozzleexit. Accordingto thisfigure,theflow velocitiesarewell below choked
conditions.

Figure5.10shows theMachnumberdistribution togetherwith thestreamlines
near the non-rotatingprojectile without basebleed. Figure 5.11 shows the

qÈã
-

distribution underthe samecircumstances.The scalesof Ë}Ì and
qÈã

arechosen
to allow identicalscalesto beemployedin thesubsequentfiguresfor othercases.

Figures5.12and5.13show theMachnumberand
qÈã

-distributions,respectively,
for thenon-rotatingprojectilewith inertbasebleed,andFigures5.14and5.15show
theMachnumberand

qÈã
-distributionsfor thenon-rotatingprojectilewith reacting

basebleed,respectively. As theMachnumberfiguresshow, theexternalflow field is
unaffectedby thebasebleedandthebasecombustion.Theshockwavepatternsare
practicallyidenticalwith eachother, andthereforeall theotherfiguresarefocused
on thebaseregion.

Figures5.13and5.15show clearlyhow themaineffectof thebasecombustion
is to increasethepressurebehindthebaseof theprojectile,andthusreducetheaero-
dynamicdrag.Thestreamlinesalsoshow somedifferences,especiallytheshapeof
thelargerecirculationregionbehindthebasecorneris changed,andthestreamlines
aredisplacedaway from thesymmetryaxis.Theprimaryrecirculationzoneis only
slightly stretcheddownstreamby thebasecombustion,andin boththeinertandre-
activebase-bleedsimulationstheprimaryrecirculationzoneextendsapproximatelyö � 6 \ Ñ Î »"´ aft of thebaseplane.

The temperaturedistributionsfor thesecasesshown in Figures5.16 and5.17
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Fig. 5.6: Pressurecoefficientdistribution on thesurfaceof thebaseof theprojectileandat thebase
planein theexit of thenozzle. Ô�Õ Ö {H¦�Ø�| , Ù5Ú Ó {H¦�Ø ÛgÜ[¦�¢�Ý , Þ�{%¢�� , ç¤{%¢èØ ¢è¦�|�| and éÇ{,¢ rpm.

Fig. 5.7: Pressurecoefficient distribution on the surfaceinsidethe basebleedunit. Ô�Õ�Öï{�¦�Ø | ,Ù5Ú�Óì{H¦�Ø ÛgÜ[¦�¢�Ý , ÞÁ{,¢V� , ç¤{,¢íØ ¢í¦8|�| and é�{�¢ rpm.
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Fig. 5.8: Axial velocity distribution at thebaseplanein theexit of thenozzle. Ô�Õ Ö {Å¦�Ø | , Ù5Ú Ó {¦�Ø ÛgÜ�¦8¢�Ý , Þ�{%¢V� , ç»{%¢íØ ¢í¦8|�| and é�{�¢ rpm.

Fig. 5.9: Machnumberdistribution at thebaseplanein theexit of thenozzle. Ô�Õ×Öð{�¦�Ø | , Ù5Ú8Ó�{¦�Ø ÛgÜ�¦8¢�Ý , Þ�{%¢V� , ç»{%¢íØ ¢í¦8|�| and é�{�¢ rpm.
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Fig. 5.10: The Mach numberdistribution andstreamlinesaccordingto the non-rotatingandinert
flow field simulationwithout basebleed. Ô�Õ Ö {ñ¦�Ø | , Ù5Ú Ó {ñ¦�Ø ÛòÜ.¦�¢�Ý , Þð{ï¢V� , ç%{Ä¢ andéÇ{%¢ rpm.

Fig. 5.11: The �ôó distribution andstreamlinesaccordingto the non-rotatingand inert flow field
simulationwithoutbasebleed. Ô�Õ Ö {õ¦�Ø | , ÙæÚ Ó {õ¦�Ø ÛgÜ[¦8¢�Ý , ÞÁ{,¢�� , ç¤{,¢ and éÇ{,¢ rpm.
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Fig. 5.12: The Mach numberdistribution andstreamlinesaccordingto the non-rotatingandinert
flow field simulation. Ô�Õ Ö {õ¦�Ø�| , ÙæÚ Ó {H¦�Ø ÛÈÜ�¦8¢�Ý , ÞÁ{�¢�� , ç»{%¢íØ ¢í¦8|�| and é�{�¢ rpm.

