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1 Introduction

In this article we treat pseudodifferential analysis on orientable homogeneous
spaces G/K, where GG is a compact Lie group with a closed subgroup K.
This research continues the work in [11], where such analysis on compact
Lie groups was studied. Apart from pure theoretical interests, there are
applications which call for the present treatise: e.g. Dirichlet boundary value
problems in a domain diffeomorphic to the unit ball of R3 may be considered
within the framework of harmonic analysis on the two-sphere S? C R3. Taylor
(see [7]) has characterized pseudodifferential operators on the spheres S™ by
studying the smoothness of certain operator-valued functions on a large group
of symmetries, but this result cannot be used for our purposes here.

We explain how a pseudodifferential operator on a compact Lie group
G can be “projected” to a pseudodifferential operator on orientable compact
homogeneous spaces G/K in a way respecting the algebraic structures. The
other way round, given a pseudodifferential operator on G/K when K is a
torus we construct an “extended” pseudodifferential operator on G the “pro-
jection” of this “extension” in turn returns the original operator. “Extended”
operators can be used to calculate asymptotic expansions for operators on
G/ K using operator-valued symbolic calculus on G (see [8], [11]).

Vector space notation

The space of the continuous linear operators between topological vector
spaces X and Y is denoted by L£(X,Y), and we write £(X) := L(X, X);
the dual space of X is X' := L£(X,C). If X is a nuclear Fréchet space,
X ® X' stands for the complete locally convex tensor product.

2 Pseudodifferential operators on R? x T?

For general treatments of pseudodifferential calculus on the Euclidean spaces
or manifolds, see e.g. [3] or [9]. Periodic pseudodifferential operators, i.e.
pseudodifferential operators on tori expressed utilizing Fourier series, were
introduced in [1], and their complete symbolic calculus is presented in [12].

Let T? = RY/Z4 be the g-dimensional torus group. In the sequel we shall
identify R” and Z° with the set {0}, and R? x T? is identified with RP. Let
SR? xT?) = {f € C°(RP xT?) | Vy € T? : (x — f(z,y)) € S(RP)} be
endowed with the natural Fréchet space structure of the test functions. In
this space, we define the Fourier transform f +— f by

f(6) = / @) e

where £ € R x Z9. Let eg(x) = €™ and let A € L(S'(RP x TY)); then
ee € §'(RPxT?), and we can define the symbol o4 : (RP xT?) x (R? xZ9) — C
of A:

oa(@,8) = ee(x) " (Aeg) (x), (1)



and it is clear that o4 is C°°-smooth with respect to the variable x € RP.
Then A can be retrieved from its symbol o4 by

(Af)(x) = / S oaw€) f© P dg o dt, (2)
p§p+1 ----- §p+q€Z

The symbol class S™(RP x T9) consists of those C*°-smooth functions
o4 (RP x T?) x (RP x Z?) — C for which

sup [0 A Oaa(w,€)] < Cangm (€)1 (3)

z€RP X T4
for every multi-index o = o + o”,8 € NJ™% here a = o + o/, o =
(o1, ., 0p,0,...,0), and () = (1+ 017 52)1/2 Here A¢ is the ath forward

dlfference operator defined by

« _

B2 = 3 ()0 ot +) (@)
0<y<a "

la| = 1 implies (Ago)(§) := o(§ + a) — a(§). Operator A € L(S(RP x T?))

is called a pseudodifferential operator of order m € R, A € U™(RP x TY) =

OpS™(RP x T9), if 0,4 € S™(R? x T%).

