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Wave function for quantum-dot ground states beyond the maximum-density droplet
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~Received 25 November 1998!

We study the possible lowest energy states for spin-polarized electrons in a parabolic quantum dot in the
strong magnetic field, for filling factors 1.n>1/3. We present a variational wave function that correctly
predicts the possible angular momentum values obtained from numerical diagonalizations. The wave function
is optimized using quantum Monte Carlo techniques.@S0163-1829~99!05927-5#
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I. INTRODUCTION

Semiconductor quantum dots~QD! are small devices con
taining a tunable number of electrons in an external confi
ment potential.1 There has been significant progress in t
fabrication of QD’s during the last few years,2 which has
stimulated an increasing interest in investigating the prop
ties of such systems. From the theoretical point of view
QD is an ideal many-electron object for theoretical study
fundamental physical properties of correlated systems.
of the major theoretical goals is to understand the natur
the many-body ground states for various magnetic-fi
strengths.

We use the usual model for a quantum dot: electrons w
an effective massm* are moving in two dimensions and a
confined by a parabolic potential 1/2v0

2r 2. The one-body
problem is similar to the harmonic oscillator one~with fre-
quencyv25v0

211/4vc
2 , wherevc5eB/m* c) and is easily

solved for an arbitrary magnetic fieldB.3 As we concentrate
on the strong magnetic-field limit, the relevant one-parti
states are on the lowest Landau level~LLL !, and these state
can be labeled by the angular momentum eigenvaluel. The
interaction between electrons is included in the Hamilton
by the termse2/er i j , wheree is the dielectric constant of th
material.

The fully spin polarizedN-electron state built from LLL
states of angular momentuml 50, . . . ,N21 is the
maximum-density droplet~MDD! state. In the thermody
namic limit, the MDD corresponds to an integer quantu
Hall state with filling factorn51. The total angular momen
tum L is equal toLMDD5N(N21)/2. The many-body state
for n.1, corresponding to lowest energy states in
weaker magnetic fields, can be easily obtained from a m
fied one-electron picture as presented in Ref. 4. In the st
ger magnetic-field values, the angular momentum is lar
than LMDD and this region corresponds to the fraction
quantum Hall regime in the thermodynamic limit, with fillin
factor defined asn5LMDD /L,1. TheL values of these pos
sible lowest energy states, marked byL* in this paper, do
not contain all possibleL values of the system, but onl
some of them. There is no theory to rigorously predict theL*
values.

There are a number of previous theoretical studies on
n,1 or post-MDD region.7,8,10–14Recently, high quality ex-
periments with a symmetric QD have been done for t
PRB 600163-1829/99/60~3!/1807~4!/$15.00
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region.5 The central theoretical question is mainly related
the angular momentum values of the possible lowest ene
states and also to the topology of these many-body state

The composite fermion~CF! wave function7–9 is the only
‘‘analytic’’ construction the authors are aware of, in then
range that we are currently interested in. The problem w
the CF wave function is that the necessary LLL projection
difficult to calculate. It is possible to formulate the CF theo
using only the LLL.9 In the ‘‘standard’’ formulation of the
CF theory, in which the composite fermions occupy seve
Landau levels of their own and the LLL projection of th
wave function is needed, the possibleL* values are given by
the noninteracting electrons in the reduced magnetic field
the LLL formulation of the CF theory, as presented in Ref.
the L* values are the same as in the standard formulat
The magnetoexciton states of Ref. 11 are presented ma
for 1.n>N21/N11, and for smaller values ofn the mag-
netoexciton states have only a small overlap with the ex
ground states.

II. WAVE FUNCTION

As a consequence of the parabolic potential, the mo
Hamiltonian discussed above can be separated into sumH
5Hcm1H rel ~Ref. 6! where the first term contains onl
center-of-mass coordinates and the second only relative
ordinates. The HamiltonianHcm is exactly soluble. The
Hamiltonian of the relative motion includes the Coulom
interaction and it cannot be exactly solved.

Next we will first discuss the LLL part of the wave func
tion. The LLL one-particle states can be written as

c l}zl expS 2
r 2

2 D , ~1!

where l 50,1,2, . . . is the angular momentum andz5x
1 iy . The length is measured in units ofl 05A\/m* v. If one
omits the electron-electron interaction, the many-body wa
function can be written as a determinant of the one-bo
states above. In this case, the total energy is determine
the total angular momentumL, which is simply a sum over
the l values of the single-particle states.

