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)2=,( 6*2(*)+,2(*/,23)%*&(.*4,87( 8=-+(38( 6=00;0*34( 3&4( 0*-D,4;2*)*2( *&,89(C+,( 8%.=03)%*&8( *6

.*)*28( 32,( =&4*=<),405( )*( <,( /,26*2.,4( 6*2( )+,( 83.,(*/,23)%*&( -*&4%)%*&8( 38($,2,( /2,8,&)

4=2%&'()+,(.,38=2,.,&)87()+3)(%8()+,(&*;0*34(-*&4%)%*&89(C+,2,6*2,7()+,(.3'&,)%-(6%,04(*6()+,

.*)*28(%8(8)=4%,4(3)(&*;0*349(C+,(&*;0*34(*/,23)%*&(-*&4%)%*&8(.3D,(.3&5(*6()+,(8%./0%65%&'

388=./)%*&8(63%205(G=8)%6%3<0,9

!4545"9//83(*+&$"&,")"*:&;2+30$/+&$)1"3)7$0*+%",+012

:/32)(62*.()+,(-*./0,1%)5(3&4(+%'+(-*./=)3)%*&30(-*8)8(*6()+,()+2,,;4%.,&8%*&30(3&3058%8(*6

3&(,0,-)2%-(.3-+%&,7( )+,(',*.,)2%-30( %&/=)(43)3( 2,/2,8,&)3)%*&(3&4(?%,$%&'(*6( )+,(2,8=0)8(32,

%&-*&?,&%,&)( /2*<0,.8( 38( $,009( C+,2,6*2,7( %)( %8( -*..*&( /23-)%-,( )*( 3&305H,( 3&( ,0,-)2%-
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.3-+%&,(*&()+,(388=./)%*&(*6( %)8( %&6%&%),(31%30( 0,&')+9(C+%8(300*$8( )+,(6%,04( )*(<,( )2,3),4(38

)$*;4%.,&8%*&307(&*)(4,/,&4,&)(*&()+,(-**24%&3),(/32300,0()*()+,(8+36)(*6()+,(.3-+%&,9(C+=87

)+,(6%,04(%8(-*./=),4(%&(3(/03&,(/,2/,&4%-=032()*()+,(8+36)(*6()+,(.3-+%&,9

C+,2,( 32,( )+2,,( .3%&( /2*<0,.8( -*&&,-),4( $%)+( )+,( "J( .3'&,)%-( 6%,04( .*4,0%&'K( )+,

%&60=,&-,(*6(,&4;2,'%*&(6%,0487( )+,(8D,$%&'(*6( 2*)*2(80*)87(3&4(-=22,&)8( %&( )+,( 03.%&3),4( %2*&

-*2,9

C+,(%&60=,&-,(*6(,&4;2,'%*&(6%,048(%8(3--*=&),4(6*2(<5(%&)2*4=-%&'(-*&8)3&)(,&4;$%&4%&'