Fig. 5.13: The �ôó distribution andstreamlinesaccordingto the non-rotatingand inert flow field
simulation. Ô�Õ Ö {H¦�Ø | , ÙæÚ Ó {H¦�Ø ÛÈÜ�¦8¢�Ý , Þ {�¢�� , ç»{�¢èØ ¢è¦8|�| and é�{,¢ rpm.
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Fig. 5.14: TheMachnumberdistributionandstreamlinesaccordingto thenon-rotatingandreacting
flow field simulation. Ô�Õ Ö {õ¦�Ø | , Ù5Ú Ó {Å¦�Ø ÛÃÜ�¦�¢�Ý , Þ {�¢�� , ç»{�¢èØ ¢è¦�|�| and éÇ{%¢ rpm.

Fig. 5.15: The �ôó distribution andstreamlinesaccordingto thenon-rotatingandreactingflow field
simulation. Ô�Õ Ö {Å¦�Ø�| , Ù5Ú Ó {Å¦�Ø ÛgÜ[¦�¢�Ý , Þ {�¢�� , ç»{�¢èØ ¢è¦�|�| and éÇ{,¢ rpm.
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demonstratethetemperatureincreasecausedby thebasecombustion.Thereaction
productmassfraction distribution, h m�o for the non-rotatingprojectile is shown in
Figure 5.18, and the correspondingreactionrate distribution is shown in Figure
5.19usinga logarithmicscale. Whencomparingthesefigureswith eachother, it
canbeseenthatthehighesttemperaturesoccurin thesecondaryrecirculationzone
just behindthebase-bleednozzleexit. Thereactionrateis highestat theouteredge
of thesecondaryrecirculationzone,which is understandable,becausethatis where
thefree-streamflow first meetsthebase-bleedjet.
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Fig. 5.16: Thetemperaturedistribution [K] andstreamlinesaccordingto thenon-rotatingandinert
flow field simulation. Ô�Õ Ö {õ¦�Ø | , Ù5Ú Ó {Å¦�Ø ÛÃÜ�¦�¢�Ý , Þ {�¢�� , ç»{�¢èØ ¢è¦�|�| and éÇ{%¢ rpm.

Fig. 5.17: Thetemperaturedistribution [K] andstreamlinesaccordingto thenon-rotatingandreact-
ing flow field simulation. Ô�Õ Ö {H¦�Ø�| , Ù5Ú Ó {Å¦�Ø ÛÈÜ�¦8¢�Ý , Þ�{%¢V� , ç»{%¢íØ ¢í¦8|�| and é�{�¢ rpm.
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Fig. 5.18: Thereactionproductmassfraction ö�÷
ø distributionandstreamlines.Ô�Õ Ö {õ¦�Ø�| , Ù5Ú Ó {¦�Ø ÛgÜ�¦8¢�Ý , Þ�{%¢V� , ç»{%¢íØ ¢í¦8|�| and é�{�¢ rpm.

Fig. 5.19: The reactionrate ù ÷�ø distribution ú kg/(mû s)ü and streamlines. Ô�Õ�Ö�{ý¦�Ø | , ÙæÚ�ÓÄ{¦�Ø ÛgÜ�¦8¢�Ý , Þ�{%¢V� , ç»{%¢íØ ¢í¦8|�| and é�{�¢ rpm.
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5.2 Rotating Projectile

Thesimulationswith therotatingprojectileaddonestepmorerealismto thesim-
ulationsdescribedin theprevioussection.As the

q Í -resultsin Table5.1show, no
dramaticchangesareintroducedto thedragpredictionsby therotationof thepro-
jectile. The þ ã -distributionsonthesurfaceof theprojectileaccordingto therotating
andnon-rotatingprojectilesimulationswithoutbasebleedareshown in Figure5.20,
anda comparisonbetweenthe ä�å -valuesfor therotatingandnon-rotatingbaseline
projectileis shown in Figure5.21.