3 Analysis on closed manifolds

Let M be a C*°-smooth, closed (i.e. compact, without a boundary) orientable
manifold. The test function space D(M) is the space of C*° (M) endowed with
the usual Fréchet space topology. Its dual D'(M) = L(D(M), C) is the space
of distributions, endowed with the weak- x-topology. The duality is expressed
by the brackets (¢, f) = f(¢) (¢ € D(M), f € D'(M)). Embedding D(M) —
D'(M) is interpreted by

(6,10) = /M o(z) ¥(z) du

The Schwartz kernel theorem states that L£(D(M)) is isomorphic to D(M) ®
D'(M); the isomorphism is given by

(Ad, f) = (Ka, [ ® ¢), (5)

where A € L(D(M)), » € D(M), f € D'(M), and distribution K4 € D(M)®
D'(M) is called the Schwartz kernel of A. Then A can uniquely be extended
(by duality) to A € L(D'(M)), and it is customary to write informally

x)—/MKA(fv,y) f(y) dy

instead of ¢ — (¢, Af) (¢ € D(M)). Recall that L?*(M) = H°(M), D'(M) =
User H*(M) and D(M) = Nger H* (M), where H*(M) is the (L*-type) Sobolev
space of order s € R.



An operator A € L(D(M)) is a pseudodifferential operator of order m € R
on M, A € ™M), if (MyAM,), € W™(RIMID) for every chart (U, k) of
M and for every ¢,9 € C3°(U), where M, is the multiplication operator
f—of, and

(MyAMy),f = (MyAMy(for))ox™" (f € C®(rU)).

We sometimes write MyAM, € U™(RU™M)) " thus omitting the subscript
r and leaving the chart mapping implicit. Equivalently, pseudodifferential
operators can be characterized by commutators (see [11]): A € L(D(M))
belongs to ¥™(M) if and only if (Ag)2, C L(H™(M), H°(M)) for every
sequence of smooth vector fields (Dy)2, on M, where Ay = A and A4y =
[Diy1, Ag]-

A smooth left transformation group is
(G7 M7 m)?

where G is a Lie group, M is a C'*°-manifold and m : G x M — M is a
C*>-mapping called a left action, satisfying m(e,p) = p and m(x, m(y,p)) =
m(xy,p) for every x,y € G and p € M, where e € GG is the neutral element
of the group. The action is free, if m(x,p) = p implies z = e. It is evident
how one defines a right transformation group (G, M, m) with a right action
m:MxG— M.

A smooth fiber bundle is

(EvBaFapEﬁB%

where E, B, F are C*°-manifolds and pg_p € C*°(E, B) is a surjective map-
ping such that there exists an open cover U = {U; | j € J} of B and
diffeomorphisms ¢; : p~1(U;) — U; x F satisfying ¢;(z) = (pp—5(z),1¥;(z))
for every x € p;JLB(Uj). The spaces E, B, I' are called the total space, the
base space, and the fiber of the bundle, respectively. The cover U is called
a locally trivializing cover of the bundle. Sometimes the mapping pg_.p is
called the fiber bundle.
A principal fiber bundle is

(EvBavaE%Bam)v

where (E, B, F,pg_p) is a smooth fiber bundle with cover &/ and mappings
¢j,1; as above and (F, E,m) is a smooth right transformation group with
a free action satisfying pp_p(m(z,y)) = pg_p(x) for every (x,y) € E x F
and ¥;(m(z,y)) = ;(x)y for every (z,y) € pz".5(U;) x F.

4 Harmonic analysis on compact Lie groups

Let G be a compact Lie group. Let pg be the normalized Haar measure of G.

The starting point of harmonic analysis on G is the left reqular representation
of G, which is the homomorphism 77 : G — L(L*(G)) defined by

(mo(y)f)(z) = fly~'2) (6)



for almost every x € G equivalently we could begin with the right regular
representation Tg : G — L(L*(G)) defined by

(mr(y)f)(x) = f(zy) (7)
for almost every = € G.

The Fourier transform of a distribution f € D'(G) is said to be the
operator 7(f) € L(D(G)) defined by

m(f)g=[f*g, (8)

i.e. the left convolution by f. Let A € L(D(G)) with the Schwartz kernel

K. The symbol of A is the mapping o4 : G — L(D(G)) defined by o4(z) =

m(sa(x)), where K 4(x,y) = (sa(z))(zy~") in the sense of distributions. Then
we denote A = Op(c4), and we have

AN)@) = (oa(@)f)(a)
= Tt (oa(2) 7(f) m(@)") (f €D(G), z€ Q).