%&4=-)3&-,8(%&)*()+,(?*0)3',(,A=3)%*&89(L%&-,()+,(.*)*28(.*4,0,4(%&()+%8($*2D(+3?,(=&8D,$,4

2*)*2(<3287( )+,( 8D,$%&'( *6( )+,( 2*)*2( 80*)8( %8( %22,0,?3&)9(:&5+*$7( <*)+( )+,( ,&4;$%&4%&'8( 3&4

8D,$%&'(*6()+,(2*)*2(80*)8(+3?,(*&05(3(8.300(,66,-)(*&()+,(&*;0*34(-+323-),2%8)%-89

:00(-=22,&)8(M<*)+(,445(-=22,&)8(*2(-=22,&)8(%&4=-,4(<5(/*),&)%30(4%66,2,&-,8(*6()+,(2*)*2

<328N(60*$%&'(30*&'()+,(%2*&(03.%&3)%*&8(32,(%&-*&8%8),&)($%)+()$*;4%.,&8%*&30(6%,04(3&3058%89

L%&-,()+,(/*),&)%30(4%66,2,&-,8(<,)$,,&( )+,(2*)*2(<328( %&(=&8D,$,4(2*)*28(32,(&,'0%'%<0,7( )+,

%&),2;<32(-=22,&)8(32,(=8=3005(*6(%&8%'&%6%-3&)(.3'&%)=4,89

!454<"6+3(1+,+%)*+&$/"'01)*02"*&"/*)*&'"%&$28%*&'/")$2"'&*&'"%)70

C+,(8)3)*2($%&4%&'( %8(.*4,0,4(=8%&'( 3( -%2-=%)( )+,*2,)%-30( 3//2*3-+( )+3)( 388=.,8( )+,( -=22,&)

4,&8%)5(4%8)2%<=)%*&()*(<,(-*&8)3&)(*?,2()+,(-2*88;8,-)%*&(*6()+,(8)3)*2(-*&4=-)*289(C+%8(.,3&8

)+3)()+,(,445(-=22,&)8(3&4(8D%&(,66,-)(%&()+,(8)3)*2($%&4%&'(32,(%'&*2,49(:8(3(.3)),2(*6(63-)7()+,

$%&4%&'8( *6(.*4,0,4(.*)*28( 32,(.34,( *6( 8=-+( )+%&( -*//,2( $%2,8( )+3)( )+,( 8D%&( ,66,-)( M3&4

)+,2,6*2,( )+,(,445(-=22,&)8N(32,(&,'0%'%<0,7($+%-+(.3D,8( )+,(388=./)%*&(*6( -*&8)3&)( -=22,&)

4,&8%)5( /,2.%88%<0,9( F6( 3( 4,)3%0,4( 3&3058%8( *6( ,445;-=22,&)( ,66,-)8( %&( )+,( 8)3)*2( $%&4%&'8( %8

2,A=%2,47( 3( ),-+&%A=,( *6( ,0%.%&3)%&'( %&&,2( &*4,87( $+%-+( 2,8=0)8( %&( )+,( 6*2.3)%*&( *6( .3-2*

,0,.,&)87(-*=04(<,(34*/),4(MLHO-8(3&4(:2DD%*7(PQQQE(LHO-87("RRRN9

L%&-,( )+,( */,23)%*&( *6( .*)*28( %8( .*4,0,4( 3)( &*;0*347( )+,( 2*)*2( %8( 6*2-,4( )*( 2*)3),( 3)

85&-+2*&*=8( 8/,,49( C+,( /*),&)%30( 4%66,2,&-,8( <,)$,,&( )+,( 2*)*2( <328( 2,.3%&( 8.3007( $+%-+

8=//*2)8()+,(388=./)%*&()+3)()+,(2*)*2(-3',(%8(/,26,-)05(8+*2);-%2-=%),49(S,?,2)+,0,887()+,(8D%&

,66,-)( %&( )+,( 2*)*2( <328( %8( )3D,&( %&)*( 3--*=&)7( 8%&-,( )+,( 2*)*2( <328( 32,( )2,3),4( 38( 8*0%4

-*&4=-)*289
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!454!"6+3(1+,+%)*+&$/"'01)*02"*&"*-0"+'&$"%&'0

:8(302,345(.,&)%*&,4(3<*?,7()+,(-=22,&)8(60*$%&'(30*&'()+,(%2*&(8+,,)8(32,(&*)(-*&8%8),&)($%)+

"J( .3'&,)%-( 6%,04( 3&3058%89( B,&-,7( )+,( 03.%&3),4( %2*&( -*2,( %8( )2,3),4( 38( 3( &*&-*&4=-)%&'

.,4%=.7(3&4()+,(,445;-=22,&)(0*88,8(32,(,1-0=4,4(62*.()+,(6%,04(3&3058%89(:00(-*2,(.3),2%308