Theclearestdifferenceis thatthe þ ã -valuesof therotatingprojectilearehigher
than thoseof the non-rotatingprojectile. The ä�å -valuesshow a similar change,
and as a consequencethesechangesincreasethe drag of the rotating projectile.
The þ ã -valueson thebaseplanepresentedin Figure5.22show, however, a similar
differencein favour of the rotatingprojectile, and thereforeequal þ Í -valuesare
obtainedfor bothof thecases.The differenceis explainedby the larger turbulent
viscositiesin therotatingcase,asdemonstratedby Figure5.23,whichshows ñ �?ÿ ñ
at ��� ��� 6 m. Thehigherturbulentviscositiesof therotatingcaseincreasethetotal
shearstress,andconsequentlyalsothewall shearstress.Thehigherstressesmake
theboundarylayerthicker, which in turnchangesthepressurecoefficient.

Accordingto the simulationswith the rotatingprojectile,the basebleedhasa
smalleffect on thepressureandtheskin-friction distribution on thesurfaceof the
shell. Figure 5.24 shows the þ ã -distribution on the surfaceof the rotating shell
accordingto the simulationswithout basebleed,with inert basebleed,andwith
reactivebasebleed.Figure5.25showsthe ä�å -distribution for thesamecases.

In bothof thesefigures,bothof theresultsfrom simulationswith basebleedare
indistinguishablefrom eachother, andthey both differ slightly from the no-base-
bleedsimulationslabelledas“Baseline”.Clearly, this effecthasnothingto do with
thechemistrymodelling,but it is a phenomenoncausedby therotatingbase-bleed
jet. On theboattailof theprojectile,however, thereis a similar differencebetween
the resultsfrom the reactingbase-bleedsimulationsand the other simulationsas
observedwith thenon-rotatingprojectile.

The interestingdetail in Figure5.24 is how the pressureis affectedin the up-
streamdirectionby the changesof the flow field nearthe base. Even thoughthe
differenceis small, it is clearanddistinct. This informationhasto be transferred
via theboundarylayer, becauseelsewheretheflow is supersonic,andinformation
cannottravel in theupstreamdirection.

Figure5.26shows the þ ã -distribution on thesurfaceof thebaseof therotating
projectileaccordingto thesimulationswithoutbasebleed,with inertbasebleed,and
reactivebasebleed.Figure5.27showsthe þ ã -distributioninsidethebase-bleedunit
for thesamecases.Thesametrendof increasingthepressurelevelsby thechemical
reactionsaswasobservedwith thenon-rotatingcaseis seenagainwith therotating
case.Again, thepressurecontributionsof the front andbackwall of the insideof
thebase-bleedunit almostcanceleachother, andthenetcontribution to þ Í comes
from thepressurein themiddleof thebottomof theunit aswell asthebaseplane
of theprojectile.
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Fig. 5.20: Comparisonof theeffectsof rotationonthepressurecoefficientdistributiononthesurface
of theprojectile. Ô�Õ Ö�� ¦�Ø � , ÙæÚ Ó�� ¦�Ø ÛgÜ[¦8¢�Ý , Þ � ¢
	 and ç � ¢ .

Fig. 5.21: Comparisonof theeffectsof rotationon theskin-friction coefficient ê
ë on thesurfaceof
theprojectile. Ô�Õ�Ö � ¦�Ø � , ÙæÚ�Ó � ¦�Ø ÛgÜ[¦8¢�Ý , Þ � ¢
	 and ç � ¢ .
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Fig. 5.22: Comparisonof theeffectsof rotationonthepressurecoefficientdistributiononthesurface
of thebaseof theprojectileandthebaseplanein theexit of thenozzle. Ô�Õ�Ö ��� Ø� , ÙæÚ�Ó ��� Ø Û�Ü ��� Ý ,Þ ��� 	 and ç ��� .

Fig. 5.23: Comparisonof theeffectsof rotationontheturbulentviscosityat � ��� Ø � m. Ô�Õ×Ö ��� Ø � ,Ù5Ú�Ó ��� Ø ÛgÜ ��� Ý , Þ ��� 	 and ç ��� .
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Fig. 5.24: Pressurecoefficient distribution on the surfaceof the projectile. ����� ����� � , ����� ����  "!�����# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.