In the sequel A is the bi-invariant Laplacian of G (i.e. the left and right
translation invariant Laplacian, or the Laplacian corresponding to the bi-
invariant Riemannian metric of G), and we define = := (I — A)Y2; then
=™ is a Sobolev space isomorphism H*(G) — H* ™(G), and it is also bi-
invariant.

In the notation of [11], let us define

Qn(s) = m(y = duly) s(¥)),

where if s € D'(G), and ¢, € C=(G) (o € NO™Y satisfies

1 «
do(exp(2) = o
when x belongs to a small neighbourhood of 0 € g, the origin of the Lie
algebra g of G; technical details can be found in [11]|, where we presented the
following characterization of pseudodifferential operators:

Definition. An operator A € L(D(G)) belongs to V™(G) if and only if
o4 € S"(G) = N2 STG); here op € SJ(G) if and only if

1= =" Q0705 ()| 2@y < Cragm (9)
uniformly in x € G for every o, 3 € Ndlm(G) op € S (G), if
op € 5;'(G), (10)
[Uaj7aB] € Slzn(G)a (11)
(Q00,)04 € 57 7(@) (12)
and
(Qa4)0s, € Sy MN(@) (13)

for every j € {1,...,dim(G)} and v € Ngim(G) with |y| > 0, where {0; | 1 <
Jj < dim(G)} is a basis for the vector space of the right-invariant vector fields

on G.



5 Harmonic analysis on compact homogeneous
spaces

Let (G, E,m) be a smooth left transformation group. The manifold M is
called a homogeneous space if the action m : G x M — M is transitive, i.e.
for every p,q € M there exists x € G such that m(z,p) = q.

Let us give another, equivalent definition for a homogeneous space: Let
G be a Lie group with a closed subgroup K. The homogeneous space G/K
is the set of classes *K = {zk | k € K} (z € G) endowed with the topology
co-induced by x +— xK and equipped with the unique C'*°-manifold structure
such that the mapping (z,yK) — xyK belongs to C*(G x (G/K),G/K)
and such that there is a neighbourhood U C G/K of eK € G/K and a
mapping ¢ € C®(U,G) satistying ¢(xK)K = xK. The group G acts
smoothly from the left on the manifold G/K by (x,yK) — z7'yK. Ac-
tually a smooth homogeneous space M is diffeomorphic to G/G,, where
Gp ={z € G [ m(z,p) = p}.

Notice also that (G,G/K, K,z — zK, (z,k) — xk) has a structure of a
principal fiber bundle (see [2]).

From now on we assume the Lie group G to be compact. We can regard
functions (or distributions) constant on the cosets K (z € G) as functions
(or distributions) on G/Kj; it is obvious how one embeds the spaces D(G/K)
and D'(G/K) into the spaces D(G) and D'(G), respectively. Let us define
Pe/x € L(D(G)) by

Hence Pg/xf € C*(G/K), and Pg/K extends uniquely to the orthogonal
projection of L?(G) onto the subspace L*(G/K). Let us consider operators
A € L(D(G)) with the symbol satisfying

oalxk) =04(z) (x€G, keK); (15)
this condition is equivalent to
sa(eh)(y) = sa(z)(y)
in the sense of distributions, or
Ka(zk,yk) = Ka(z,y).

Then A maps the space D(G/K) into itself. Of course, for a general A €
L(D(G)) this is not true, but then we can define an operator Ag/x €
L(D(G)) by

SAq/k = (Pg/K®id)SA. (16)

Recall that 04 € C°(G, L(H™(G), H*(G))) when A € U™(G), so that then

Tacyu@) = [ @) duclh) (7



exists as a weak integral (Pettis integral), see [4].

Suppose we are given symbols of pseudodifferential operators A;, A; on
G satisfying the K-invariance (15). If we look at the asymptotic expansion
formulae for 04, 4,, oay and o in [11], we see that all the terms there are
K-invariant in the same sense. Moreover, for an elliptic K-invariant symbol
the terms in the asymptotic expansion for a parametrix are also K-invariant.