32,(388=.,4()*(<,(%8*)2*/%-9

C+,(.3%&(6*-=8(%&()+%8($*2D(%8(*&()+,(/2*/,2(.*4,0%&'(*6(.3'&,)%-(&*&0%&,32%)5(*6()+,

%2*&( -*2,7( $%)+( )+,( /2%.325( -*&-,2&( )+3)( )+,( +58),2,8%8( %8( %&-0=4,4( %&( )+,( 6%,04( 3&3058%89

B*$,?,27( %&( *24,2( )*( .3D,( )+,( -*./=)3)%*&8( .*2,( 8=%)3<0,( 62*.( )+,( )%.,;-*&8=./)%*&

?%,$/*%&)7( 8*.,( 6=2)+,2( 8%./0%6%-3)%*&8( $*=04( <,( =8,6=09( C+,( +58),2,8%8( 0*88( %&( )+,( 2*)*2

2=&&%&'( 3)( 85&-+2*&*=8( 8/,,4( %8( -*&8%4,23<05( 8.300,2( )+3&( *)+,2( 0*88( -*./*&,&)8( 3&4( %)( %8

&,'0%'%<0,(-*./32,4()*()+,(+58),2,8%8(0*88(%&()+,(8)3)*29(C+%8(300*$8()+,(3//0%-3)%*&(*6(3&*)+,2

8%./0%6%-3)%*&()*()+,(3&3058%87($+%-+( 0%,8( %&( )+,(&,'0%',&-,(*6( )+,(+58),2,8%8( 0*88( %&( )+,(2*)*2

62*.( )+,( 6%,04(3&3058%89(C+,(+58),2,)%-( 2,03)%*&8+%/( %&( )+,( 2*)*2(-*2,( %8( 2,/03-,4(<5(3( 8%&'0,;

?30=,4(6=&-)%*&9(S*),7(+*$,?,27( )+3)( )+%8(8%./0%6%-3)%*&(+38(&*)+%&'( )*(4*($%)+( )+,(/2%&-%/30

6=&-)%*&30%)5(*6()+,(.,)+*4(4,?,0*/,4(3&4(%8(34.%&%8),2,4(/=2,05(%&(*24,2()*(83?,(-*./=)3)%*&

)%.,9(C+,(.,)+*4(4,?,0*/,4(300*$8( )+,(+58),2,8%8( )*(<,(.*4,0,4( %&(3&5(4,8%2,4( 2,'%*&(*6(3

.3-+%&,9

!4<"=+012")$2"%+'%8+*"0>8)*+&$/")$2"*-0+'"/&18*+&$

!4<45"=&'381)*+&$"&,",+012"0>8)*+&$/

C+,( )$*;4%.,&8%*&30( 8*0=)%*&( 2,'%*&( %8( )+,( -2*88;8,-)%*&( *6( )+,( .3-+%&,( %&( 3( /03&,

/,2/,&4%-=032()*()+,(8+36)9(F6()+,(85..,)25(*--=287()+,($+*0,(-2*88;8,-)%*&(-3&(<,(4%?%4,4(%&)*

3(&=.<,2(*6(85..,)25(8,-)*28($%)+(%4,&)%-30(',*.,)2%,8(3&4()+,(6%,04(3&3058%8( %8(-322%,4(*=)

