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Abstract

In this paper we test the Self-Organizing Map (SOM) on the problem of predicting chaotic
time-series (speci�cally Mackey-Glass series) with local linear models de�ned separately for
each of the prototype vectors of the SOM. We see that the method achieves good results. This
together with the capabilities of the SOM make it a valuable tool in exploratory data mining.

1 Introduction

The problem of time-series prediction is one of high practical importance. A traditional way to
approach the problem is to estimate the underlying function globally. In this kind of approach
neural methods like the Multi-Layer Perceptron (MLP) and Radial Basis Functions (RBF) are
popular. In the last decade, however, local models have been a source of much interest because in
many cases they give better results than global models [1]. This is especially true if the function
characteristics vary throughout the feature space.
Local models are usually based on nearest-neighbour methods. The pure k-Nearest-Neighbours

(kNN) -methods are e�ective, but to perform well they need a fair amount of example vectors which
implies a large memory requirement. To overcome the problem we need to select a presentable
subset of prototype vectors, i.e. to quantize the feature space. Local models themselves can be
constructed in various ways ranging from using the best example vector as such to splines and small
MLPs. Usually, local models are kept simple such as weighted averages of the example vectors or,
as in this paper, linear regression models.
The Self-Organizing Map (SOM) [2] is an e�cient method for vector quantization. In the usual

case where the dimension of the map grid is lower than the inherent dimension of the feature
space [3] the quantization process of the SOM is somewhat disturbed by the fact that in addition
to the quantization, the SOM also tries to preserve the topology of the data space on the lower-
dimensional grid. Other quantization methods, like K-means or neural gas [4] do not su�er from
this limitation, but using the SOM o�ers other bene�ts: the SOM is an e�ective tool for exploratory
data analysis [5] and it has prominent visualization capabilities.
Previously the SOM has been used in chaotic time-series prediction e.g. by Walter et al. [6],

Der and Herrman [7], and Principe [8].

2 Methodology and Implementation

In time-series prediction, the time-series is usually �rst embedded in a state space using delay
coordinates:

x(n) = [x(n); x(n � �); :::; x(n � (N � 1)�)]; (1)



where x(n) is the value of the time-series at time n, � a suitable time delay and N the order of the
embedding. This embedded vector is then used to predict the next value of the series x(n+ �).
A generalized scheme for constructing and testing the local models is depicted in �gure 1. The

data is embedded and then divided into the training and the testing set. Based on the training
set, the embedded data space is quantized. Local data sets are then constructed for each of the
prototype vectors: the local data set of a prototype vector is formed of those data vectors to which
it is closest (i.e. of data vectors falling to the prototype vector's Voronoi plate). If a local data set
of a prototype vector is considered too small, it can be augmented from the data sets of similar,
close lying prototype vectors. At the last step, local models are constructed based on the local
data sets.
The performance of the model is tested by taking an embedded vector from the testing set,

selecting the best prototype vector and predicting the next value using the corresponding local
model. The time-series can be predicted further by inserting the predicted value into the test
vector and iterating the process.
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Figure 1: A generalized scheme for constructing and testing the local models.

2.1 Implementation

In this work, the SOM was used to quantize an embedded vector space of one dimension greater
than the one in equation 1, namely one consisting of the next value of the time-series (the target
value) and the embedded vector:

y(n) = [
x(n+ �);x(n)]: (2)

Scaling the �rst component by 
, its variance with respect to other vector components can be
controlled. In training the SOM, the variables with largest variances typically dominate the learning
process. The target value was included in the vector because it provides extra information which
may improve the results.
The SOM was trained using the SOM PAK program package [9]. The map was initialized along

a two-dimensional subspace spanned by the two principal eigenvectors of the input data vectors,
and the SOM was trained for 50 epochs. Initial neighbourhood radius was approximately half of
the sidelength of the map, initial value for the learning coe�cient was 0:3 and it was decreased
proportional to inverse of time. The map topology was rectangular. The rest of the method was
implemented in matlab script, so the running times are not directly comparable to other studies.
The local data sets were constructed by searching the best matching prototype vector for each