Theorem 1 and its corollary show how to 'project’ pseudodifferential op-
erators on GG to pseudodifferential operators on G/K:

Theorem 1. Let G be a compact Lie group with a closed Lie subgroup K.
If A e \Ilm(G), then A(;/K S \I/m(G)

Proof. First, notice that Pg/ is left-invariant, and hence
(07 © My, )(Payx @id)sa = (Po/x ®id)(97 © Mg, )sa

for a right-invariant partial differential operator 07 and a multiplication M
g x o
for every a, 8 € NO™ ) Therefore

Op(Qaangc/K) = (Op(Qaang»G/K.
Since A € U™ (G), we have
||Qaa§0A($)||£(Hm—\a\(c),H0(G)) < Caapm,

and so the mapping k — Q*0%0 4 (k) belongs to C= (K, L(H™1*(G), H*(G)))
for every x € GG. Then

/K Q0% a(wk) dyuge (k)

1Q070 e ()| c(srm 10 g0y =
[,(H7’L7‘u|,HO)

< / 1Q8 7 a (k)| o1l 110y dpire (k)
K

< sup HQaagaA(mk)HE(H”H‘“MHO)
keK

< sup |Q0 gAYl £(rrm-1al g0
yeG

S CAaﬁm~

This proves that 04, € OpSy*(G). Let B € L(D(G)) be any right-invariant
(left convolution) pseudodifferential operator. Then og(x) = B for each
r € G and x — sp(z) is a constant mapping G — D'(G), B = Bg/k, and

(Op(0a0p))c/x = Op(044,,0B)

and
(Op(0504))c/x = Op(0Boas,)-



Assume that we have proven oc,, . € Si(G) for every C' € U"(G), for every
r € R. Using Lemma 6, Theorem 9 and Proposition 11 in [11], we hence get

Op([O’aj,UAG/K]) == Op([aajagA]>G/K S OpS]ZH(G)7

Op((Q709,)044,,) = OP((Q"05,)04)c/x € OpSl’:’+1*|’Y|<G>
and
Op((Q’YaAG/K>O-aj) — Op((Q’YO'A)O'aj)G/K c OPSZL—H_M(G);

this means that o4, € S;;(G), and then by induction we get o4, €
S™(G) = MZeSi'(G) O

Corollary 2. Let G/K be orientable. Then Ag/k|pc/rx) € Y"(G/K) for
every A € Y™ (G).

Proof. Let
\Ifm(G)G/K = {A(;/K | Ae \I/m(G)}

and
V" (G)e/xlparxy = {Aa/klpe/x) + A€ Y™ (G)}.

By Theorem 1 we know that ¥™(G)g/x C ¥™(G). Let D be a smooth
vector field on G/K. Since (G,G/K, K,z — xzK,(x,k) — xk) is a principal
fiber bundle, there exists a smooth vector field X = Xg/x on G such that
Xlp@/ry = D (see [5]). Then

[D, V"™ (Q)e/klp/r)] = [ X, Y™ (G)a/xllpe/xy € V™ (G)ark|pa/i)s

and this combined with V"™(GQ)q/k|pc/x) C LIH™(G/K), HY(G/K)) yields
the conclusion due to the commutator characterization of pseudodifferential
operators on closed manifolds O

Hence at least sometimes a pseudodifferential operator on G/ K has a non-
unique extension to a pseudodifferential operator on G. If B; € U (G/K)
has an extension C; = (Cj)a/x € Y™ (G) (ie. Cjlp/x)y = Bj), then
C; € U™ (QG) is an extension of the adjoint operator B} € V™ (G/K),
and B1By € ¥™*"(G/K) has an extension C1Cy € W™*T2((G); and if
C) is elliptic with a parametrix D € V=" (G), then D = Dg/x and B; €
U™ (G/K) is elliptic with a parametrix D|pq/x) € V™ (G/K).