Fig. 5.25: Skin-frictioncoefficient +�, onthesurfaceof theprojectile. ��� � ����� � , �-� � ���
�  .!/����# ,$ �0� 	 , % ���1� �1� �
� and ' ����)2����� rpm.
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Fig. 5.26: Pressurecoefficient distribution on the surfaceof the baseof the projectileandat the
baseplanein the exit of the nozzle. ����� �3��� � , ���4� �3���  5!6���
# , $ �7� 	 , % �8�1� �1� ��� and' ����)*���
� rpm.

Fig. 5.27: Pressurecoefficient distribution on the surfaceinsidethebase-bleedunit. ��� � �9�
� � ,��� � �����  "!:���
# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.
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Figure5.28shows theaxial velocityprofilesat thebaseplaneof thebase-bleed
nozzleexit. Thevelocitiesof thebase-bleedcasesarehigherthanthoseseenfrom
theresultsof thenon-rotatingsimulations.

Figure5.29 shows the tangentialvelocity componentat the baseplaneof the
base-bleednozzleexit, andFigure 5.30 shows the swirl angleof the flow at the
samecross-section.Theswirl angleis definedhereby; �8<6=�>�?@<6A BDCFEGIH (5.6)

where G is theaxial velocity component.Theangleshigherthan J �6K arecausedby
thereverseflow

Figure5.31shows theMachnumberdistribution in theexit plane.Thehighest
valuesin the non-reactingcaseare just below L , which meansthe flow might be
closeto choking. The large swirl componentof the velocity, however, makesthe
Machnumbernormalto theexit planeclearlybelow unity, whichremovestheprob-
lemsof choked flow. Closeto the centreline,however,

;
is small, andthe Mach

numbershown in Figure5.31is only slightly higherthantheMachnumbernormal
to theexit plane.

Figure5.32shows theMachnumberdistribution togetherwith thestreamlines
nearthe rotatingprojectilewithout basebleed. The þNM -distribution is depictedin
Figure5.33underthesamecircumstances.Thescalesof OQP and þNM arethesameas
employedin thefiguresdescribingthenon-rotatingprojectile. In theseandall the
subsequentfigures,theplottedstreamlinesareconstrainedto remainin theplaneof
visualization,so that theswirl velocity is suppressedwhenintegratingthestream-
lines. Sincethecasesareaxisymmetric,this causesno directerrorsto thefigures,
but thestreamlinesarestill falsestreamlines.

Figures5.34and5.35show theMachnumberand þNM -distributions,respectively,
for the rotatingprojectilewith inert basebleed,andFigures5.36and5.37depict
theMachnumberand þNM -distributionsfor therotatingprojectilewith reactingbase
bleed,respectively. The radialpressuregradientinsidethebase-bleedunit caused
by rotationis clearlyseenfrom thesefigures.

Figures5.35and5.37show againhow themaineffectof thebasecombustionis
to increasethepressurebehindthebaseof theprojectile.Thestreamlinesshow only
someminor differences,but in comparisonwith thenon-rotatingflow cases,there
aremajordifferences.Therecirculationzonesaremuchshorter, andthejet spread-
ing dueto rotation is evident from the anglebetweenthe secondaryrecirculation
regionandthesymmetryaxis.

The temperaturedistributionsfor thesecasesshown in Figures5.38 and5.39
demonstratethetemperatureincreasecausedby thebasecombustion.Thereaction
productmassfraction distribution, R*S4T for the rotatingprojectile is shown in Fig-
ure 5.40,andthe correspondingreactionratedistribution is shown in Figure5.41
using againa logarithmicscale. As with the non-rotatingprojectile, the highest
temperaturesoccurin the secondaryrecirculationzonejust behindthe base-bleed
nozzleexit. The temperaturedecreaseoccursnow in a shorterregion thanin the
non-rotatingsimulations,which is aconsequenceof theshorterrecirculationzones.
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Fig. 5.28: Axial velocity distribution at the baseplanein the exit of the nozzle. ����� �U�
� � ,���4� �����  "!:���
# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.