of the embedded data vectors. In searching the best match the target value in data vectors y
(equation 2) was left out. If the number of items in a local data set was less than a prede�ned
value, the local data set was augmented by the data set of the closest prototype vector. If there



still was not enough items in the data set, the data set of the second closest prototype vector was
also included, and so on.
Linear regression was used to build the local models:

x̂(n+ 1) = aN +
N�1X
i=0

aix(n� i); (3)

where x̂(n + 1) is the prediction, x(n � i) are the components of the embedded data vectors and
ai the parameters of the model. To ensure the stability of the regression model in least squares
sense, at least N + 1 data vectors should be used in the estimation. In this work, the minimum
local data set size was set to 12.

3 Experiments

The time-series that was used in testing the method, the Mackey-Glass system [10], is a time-delay
di�erential system of the form:

dx

dt
= �x(t) +

�x(t� �)

1 + x(t� �)10
; (4)

where x(t) is the value of time-series at time t. The system is chaotic for � > 16:8. The data set
was constructed using parameter values � = �0:1; � = 0:2 and � = 17. Separate and independent
training (3001 samples) and testing sets (501 samples) were generated. The embedded data vectors
consisted of four values of the time-series: x(n) = [x(n); x(n � 6); x(n � 12); x(n � 18)] and the
predicted value was x(n+6) (N = 4; � = 6 in equation 1). For each testing sample the prediction
scheme was iterated 15 times so that the last value corresponded to predicting x(n+ 90) 1.
The results in this section are given as the root mean squared error normalized by the variance

of the original time-series (NRMS 2 ).

3.1 Results

The performance of the proposed method was �rst tested on various sized SOMs. The target value
(�rst component in equation 2) was left unmodi�ed (
 = 1). The results are depicted in table
1. It can be seen that the performance of the method increases as a function of the size of the
SOM. However, when the number of prototype vectors exceeds the number of training samples the
error starts to rise again. It should also be noted that if we use a very large amount of prototype
vectors, we lose the compactness that is achieved by the quantization process and prediction process
becomes computationally heavier. Therefore the size 35� 35 was selected for further experiments.
Eight 35 � 35 sized maps were trained with di�erent scalings of the target value. The results

are listed in table 2. It seems that taking the target value into the quantization process has some
positive e�ect, if it's scaled appropriately. In further experiments a scaling factor of 
 = 0:1 was
used.
Finally the method was tested on varying training set sizes. For this purpose a big training set

of 10001 samples was prepared. The maps were trained for approximately equal lengths (150000
samples). To test the limits of the proposed method a 100�100 SOM was trained using the 10001
samples data set. The results are depicted in table 3.

1It should be noted that because of the embedding and the length of prediction, the number of samples in both
training and testing sets was decreased by a number of samples: the training sets fall 24 samples and the test sets
114 samples short of the indicated numbers.

2error =

qP
N�1

i=0
( ^x(i) � x(i))2=N�2x, where ^x(i) is the predicted value, x(i) is the correct value, N is the

number of samples and �2x is the variance of the time-series.



Table 1: Normalized root mean squared errors for various sized SOMs. Second row gives NRMS
for �rst prediction step (x(n+ 6)) and the third row the NRMS for the 14th step (x(n+ 84)).

Mapsize x(n+6) x(n+84)
5x5 0.030 0.13
10x10 0.013 0.060
20x20 0.010 0.14
35x35 0.010 0.032
50x50 0.0036 0.016
75x75 0.0073 0.021

Table 2: Normalized root mean squared errors for various SOMs (grid size 35� 35) with di�erent
scalings given for the �rst component (the target value). Second row gives NRMS for �rst prediction
step (x(n+ 6)) and the third row the NRMS for the 14th step (x(n+ 84)).