6 Harmonic analysis on G/K, K a torus

In the sequel we always assume that the subgroup K of G is a torus, K = T9.



Example of special interest: Let B™ be the unit ball of the Fuclidean
space R™, and S"~! its boundary, the (n — 1)-sphere. The two-sphere S?
can be considered as the base space of the Hopf fibration S?® — S?, where the
fibers are diffeomorphic to the unit circle St C R2. In the context of harmonic
analysis, S is diffeomorphic to the compact non-commutative Lie group G =
SU(2), having a maximal torus K = S! = T!. Then the homogeneous space
G/K is diffeomorphic to S?, so that the canonical projection pg_.q/x : & —
xK is interpreted as the Hopf fiber bundle G — G/ K; in the sequel we treat
the two-sphere S? always as the homogeneous space G/K. Notice that also
S? =2 SO(3)/T!.

In [6] a subalgebra of ¥™(S?) was described in terms of so called spherical
symbols. Functions f € D(S?) can be expanded in series

F(0,0)=>">" f()m Y/"(8.0), (18)

where (¢, 0) € [0,27] x [0, 7] are the spherical coordinates, the functions Y;™
the spherical harmonics with Fourier coefficients

/ / 1(6,6) Y7 (,0)sin(6) do db. (19)

Let us define

(Af)(¢,0) ZZ (1) fF(W)m Y/™(6,6), (20)

=0 m=-I

where a : Ny — C is a rational function; in [6], Svensson states that A €
U™(S?) if and only if
la(l)] < Capm(l+1)™. (21)

Let us present another proof for a special case of Theorem 1 and Corollary

Theorem 3. Let G be a compact Lie group with a torus subgroup K. If A €
U™(G), then Ak € W™(G) and the restriction Ac/k|pc/x)y € V™(G/K).

Proof. Let dim(G) =p+q, K = T9 Let V = {V; | i € Z} be a locally
trivializing open cover of G/K for the principal fiber bundle (G,G/K, K, x
oK, (x, k) — zk); Let U = {U; | 1 < j < N} be an open cover of G/K such
that for every ji,jo € {1,..., N} there exists V; € V containing U;, U Uj,
whenever U;; NUj, # (. Notice that we can always refine any open cover
on a finite-dimensional manifold to get a new cover satisfying this additional
requirement (proving this is easy, see an analogous treatment for partitions
of unity in [10]). Then each U; UU; (1 <1i,j < N) is a chart neighbourhood
on G/K, and furthermore there exist diffeomorphisms ¢;; : (U;UU;) x K —
paiG/K(Ui U U;) such that pg_.c/i(¢i;(z, k) = x for every o € U; UU; and

10



k € K. To simplify notation, we treat the neighbourhood U; UU; C G/K as
aset U;UU; C RP, and péLG/K(UiUUj) C Gasaset (U;UU;)xT? C RP xT1.
Let {(U;,%;) | 1 < 7 < N} be a partition of unity subordinate to U,
and let A;; = My, AM,, € V™ (G). With the localized notation we consider
Ajj € Y(RP x T9), so that it has the symbol o4, € S™(R? x T?). Then

O(Ag/K)ij (2, = O(Aij)a K (z,)
= / Oy (T, Ty Tpy1 + 215, Tpyq + 2¢5€) dzy -+ dzg,
Ta

and it is now easy to check that o
(Ac/k)ij € ¥™(G), thus

Ag/k = Z(AG/K>ij € v"(G)

i3

Ay € S™(RP x T9). This yields

O

Theorem 4. Let G be a compact Lie group with a torus subgroup K. Let
B € Y™(G/K). Then there exists an operator A = Ag x € V™ (G) such that

Alp/r) = B.