Fig. 5.29: Tangentialvelocity distribution at thebaseplanein theexit of thenozzle. ��� � �V�
� � ,��� � �����  "!:���
# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.
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Fig. 5.30: Flow swirl angleW atthebaseplanein theexit of thenozzle. ����� �(��� � , �-�4� ���
�  X!Y��� # ,$ �0� 	 , % ���1� �1� �
� and ' ����)2����� rpm.

Fig. 5.31: Mach numberdistribution at the baseplanein the exit of the nozzle. ��� � �Z��� � ,�-� � ���
�  "!�����# , $ �0� 	 , % �0�1� �1� ��� and ' ����)*���
� rpm.
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Fig. 5.32: The Mach numberdistribution andstreamlinesaccordingto the rotatingandinert flow
field simulationwithout basebleed. ����� �3��� � , �-�4� �[���  5!&����# , $ �8� 	 , % �7� and ' ���)*���
� rpm.

Fig. 5.33: The \*] distribution andstreamlinesaccordingto therotatingandinert flow field simula-
tion withoutbasebleed. ����� �(��� � , ���4� �(���  N!�����# , $ ��� 	 , % ��� and ' ����)*�
��� rpm.



98 Long-RangeArtillery Projectilewith a Base-BleedUnit

Fig. 5.34: The Mach numberdistribution andstreamlinesaccordingto the rotatingandinert flow
field simulation. ����� �(��� � , ���4� �����  "!:���
# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.

Fig. 5.35: The \^] distribution andstreamlinesaccordingto therotatingandinert flow field simula-
tion. ����� ����� � , ���4� �(���  N!�����# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.
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Fig. 5.36: TheMachnumberdistributionandstreamlinesaccordingto therotatingandreactingflow
field simulation. ����� ���
� � , �-�4� ���
�  "!:����# , $ ��� 	 , % ���1� �1� �
� and ' �(��)2����� rpm.

Fig. 5.37: The \*] distribution and streamlinesaccordingto the rotating and reactingflow field
simulation. ����� �(��� � , ����� �(���  "!:���
# , $ �0� 	 , % �0�1� �1� ��� and ' ����)*���
� rpm.
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The reactionrate is highestat the outeredgeof the secondaryrecirculationzone,
just asin thenon-rotatingflow case.
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Fig. 5.38: Thetemperaturedistribution [K] andstreamlinesaccordingto therotatingandinert flow
field simulation. ����� ���
� � , �-�4� ���
�  "!:����# , $ ��� 	 , % ���1� �1� �
� and ' �(��)2����� rpm.

Fig. 5.39: The temperaturedistribution [K] andstreamlinesaccordingto the rotatingandreacting
flow field simulation. ���_� ���
� � , ����� �(���  `!
���
# , $ �0� 	 , % �0�1� �1� ��� and ' ����)*���
� rpm.
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Fig. 5.40: Thereactionproductmassfraction acbed distributionandstreamlines.����� ����� � , ���4� ����  "!�����# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.

Fig. 5.41: The reactionrate f b�d distribution g kg/(mh s)i and streamlines. ��� � �j�
� � , �-� � ����  "!�����# , $ ��� 	 , % ���&� �&� ��� and ' �(��)*�
��� rpm.
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Fig. 5.42: Thebasiceffectscausedby basecombustionon theflow field behindthebaseof a base-
bleedprojectile.

5.3 Discussionof the Results

The resultspresenteddemonstratehow the reactionscausedby the fuel-rich pro-
pellant producea significantreductionin the aerodynamicdrag of a base-bleed
projectile. This conclusionis supportedby theexperimentsof Ding et al. [8], and
thenumericalsimulationsof GibelingandBuggeln[12] andNietubiczandGibel-
ing [13]. The excellentagreementwith test firings obtainedin the currentwork
demonstratesthata simplereactionmodelis sufficient to producethemaineffects
of basecombustion.