The determinant of the statesl 50,1,2, . . . ,N21 is
MDD, and it can be written in a compact form as
1807 ©1999 The American Physical Society
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CMDD5)
i , j

N

zi j expS 2(
i 51

N r i
2

2 D , ~2!

wherezi j 5zi2zj . One should note that the phase part of t
MDD wave function contains only relative coordinate
which means that the center-of-mass motion is in the low
state. The total angular momentum of MDD isLMDD
5N(N21)/2, and MDD is the only LLL state with this an
gular momentum value. The state withL5LMDD11 is also
unique, as the only possibility to increase the angular m
mentum of the MDD by 1 is to move the electron from t
l 5N21 state to the state withl 5N. The state withL
5LMDD12 has two configurations, namelyl 5N21˜ l
5N11 or l 5N22˜ l 5N.

If one now includes the Coulomb interaction, the ener
of the N-electron configuration is not the same for all t
configurations with the sameL value. The interaction energ
is smaller for the configurations that have less center-of-m
motion and more relative motion, because the relative m
tion keeps the electrons further away from each other.
this reason, one should restrict the center-of-mass motio
the lowest energy eigenstate. In practice, this requireme
most easily fulfilled by the following coordinat
replacement:10

x1 iy˜ x̂1 i ŷ[~x2xcm!1 i ~y2ycm!, ~3!

wherexcm andycm are the coordinates of the center of ma
This replacement should be done only in the phase par
the single-particle states. The transformation can be un
stood by noting that the excitations of the center-of-m
motion involves the coordinatezcm in the phase part of the
wave function, and the rule of Eq.~3! removes these as

xcm1 iycm˜~xcm2x cm!1 i ~ycm2ycm![0. ~4!

If this transformation is applied to a state without center-
mass motion, the wave function does not change. This
easily be seen in the case of MDD, as

zi j˜~zi2zcm!2~zj2zcm!5zi j . ~5!

The exact LLL wave function for a certain value ofL can
be presented as a linear combination of all the possible c
figurations that have the correct angular momentum. The
efficients can be found, e.g., by the exact diagonaliza
method. The problem with this approach is that the num
of configurations in the expansion increases rapidly a
function of the angular momentum. For this reason, the ex
diagonalization method is limited both by the angular m
mentum and the number of electrons. This further motiva
the search for approximative wave functions that could
used to study larger QD’s also.

We have previously shown15 that up to 98% of the
Landau-level mixing can be captured in a three-electron
by multiplying the LLL multiconfigurational many-body
wave function by two-body correlation factors for each pa

)
i , j

N

J~r i j !, ~6!

where J is a correlation factor of the Jastrow formJ(r i j )
5 exp@arij /(11brij)#, with a andb as variational parameters
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One should note that the functionJ contains only relative
coordinates. This is satisfactory because of the separatio
the Hamiltonian discussed above and because the Coul
interaction changes only theH rel part of the Hamiltonian. If
the Landau-level mixing is properly captured by the Jastr
factors, the task remaining is to find an approximative LL
many-body wave function.

We start constructing the LLL approximative variation
wave function from the single-particle states given in Eq.~1!.
A set of angular momentum values$ l i% i 51

N is selected, and a
Slater determinant is constructed from these. The center
mass motion is restricted to the lowest energy state by u
Eq. ~3!. This results, combined with the correlation factorsJ
discussed above, a variational wave function given by

C5det@$c l%#3)
i , j

N

J~r i j !, ~7!

which can be labeled by the set$ l i% i 51
N . For a certain angular

momentum valueL.LMDD12, there are several differen
possibilities for the set$ l i%. As one moves to higher mag
netic field,L increases and there are more and more unoc
pied values ofl in the set$ l i%. We have found that it is
energetically favorable to have only one region of unoc
pied values ofl. In this way, the number of possible configu
rations is reduced. We have used the quantum Monte C
~QMC! method for finding the optimal parameters16 and
evaluating the energy.

The limitation of the wave function presented above
that as the magnetic field is made stronger, the differenc
energy between different ‘‘starting configurations’’ di
cussed above is reduced. Due to this, the wave func
should be presented as a sum over several configurat
For this reason, the wave function is less accurate for lar
angular momentum values and for more accurate treatm
one should expand the wave function as a sum over sev
configurations.

III. RESULTS

The best test for the variational wave function giv
above is to compare the results obtained with it with the o
from the exact numerical diagonalization. Due to the limi
tions of the exact diagonalization technique, the diagonal
tion can only be done in the LLL for the electron numbe
studied in this work. For this reason, the direct comparis
of the energies is not totally meaningful. A better test for t
presented variational wave function is to compare the an
lar momentum values for the possible lowest energy sta
L* . This comparison can be done also with the CF theo
without calculation of the CF wave function or its energy,
the possibleL* values are given by the simple mean-fie
rule.7–9

In Fig. 1, we compare the result obtained using this wa
function with exact diagonalization for the seven-electr
QD. The parameter values used arem* /m050.067, e
512.4, andB55 T. The confinement and the Zeeman te
are omitted. One can see that the QMC energy is lower
up toL551. After that the error in the LLL part of the QMC
energy is larger than the gain in the energy obtained by
cluding Landau-level mixing. The lines in the figure conne
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the possible lowest energy states.17 The important thing is
that the predictedL* values for the possible lowest energ
states are exactly the same for the diagonalization and fo
proposed variational wave function. One should note thaL
556 is not a possible lowest energy state as claimed in R
8 and falsely predicted by the CF mean-field rule.