*&05(%&(*&,(*6()+,8,(8,-)*287($+,2,<5()+,(-*./=)3)%*&()%.,(%8(2,4=-,49(C+,(388=./)%*&()+3)(&*

60=1( /,&,)23),8( )+2*='+( )+,( *=),2( 8=263-,( *6( )+,(.3-+%&,( %8( 34*/),49( C+%8( 2,A=%2,8( )+3)( )+,

.3'&,)%-( ?,-)*2( /*),&)%30( +38( 3( -*&8)3&)( ?30=,( M=8=3005( H,2*N( *&( )+,( <*=&43259( T,2%*4%-

<*=&4325(-*&4%)%*&8(32,(3//0%,4(*&()+,(8%4,8(*6(3(85..,)25(8*0=)%*&(8,-)*29

@2*.(.3'&,)%-(.3),2%308U(/*%&)(*6(?%,$7()+,(2,'%*&8(-*?,2,4(<5()+,(.,8+(-3&(<,(4%?%4,4

%&)*(.3'&,)%-3005(0%&,32(2,'%*&8(3&4(.3'&,)%-3005(&*&0%&,32(2,'%*&89(J,/,&4%&'(*&()+,(&3)=2,

*6()+,(.*4,0(4,8-2%<%&'()+,(!;"(2,03)%*&8+%/(%&(&*&0%&,32(2,'%*&87()+,8,(-3&(<,(6=2)+,2(4%?%4,4
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%&)*(8%&'0,;?30=,4(2,'%*&87(%9,9(8=-+(2,'%*&8(%&($+%-+()+,(.3),2%30(&*&0%&,32%)5(%8(.*4,0,4(<5(3

8%&'0,;?30=,4( 6=&-)%*&( 3&4( +58),2,)%-( 2,'%*&87( %9,9( 8=-+( 2,'%*&8( %&( $+%-+( )+,( .3),2%30

&*&0%&,32%)5( %8( '*?,2&,4( <5( 3( ?,-)*2( .*4,0( ? 9( W*&8,A=,&)057( )+,( *?,2300( 2,03)%*&8+%/

<,)$,,&("(3&4(!(-3&()+,&(<,(4,6%&,4(<5(3(&*&0%&,32(6=&-)%*&( ?

( )" != ? MI9PN
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ν

R %&(.3'&,)%-3005(0%&,32(2,'%*&8

%&(.3'&,)%-3005(&*&0%&,32(8%&'0, ; ?30=,4(2,'%*&8

%&(.3'&,)%-3005(&*&0%&,32(+58),2,)%-(2,'%*&8

MI9"N

$%)+()+,(6*00*$%&'(&*)3)%*&

ν R %8()+,(62,,(8/3-,(2,0=-)%?%)5

ν 8? %8(3(8%&'0,;?30=,4(6=&-)%*&(*6()+,(.3'&%)=4,(*6(!

#&( )+,( 388=./)%*&( *6( 3( )$*;4%.,&8%*&30( .3'&,)%-( 6%,047( )+,( ?,-)*2( /*),&)%30(#( 3&4

-=22,&)(4,&8%)5($(+3?,(*&05(*&,(-*./*&,&)9(C+%8(-*./*&,&)(%8(*2%,&),4(%&()+,(4%2,-)%*&(*6()+,

8+36)(M!;4%2,-)%*&N9(B,&-,

# %= " ! MI9IN

$ %= # ! MI9!N

$+,2,(%!(%8()+,(=&%)(?,-)*2(%&()+,(!;4%2,-)%*&7(3&4("(3&4(#(32,()+,(!;-*./*&,&)8(*6(#(3&4($9

L%&-,( 3&( %&4=-)%*&( .*)*2( %8( )2,3),4( 38( 3( A=38%;8)3)%-( .3'&,)%-( 858),.7( )+,( X31$,00

,A=3)%*&8( %&( )+,%2( A=38%;8)3)%-( 6*2.( 32,( =8,49( F&( 8=-+( 3( -38,7( 3&4( %&( 3--*243&-,( $%)+( )+,

8%./0%65%&'(388=./)%*&8(*6( )+,( 8)3)*2($%&4%&'7( 2*)*2(-3',(3&4( %2*&(-*2,(.*4,0%&'7(>A=3)%*&

MP9YN(<,-*.,8
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%% % ! R MI9VN

$+,2,()+,(&*&0%&,32(6=&-)%*&( ? (4,6%&%&'()+,(2,03)%*&8+%/(<,)$,,&("(3&4(!(+38(302,345(<,,&

%&)2*4=-,4(MI9"N7(8=<8-2%/)(%(8)3&48(6*2()+,(/+38,(%&4,1()+3)(2=&8(62*.(P()+2*='+()+,(&=.<,2(*6
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in positively oriented coil sides of the phase(