Proof. Let K = T¢ dim(G) = p+ ¢, and let {(U;,¢;) | 1 < j < N}
be the same partition of unity as in the proof of Theorem 3. Let B;; =
My,BMy, € ¥™(G/K). With the localized notation we consider Bj; €
U™ (RP), so that it has the symbol op,, : R? x R — C, and the mapping
(2,€) = op,(x,§) is zero when z € R? \ (U; U U;). We use Lemma 5 in
Appendix to construct a pseudodifferential operator A;; € U™(RP x T?) such
that oy, : (R? x T?) x (R? x Z%) — C,

oa,(2; PE,0,...,0) = op,, (Pz; PE),

where Py = (y1,...,9p) (v € RP™9). Hence A = Ag/x = ZH A;j € V(G)
and AlD(G/K) S \Ifm(G/K) Let f = Zk fk € COO(G/K) C COO(G), fk =
Jk; then

(Af) (@) = D (Ayfi)(x)

ik

=3[ Y oo kO g
Z'vjvk R £P+1 """ ép"’qu

= Z/ oa,(2; PE,0,...,0) Fu(PE,0, ..., 0) 2P (PO ge, .. -d€,
ik Y RP

= > / o5, (Px; PE) fe(PE,0,...,0) 2P PO dg, . dg,
RP

i7j7k

= ) (Bijfy)(Px)

.5,k

= (Bf)(zK) O

11



7 Discussion

Theorem 4 combined with Lemma 5 provides just one way of extending
operators, unfortunately destroying ellipticity: this is due to the apparent
non-ellipticity of the symbol y in Lemma 5. Let us discuss this problem and
provide other extensions.

Let us extend the identity operator I € WO(RP) using the process sug-
gested by Lemma 5. Of course, it would be desirable if I € W°(R?) could be
extended to the identity in WO(RPT9), but now o;(x,£) = 1, and thereby its
extension A € WO(RP'9) has the non-elliptic homogeneous symbol o4 = x €
SO(RIHL(]).

Given an elliptic symbol o5 € S™(RP) we can occasionally modify the
construction in Lemma 5 to get an extended elliptic symbol in S™(RP*9).
Sometimes the following trick helps: Let o4, € S™(RP*?) be an extension of
op, as in Lemma 5,

UA1(‘T’§) = X1<§) O-Bl(x17 s 7I’p§§1, e 7517)7

where y; € S°(RP*?) is a homogeneous symbol satisfying x1|wxra)\g0,1) = 0,
X1|lrexv = 1, where U C R? and V' C R? are neighborhoods of zeros. Take
any elliptic symbol op, € S™(R?), and modify Lemma 5 to construct an
extension o4, € S™(RPT?) such that

045(7,8) = X2(§) 0B, (T - -+, Tpigi Epy - - -5 Epg)

for a homogeneous symbol xo € S°(RP™) satisfying Xo|wxrepgo,1) = 1,
Xo|@®exvnBo,1) = 0. Then o4, + 04, € S™(RPY) is an extension for op,
(modulo infinitely smoothing operators). For instance, if By = I € WO(RP),
let By =1 € U9(RY) and xo(§) =1 —x1(€) (for [] > 1), then A+ Ay =1 €
UO(RPH) (modulo infinitely smoothing operators).

It may happen that any extension process for an elliptic symbol op €
S™(IRP) constructs a non-elliptic symbol in S™(RP*?). Consider, for instance,
a case where B € U™(IR?) is an elliptic convolution operator and £ — f(§) =
op(x,€) is homogeneous outside the unit ball B(0,1) C R?. If the mapping
flgr : S* — C\ {0} is not homotopic to a constant mapping (i.e. f|s1 has
a non-zero winding number) then no extension o4 € S™(R3) of o can be
elliptic.

Multiplications on G/K have already been extended to multiplications G
via  — xK, and A = Ag/i for any left convolution operator (multiplier)
A € L(D(G)) (in fact, then o4(z) = A for every x € G). Sometimes on
G/K we have operators that resemble convolution operators. Suppose we
are given a left convolution operator A € W™ (SU(2)). Then the restriction
B = A|psz) € U™(S?) is of the form

(B)(6.0)=>_ > (Z a(l)mn f(l») Y"(,0), (22)

=0 m=—1 \n=-I

12



where the coefficients a(l),,, € C can be calculated from the data
{BY" |le Ny, me {—l,-l+1,...,01—1,1}}.