 x(n+6) x(n+84)
0 0.0065 0.022
0.1 0.0048 0.022
0.25 0.0050 0.029
0.5 0.015 0.21
1 0.010 0.032
2 0.017 0.070
4 0.011 0.058
10 0.022 0.087

3.2 Comparison with other methods

The Mackey-Glass time-series is a widely used benchmark data set. Typically the value x(n+85),
or x(n+ 84) in algorithms that are used iteratively, is predicted. In the latter case, also the value
x(n+ 6) is usually predicted.
Deco and Obradovic used decorrelated hebbian learning (dhl) algorithm to predict the time-

series at x(n + 85) [11]. Platt used a resource allocating network (ran) [12] and Littman and
Ritter direct cascade architecture with local linear map subnetworks (dca+llm) in the same task
[13]. With training set of 500 samples the error was 0.043. Lapedes and Farber used standard
backpropagation network with 500 training samples [14]. The prediction errors have been collected
to table 4.
The proposed method compares well with these results. With training set of 1001 samples and

35 � 35 = 1225 prototype vectors the proposed method produced NRMS of 0.035 for x(n + 84).
With only 100 prototype vectors, but with a larger data set (3001 points) a slightly worse result,
0.060, was achieved. NRMS of 0.022 was achieved with 3001 training samples and a 35� 35 map.

Table 3: Normalized root mean squared errors for SOMs trained with varying training set sizes.
Second row gives NRMS for �rst prediction step (x(n + 6)) and the third row the NRMS for the
14th step (x(n+ 84)).

Training set size Map size x(n+6) x(n+84)
501 35x35 0.033 0.12
1001 35x35 0.0091 0.035
3001 35x35 0.0048 0.022
10001 35x35 0.0024 0.012
10001 100x100 0.0014 0.0082



Table 4: NRMS errors produced by various methods in predicting the values x(n + 6) and either
x(n+ 84) or x(n+ 85) of the Mackey-Glass time-series (� = 17).

Method Training set size x(n + 6) x(n+ 84) or x(n+ 85)
DHL 1000 0.056
RAN 3000 0.054
DCA+LLM 500 0.043
Backprop 500 0.02 0.06
SOM (35x35) 1001 0.0091 0.035
SOM (35x35) 3001 0.0048 0.022
SOM (10x10) 3001 0.013 0.060

Another widely used Mackey-Glass problem is otherwise similar, except for a bigger delay pa-
rameter (� = 30). For this problem, Principe used a time-delay neural network with a global
feedback loop and achieved errors of 0.025 for x(n+6) and � 0:04 for x(n+84) using 500 training
samples [15]. For a similar problem, the proposed method achieved prediction errors of 0.044 and
0.15 respectively with 3000 training samples. The problem is much harder and it may be that
the local linear models are insu�cient in 
exibility. Figure 2 shows the MSE for each node of the
SOM. It can be seen that most of the error comes from speci�c areas. A way to improve the results
could be to use a more complex model, a higher-order polynomial or a small MLP, in the regions
where the errors are high.

0
5

10
15

20
25

30

0

10

20

30
0

0.5

1

1.5

2

x 10
−3

Figure 2: Mean squared error in each node of a 30�30 SOM trained for the Mackey-Glass (� = 30)
problem. The errors in the 10 biggest peaks corresponded to about 14% of the total sum of squared
errors.

4 Conclusions

The Self-Organizing Map coupled with local linear models is an e�cient method for function
approximation. In the case of the Mackey-Glass time-series it produces results that are directly
comparable with or even better than those of other methods. Over�tting is not a signi�cant
problem with the proposed method if only some simple caution is kept in assigning the size of the
SOM. The proposed method is also easy to modify to accommodate more complex problems by
simply using more complex local models in areas where the linear model is insu�cient.
While it can be argued that other quantization methods perform equally well or better than the

SOM, they lack the other capabilities of the SOM. In this paper, it was shown that local linear
models that can be \plugged-in" on top of a SOM are an addition to this set. It is the combination
of these many abilities which make the SOM a valuable tool in exploratory data mining.
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