%&(&,'3)%?,05(*2%,&),4(-*%0(8%4,8(*6()+,(/+38,(

,08,$+,2,

%

% MI9ZN

$%)+()+,(6*00*$%&'(&*)3)%*&

' %- %8()+,(&=.<,2(*6()=2&8(*6(3(-*%0(*6()+,(/+38,(%

(% %8()+,(-2*88;8,-)%*&30(32,3(*6()+,(%;)+(/+38,(-*%0(8%4,

$ %8()%.,

σ %8()+,(-*&4=-)%?%)5(MH,2*(,?,25$+,2,7(,1-,/)()+,(2*)*2(<328(3&4(8+36)N

%% %8()+,(%;)+(/+38,(-=22,&)

C+,(-=22,&)(4,&8%)5(%&(3(-*%0(*6()+,(%;)+(/+38,(%8('%?,&(<5
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%

%
% !

'

(
%= - MI9YN

C+,(W*=0*.<('3=',

∇ ⋅ =# R MI9[N

$+%-+( %8(-=8)*.32%05(=8,4( )*(388=2,( )+,(=&%A=,&,88(*6( )+,(8*0=)%*&( %&(3(',&,230(I;J(-38,7( %8

3=)*.3)%-3005(83)%86%,4(%&(3(";J(-38,9
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F6(\;@TC(%8(=8,4()*(+3&40,()+,(&*&0%&,32%)%,8(%&?*0?,47()+,(6=&-)%*&( ?(%&(>A=3)%*&(MI9VN

%8( 8/0%)( %&( &*&0%&,32( 2,'%*&8( %&)*( )$*( /32)8( 3--*24%&'( )*( MP9VN9( W*.<%&%&'( MP9VN7( >A=3)%*&8

MI9IN( 3&4( MI9!N7( )+,( W*=0*.<( '3=',( MI9[N7( 3&4( 36),2( 8*.,( .3)+,.3)%-30( .3&%/=03)%*&87

>A=3)%*&(MI9VN(%8(0%&,32%H,4(3&4(<,-*.,8

( ) ( )−∇ ⋅ ∇ + + ∇ × − =ν σ β)* ! % %" !" %&@T R MI9QN

$+,2,(ν )* (%8(3(6=&-)%*&(*6(/*8%)%*&(4,6%&,4(38

ν ν)* = R %&(.3'&,)%-3005(0%&,32(2,'%*&8

MI9PRN
ν ν)* = @T %&(.3'&,)%-3005(&*&0%&,32(M8%&'0,;?30=,4(3&4(+58),2,)%-N(2,'%*&8

:(&*&0%&,32%)5( &@T (%8()+,(@%1,4;T*%&)(2,8%4=307($+%-+(%8(4,6%&,4(*&05(%&(&*&0%&,32(2,'%*&8(M%&

0%&,32( 2,'%*&8( %)( %8( ,A=30( )*( )+,( H,2*( ?,-)*2( <5( 4,6%&%)%*&N7( )+,( 8=<8-2%/)( !( %&4%-3),8( )+,( !;