It is even true that the original operator A can be retrieved from the coeffi-
cients a(l),,. In fact, any operator B € L(D(S?)) of the form (22) can be ex-
tended to a unique left convolution operator belonging to £(D(SU(2))). Now
a natural question arises: given a pseudodifferential operator B € ¥™(S?) of
the form (22), does its extension to the left convolution operator belong to

U™ (SU(2))? This is an open problem. An interesting special case is

(B = [ rlau) ) 23

where £ € D'(S?), (z,y) — -y is the scalar product of R?, and the integration
is with respect to the angular part of the Lebesgue measure of R3. Then

(Bf)(9,0) Zch m Y{"(¢,0)

=0 m=—1

for some normalizing constants ¢; depending only on [ € Nj.

8 Appendix

Lemma 5. Let y € C®(RPT?) be homogeneous of order 0 in RPT7\B(0,1),
i.e. xX(&) = x(&/|€ll) when ||&]| > 1. Furthermore, assume that x satisfies
X’(UXR‘Z)\IB%(OJ) =0, x|rexy = 1, where U C R? and V' C RY are neighborhoods
of zeros. Let op € S™(RP) and

oa(x, &) = x(§) op(Pr, PE),
where P(x1,...,%p+q) = (z1,...,2,). Then o4 € S™(RPTY). Moreover,

O A|(Rp xR x (Rrxze) € ST (RP x T7).

Proof. We shall first prove that

(OEX)(©)] < O (P () (24)

for every r € R and for every v € NA™9. Tt is trivial that (x,&) — ()
belongs to S°(RPT?). If r > 0 then obviously (24) is true. Since we are not
interested in the behaviour of the symbols when ||£]] is small, we assume that
€]l > 1 from here on. There exists 79 € (0,1) such that x(£) = 0 when
| PE|| < ro. Let r < 0 and & € supp(x). Then ||PE|| > rol/£]|, and thus

1G] < O

IAINA
Q

13



Hence the inequality (24) is proven. Now

0¢0joa(z.E)] < Y <3> (O (O] (00 op) (P, P

<«

<> (:) Cor, (PE)T ()™ Cpamypm (PE™ 147

YL«
S CBaﬁmx <§>m—|o¢\ 3

if we choose 7, = m — |a — y|. Thereby o4 € S™(RP*?). Clearly we can
regard this symbol as a function o4 : (R x T?) x (R? x R?) — C and
study its restriction UA|(Rqurq)X(Rszq) we claim that this restriction belongs
to S™(RP x T?). Indeed, Taylor expansion of a function o € C*°(R?) yields

8e) = X (F) v et +o

<y
= Z <Z) (_1>|7*5|
<y
<[> _'5/) (@) () + > —5p (020) (€ + 050)
Ip\<lvlp 1ol=tn P
— Z Ny (0o )(OZ <g)(_1)lv6|5p
o< ¥ 6
+> > —5P (9£0)(€ + 050)
<y |pl= Iv\
= > > —5p (020)(€ + 050),
<y |pl= M
because
> (3) -0 = 8lea =0
0y

whenever |p| < |y|. Therefore

ALl < >0 —5P (020)(& + 050))|

6<y |pl= Iv\
< ¢ sup [(Go)(E+ )l
776577|p‘:|’y|

where S, is the hyper-rectangle [[7_,[0,7;]. Let o’ = (Pa,0,...,0), o =
a— o then

0 A Doa(z, )] < Co sup |0 Ooa(x,E + )

NES i1, |pl=la’|
< Co Ciapm sup (€ +n)m
nESa

14



nESa

< Cy Crapm glm—|a| <a>\mflall <£>mflal
= Czlﬁlaﬁm <€>m—|o¢\;

notice the application of the Peetre inequality
(€ +n)* <26 ()" (.

Hence 0 4|(mexTa)x®rxza) € S™(RP x T9) O
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