In the QMC wave function, the state withL* 528 has one
hole in the center of the dot (l 50 unoccupied!. The rest of
the states havel 50 occupied and from 2 (L* 533) to 7
(L* 563) unoccupied states after that. One should also
tice that the Laughlinn51/3 state18 combined with a Jastrow
factor used above gives clearly the lowest energy. In Fig
we have plotted the radial densityr(r ) for the Laughlinn
51/3 state and for the variational wave function presente
this work. One can see that the density of the Laughli
wave function is more smeared over the whole dot compa
with the present wave function, which has a smaller den
from ;20 nm to;40 nm from the center of the dot. Thi
can be seen as a consequence of having one starting con
ration, unoccupied orbitals corresponding to this region.
the other hand, for the smaller angular momentum valu
the number of unoccupied states is smaller and the errorr
should also be smaller. In Ref. 14 the pair correlation fu
tions for theN56 case are plotted. The one for then51/3
state (L* 545) differs significantly from the ones of smalle
angular momentum values, especially from theL* 535 state
that has a clearer peak in the center of the dot.

In Fig. 3 similar results as in Fig. 1 are presented, but
ten electrons. Same parameters have been used as inN
57 case. The diagonalizations are now limited to a sma
range ofL. Again, one can see that theL* values predicted
are exactly the same. The mean-field rule of the CF theor

FIG. 1. Total energy as a function of the angular momentum
seven electrons. The numerical diagonalization energies are ma
with ‘‘ 1’’ and the QMC energies are marked with ‘‘s.’’ The pa-
rameter values arem* /m050.067,e513.0, \v050, andB55 T.
The vertical lines are drawn for the possible lowest energyL values
L* . The ‘‘L ’’ for L563 is the energy of the Laughlinn51/3 state
with Jastrow correlation factor. The predictedL* values are the
same for diagonalization and QMC. For the states with more t
one hole in the wave function, only theL* and the neighboring
states~with holes moved by one step towards center or edge! are
plotted for clarity.
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not able to predict theL* 561 value.8 The state withL
573 is not a possible lowest energy state as claimed in R
8 and predicted by the CF mean-field rule. The firstL* state
corresponding toL* 555 has again a hole in the center. Th
stateL* 561 hasl 52 and l 53 empty andL* 563 hasl
51 andl 52 empty, and both the states have thus two ho
The rest of theL* states havel 50 and l 51 occupied and
from 3 to 5 unoccupied states after that.

We have previously shown4 that the transition points ob
served in the experiments of Ref. 5 forN56, n.1 are very
well predicted by the QMC simulations. It is interesting
compare the QMC prediction of the transition point from t
MDD to the post-MDD region with the experimental find
ings. In the QMC simulations, we have used the same
rameters as in Ref. 4. Using these, the transition occur
B'10.7 T whereas the experimental value is rather close
10.0 T. It is important to note that the assumption of co
stant, parabolic confinement isnot valid in this experimental

r
ed

n

FIG. 2. The radial densityr(r ) for the Laughlinn51/3 state
and for the variational wave function presented in this work. N
malization is such that 2p*r(r )r dr 5N. The smallr limit has the
worst statistics, and the densities there are less accurate than
large r limit.

FIG. 3. Same as Fig. 1, but for ten electrons.
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setup atB and is stronger than;7 T ~Ref. 19! and if the
parabolic confinement is assumed, the strength of it\v0
should be smaller. We have found that having\v054.25
meV instead of\v054.5 meV predicts the transition at th
correctB value.

IV. CONCLUSION

In summary, a simple variational many-body wave fun
tion for post-MDD states of a parabolic quantum dot is co
structed. The proposed wave function correctly predicts
possible lowest energy angular momentum values, eve
the cases where the mean-field rule of the CF theory fails.
M

s

r

-
-
e
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the other hand, the very good agreement of the CF ener
presented in Ref. 9 for the set ofL values suggest that th
few failures of the CF theory might not be used to judge
CF wave function itself, but that the mean-field rule used
obtainL* values in the CF theory might be questionable.
addition, reasonable agreement with the experimental fi
ings for the stability of the MDD is found in theN56 case.
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