-*./*&,&)(*6(3(/32)%-=032(-2*88(/2*4=-)(3&4(3(4*)(*?,2(3(0,)),2(8%'&%6%,8()+,()%.,(4,2%?3)%?,9(F&

MI9PRN( ν @T ( 8)3&48( 6*2( )+,(@%1,4;T*%&)( -*,66%-%,&)( MP9ZN9(C+=87( 6*2( )+,( 0%&,32%H,4( -*&8)%)=)%?,

03$(%&(&*&0%&,32(2,'%*&8(+*048

" ! &= +ν @T @T MI9PPN

C+,(8*0=)%*&(*6()+,(<38%-(6%,04(,A=3)%*&(*6(3&(%&4=-)%*&(.3-+%&,(MI9VN(3&4(%&()=2&(*6(%)8

0%&,32%H,4(6*2.(MI9QN(%8(3--*./0%8+,4(<5(@>X7(3//05%&'(3($,%'+),4;2,8%4=30(3//2*3-+9

!4<4<"=+$+*0"01030$*"/&18*+&$"&,",+012"0>8)*+&$/

]8%&'( 3( $,%'+),4;2,8%4=30( 3//2*3-+7( >A=3)%*&( MI9QN( %8(.=0)%/0%,4( <5( 3( )2%30( 6=&-)%*&( ξ( 3&4

%&),'23),4(*?,2()+,(,&)%2,(8*0=)%*&(2,'%*&(Ω(M-2*88;8,-)%*&(*6()+,(.3-+%&,N

( ) ( )−∇ ⋅ ∇ + + ∇ × − =∫ ∫ ∫ ∫ν ξ σ ξ ξ ξβ)* ! % %" !" %4 4 4 4@TΩ Ω Ω Ω
Ω Ω Ω Ω

& R MI9P"N

:6),2(=8%&'(8*.,(',&,230(?,-)*2(%4,&)%)%,8(3&4(%&),'230()+,*2,.87()3D%&'(%&)*(3--*=&)()+,

<*=&4325(-*&4%)%*&87(3&4(36),2(8*.,(.3)+,.3)%-30(.3&%/=03)%*&87(>A=3)%*&(MI9P"N(<,-*.,8
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( )ν ξ σ ξ ξ ξβ)* ! % %" !" %∇ ⋅ ∇ + + × ∇ − =∫ ∫ ∫ ∫4 4 4 4@TΩ Ω Ω Ω
Ω Ω Ω Ω

& R MI9PIN

F&( )+,( 6%&%),( ,0,.,&)(.,)+*4( )+,( 8*0=)%*&( 2,'%*&( %8(4%8-2,)%H,4( %&)*( 3(&=.<,2(*6( 6%&%),

,0,.,&)89(^,-300%&'()+,(4,6%&%)%*&(*6(2,'%*&8(62*.()+,(.3),2%30(/*%&)(*6(?%,$(MI9"N7()+,(6%&%),

,0,.,&)8( -3&( <,( 4%?%4,4( 3--*24%&'05E( )+3)( %87( )+,2,( 32,( 0%&,327( &*&0%&,32( 8%&'0,;?30=,4( 3&4

&*&0%&,32( +58),2,)%-( ,0,.,&)87( 4,/,&4%&'( *&( )+,%2( /03-,.,&)( %&( )+,( 6%&%),( ,0,.,&)( .,8+( *2

.*2,( 8/,-%6%-3005( *&( )+,( &3)=2,( *6( )+,( .3),2%30( .*4,0( 4,8-2%<%&'( )+,(!;"( <,+3?%*2( %&( )+,

/32)%-=032(,0,.,&)9(C+,(6%,04(%8()*(<,(-*./=),4(%&(&*430(/*%&)89(C+,(.3'&,)%-(?,-)*2(/*),&)%30

%&( )+,( &*430( /*%&)8( 0*-3),4( *&( )+,( *=),2( 8=263-,( *6( )+,(.3-+%&,( MJ%2%-+0,)( <*=&4325N( +38( 3

6%1,4(?30=,7($+%-+(*6),&(+38( )*(<,(,A=30( )*(H,2*9(C+,(/*),&)%30( %&( )+,(&*4,8(*&( )+,(/,2%*4%-

<*=&4325(+38()+,(83.,(/*8%)%?,(*2(&,'3)%?,(?30=,(38()+,(-*22,8/*&4%&'(&*4,(*&()+,(*)+,2(8%4,

*6(3(85..,)25(8,-)*29(C+,(.3'&,)%-(?,-)*2(/*),&)%30(%&()+,(S,=.3&&(<*=&4325(&*4,87(38($,00
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measured time-stepping with hysteresis time-stepping with single-valued function
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time-stepping with hysteresis time-stepping with single-valued function
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