The essentialfactor leadingto the advantagesgainedby utilizing a fuel-rich
propellantis thelocationof wherethefinal combustiontakesplace.Thebasecom-
bustion increasesthe pressurebehindthe baseof the projectile,which decreases
the basedragandslightly displacesthe streamlinescomingfrom upstreamof the
basecorner. This situationis illustratedin Figure5.42. By delayinga part of the
combustionof thepropellantthepressureoutsidetheunit increases,which is seen
asa directdecreasein thebasedrag. Accordingto Figures5.13and5.15,aswell
asFigures5.35and5.37,this is preciselywhathappens,sincethebasecombustion
takesplacein therecirculationzoneright behindthebasesurface.

The validity of the predictedreactionratescannotbe directly evaluateddue
to the lack of a global reactionrateequation. However, sincethe combustionof
carbonmonoxideis oneof thereactionspresentin thecurrentproblem,theglobal
rateequationfor thecombustionof CO[28] couldbeusedasacheckfor thefigures
obtainedwith theEBU model.Employing massfractionvaluestakenfrom thehigh
reactionrateregions,anestimatefor the rateof consumptionof carbonmonoxidenon5prq

is obtained.Basedon theratesobtainedfrom reactionkineticsandtherates
from theEBU model,wecandefinetime-scalesbasedonreactionkinetics s/tvu4wyx and
theEBU model s/z|{X} as
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s/t~u4wyx��3� n�n�prq� p�q s/z|{X}0�[�������� ��� (5.7)

Thesefiguresgive a crudeestimatefor the time requiredfor the reactionsto com-
plete. With the datafrom the rotating projectile simulationswith reactingbase
bleed,the time-scalesdefinedby Eq. (5.7) obtainedvaluesof s/tvu4wyxZ�����2L����r� s
and s/z|{X}7��L��*L����r� s, respectively. Sincethesefiguresareof the sameorderof
magnitude,thereis hopethat the EBU modeldoesnot dramaticallyoverestimate
the reactionrateanywherein the flow field, which givesconfidenceto the whole
solution.

For the flows with basebleed,rotationof the projectileintroducesonefunda-
mentaldifference.Becausethebledgashasa tangentialvelocity componentequal
to thetangentialvelocityof thesurfaceof thebase-bleedunit, theflow out from the
nozzleof thebase-bleedunit hasa largeswirl angle.This is a consequenceof the
conservation of angularmomentum,which, for a 2-D analysisignoring viscosity,
gives C^E&� � constant (5.8)

where
C^E

is thetangentialvelocity and
�

is thedistanceto theaxisof rotation. On
the otherhand,in a streamline-basedcoordinatesystem,the momentumequation
normalto thestreamline[31] states�|��^� � � C��� (5.9)

where
�

is the local radiusof curvatureof the streamline,and
C

is the velocity
magnitude.Therefore,a radial pressuregradientis built up insidethe base-bleed
unit to maintainthe balancein the radial direction. Whenthe flow exits the unit,
however, thereis no mechanismto maintaina matchingpressuregradientin the
radial direction,andasa consequence,the jet is spreadout in the radial direction
veryquickly. This,of course,hasaneffectonthepropertiesof theflow field behind
thebaseof theprojectile.

Thepressuregradientinsidetheunit hasaneffect on thedetailedoperationof
thebase-bleedunit, sincethereactionrateof thepropellantdependson thesurface
pressure. Basedon Eq. (5.1) and the �NM valuesobtainedfrom the simulations,
the reactionrateof thepropellantis underestimatedby L��X� with thenon-rotating
projectile, and by L1�|� with the rotating projectile. Therefore,for very detailed
modelling, the boundarycondition could be defineddynamicallyemploying the
known reactionrateof thepropellantasa functionof pressurefrom Eq.(5.1). This,
however, is left for futurework.

Rotation,on the otherhand,doesnot seemto have too muchof an influence
on theintegrateddragforceof a projectile,but from a fluid dynamicpoint of view,
it hasa tremendouseffect on theflow properties.The rotation-augmentedmixing
of thebase-bleedjet changestheflow patternbehindthebaseof theprojectile,and
the detailsof the turbulencepredictionsarevery different,but the changesin the
pressuredistributionareseento bequitesmall.
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All the presentsimulationssharea weaknessin that the time-averagedflow is
assumedandforcedto remainaxially symmetric.This is probablya goodassump-
tion upstreamof thebasecorner, but from thatpoint on thewake flow is separated
turbulentshearflow, which in reality is hardlyaxisymmetric.Fortunately, basedon
thegoodagreementwith thetestfirings,it seemsthatthismodellingconstraintdoes
notspoil theresults.

As indicatedby Table5.1, threeof theconductedsimulationshadto becarried
out employing time-accuratetime-integration. Only oneof thosethree,however,
produceda time-dependentsolution — the rotating projectile with reactive base
bleed. Fortunately, the amplitudeof the oscillationof � � wasonly ��¡��6¢X� of the
averagevalueof � � , andtherefore,theresultspresentedin thiswork aretakenfrom
thetimeof finishingthesimulations.

The reasonfor the needto employ time-accuratetime-integration in the two
stationarycasesis not completelyclear. Ying et al. [64] reportedsimilar beha-
viour whensimulatingmulti-elementairfoils underhigh-lift conditions,and they
concludedthattheoscillationsseenin the“steady-state”simulationsdo not repres-
ent thetruenumericalsimulations.In thepresentcase,theoscillationsseenin the
“steady-state”simulationsareprobablycausedby theemployedconvergenceaccel-
erationmethodslike local time-steppingandthemultigrid scheme.They produce
artificial unsteadyphenomena,whicharedampedby thetime-accuratescheme.On
theotherhand,time-accuratesimulationswith time-averagedequationsaresome-
what questionable,and containsomerisks, as pointedout in Refs. [57,64], and
previously in this text.
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6 Conclusions

Theflow field nearasupersonicbase-bleedprojectilewasinvestigatedin thiswork.
In orderto modelthereactionsassociatedwith fuel-richsolidpropellantcombustion
of thebase-bleedunit, aneddybreakupmodelfor the reactionswasimplemented
into theemployedsolver, andtestedwith a suitabletestcase.Themodelwasori-
ginally tunedfor the £¤�¦¥ model,andin this work it wasalsoemployedwith the£§�©¨ model.The £ª��¨ realizationwasvalidated,but basedon theconductedtests
it is not possibleto determinehow themodelshouldbefine-tuned.This is left for
futurework.

While simulatingthe flow field insidethe base-bleedunit, the previous stand-
ard methodof specifyingthe boundaryconditionsat an inlet hadto be revisited.
Theenchancedmethoddirectlyspecifiestheboundaryflux insteadof theboundary
values,andthusstabilizestheemployedsolutionmethod.Also, a generalizedfast
methodof specifyingtheinviscidfluxesin thethird computationaldirectionallows
the 3-D solver to be efficiently employed for 2-D andaxisymmetricsimulations.
This facilitatesa relatively fastvalidationagainstapurely2-D solver.

Themainnew discovery of this work is thedramaticeffect thechemicalreac-
tionshave on theaerodynamicdragof a base-bleedprojectile. Thedragreduction
is morethandoubledby thefinal combustionof thepartially burnedfuel-rich pro-
pellant,andthe dragpredictionsbasedon the simulationsemploying the reaction
modelagreeextremelywell with theradarmeasurementsfrom testfirings. Thero-
tation,on theotherhand,is seento causequalitatively largedifferencesin theflow
field, but thoseeffectsarehardlyseenin theintegrateddragforce.Anotherconclu-
sionfrom this work is thata simplereactionmodellike theeddybreakupmodelis
sufficient to capturethemainfluid dynamiceffectsof basecombustion.

The detailsof the flow field at the exit of the base-bleedunit arehard, if not
impossible,to measureunderoperationalconditions,when the projectile rotates.
Thesimulationsof this work providedetailedinformationof theflow conditionsin
this region, thusfacilitatingfurtheranalysisof theflow physics.As it turnedout in
thesimulations,theflow field in theexit nozzleof thebase-bleedunit is unsteady,
but the resultingamplitudeof thedragoscillationis small in comparisonwith the
meanvalue.
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