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Abstract 

One of the most effective methods of increasing the impedance bandwidth of narrow-band 

resonant antennas, such as microstrip patches, is adding one or more resonators into an 

antenna structure in order to make it dual-resonant or multiresonant. In this paper, the most 

important electrical design parameters concerning the bandwidth optimization of dual-

resonant patch antennas are systematically analyzed with a lumped-element circuit model. 

Furthermore, it is shown how the impedance bandwidth of a given antenna structure can be 

optimized by adjusting these parameters. Based on the circuit model, novel simple equations 

that enable the prediction of optimal dual-resonant impedance bandwidth are also derived. To 

support the theory, examples with various antenna structures are presented. In a parameter 

study for a stacked shorted patch antenna, it is shown that the electrical parameters of the 

circuit model have real world counterparts as dimensions of a real antenna. It is also shown 

with the circuit model and with a real antenna structure that by exciting two optimally coupled 

resonant modes with equal unloaded quality factors, the impedance bandwidth of a square-

shaped open-circuited microstrip patch antenna can be increased by as much as a factor of 3.4 

without increasing its size. As the last example, three different dual-resonant shorted patch 

antenna realizations are compared with the circuit model and with a full-wave electromagnetic 

simulator. The comparison reveals the existence of a non-radiating resonant mode, which can 

reduce the bandwidth improvement obtained with the studied dual-resonant antenna 

structures. 
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1 Introduction 

Microstrip patch antennas are resonant antennas with many favorable characteristics, such as 

low cost, light weight, and low profile. Their main limitation is narrow impedance bandwidth, 

which is known to be approximately proportional to the volume of the antenna measured in 

wavelengths [1], [2]. Thus, the impedance bandwidth of a basic patch antenna can be 

optimized by selecting a low-permittivity substrate, which maximizes the resonant length of 

the patch, and by maximizing the patch width and substrate thickness (antenna height). 

However, in many applications, such as inside portable radio devices, the space allowed for 

the antenna is limited, which restricts the antenna size. Furthermore, the size may be limited 

by feeding technique, radiation pattern and efficiency related constraints [3]. 

Besides increasing the size, the bandwidth of a microstrip patch antenna can be increased by 

artificially decreasing its efficiency. In many cases, this is, however, unacceptable. Although, 

as pointed out in [4], the manufacturing simplicity of this technique has a definite appeal. In 

some applications, it can outweigh the disadvantage of decreased gain.  

When the size and efficiency are fixed, the bandwidth of a patch antenna can be increased 

significantly only by adding one or more resonators into the antenna structure. Depending on 

the number of added resonators, this leads to dual-resonant or multiresonant antenna 

structures. Typically one resonator is added, which can be realized by adding a lossless 

matching resonator [5]–[11], a stacked parasitic patch [12]�[17] or a coplanar parasitic patch 

[18]�[23]. A resonant slot has also been used [24], and in principle, any resonant structure can 

be used. Adding resonators to an antenna structure will usually increase the design complexity 

and may also increase the manufacturing costs.  

Previously, the design of various dual-resonant patch antenna structures with increased 

bandwidth has been discussed in several papers. The design of aperture-coupled and probe-fed 

open-circuited stacked patches has been treated in [13] and [25], respectively. The effects of 

several geometrical design parameters on the input impedance of a stacked short-circuited 

patch antenna have been discussed first in [17] and more thoroughly in [26]. The design of 

open-circuited patches with coplanar parasitics has been presented in [27]. The effects of 

various geometrical design parameters on the input impedance of a shorted patch with a 

coplanar parasitic have been studied in [22] and [28]. Despite the differences in antenna 
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configurations, the main electrical design parameters can be noticed to have the same effect on 

the impedance behavior of all the dual-resonant antennas presented in the above-mentioned 

papers. Therefore, it is clear that they all can be designed following the same basic principles. 

Although, perhaps noticed by some designers in the antenna industry, to the authors’ 

knowledge this general conclusion has not been drawn and presented in the open literature. 

The basic design principles of dual-resonant antennas can be presented using an equivalent 

circuit model, which can be used as the basis for a simple theory that facilitates the design and 

gives insight into the operation and characteristics of various dual-resonant antenna structures. 

Dual-resonant antennas have the characteristic feature of a doubly looped impedance locus on 

the Smith chart. It is shown in [13], [22], [25]–[27] how the impedance bandwidth can be 

increased by moving the small loop (coupling loop) in the impedance locus to the center of the 

Smith chart. It is also mentioned in [13], [22], [26], [27] that the impedance bandwidth 

depends on the size of the coupling loop. However, to the author’s knowledge, so far a 

connection between the optimal impedance bandwidth, optimal shape of the impedance locus, 

and optimal size of the coupling loop has not been systematically established. Furthermore, it 

has not been clear which characteristics affect the optimal shape of the locus, or how critical 

they are from the bandwidth point of view. 

The impedance bandwidth of small resonant antennas is known to depend on the antenna size 

[29], [30]. Therefore, any extra bandwidth, obtained by optimizing the antenna performance, 

can be traded off for smaller size. The constant requirements to decrease the antenna size and 

to increase the number of antenna elements that can be fitted into a given volume make 

bandwidth optimization especially important in the case of internal mobile phone antennas, 

which is currently one of the main application areas of microstrip type small antennas. 

Irrespective of the application, decreased antenna size obtained through bandwidth 

optimization is favorable as it reduces the material costs and weight of the antennas. 

The purpose of this paper is to present a unified theory for the optimization of impedance 

bandwidth of dual-resonant patch antennas. The theory is based on a simple lumped-element 

circuit model, which can be used in the presented form at least for both open-circuited and 

short-circuited stacked patches, patches with a coplanar parasitic patch, and patches with one 

lossless matching resonator. The purpose of the circuit model is to provide information that 

helps reducing the number of iterations required to optimize the bandwidth of a given dual-

resonant antenna structure either experimentally or with a full-wave electromagnetic 
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simulator. In the paper, the circuit model is used to systematically identify and analyze the 

most important electrical design parameters concerning the bandwidth optimization of dual-

resonant patches. It is also shown on the Smith chart, which is a very useful tool in the design, 

how the main design parameters affect the input impedance of the antenna, and how these 

parameters can be used in the design and optimization. Furthermore, it is shown that the 

impedance locus of a bandwidth-optimized dual-resonant patch has a certain shape on the 

Smith chart, and therefore a quick look at the impedance result will tell the designer how well 

the antenna is optimized. Based on the circuit model, novel equations enabling e.g. literature-

based bandwidth predictions are derived and presented. It will also be shown in the paper that 

the electrical parameters of the model have real world counterparts as dimensions of a real 

antenna. This verifies the model and also shows some of its limitations. The use of the circuit-

model also reveals a potential problem of dual-resonant and multiresonant antennas, which to 

the authors’ knowledge has not been discussed to this extent previously in open literature. 

Microstrip patch antennas are used as examples of resonant antennas throughout the paper. It 

is, however, clear that the presented main principles apply to all dual-resonant antennas that 

can be adequately modeled with simple resonant circuits. 
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2 Circuit Model for Dual-Resonant Patch Antennas 

2.1 DESCRIPTION OF MODEL 

As an example of dual-resonant patch antennas, the stacked shorted patch antenna is shown in 

Fig. 1a. It consists of a driven lower patch, a parasitically coupled upper patch, and two short-

circuiting elements. One of the short-circuiting elements connects the lower patch to the 

ground plane; the other one connects the upper patch to the shorted end of the lower patch or 

directly to the ground plane. In this case, the antenna is fed by a probe. Other feeding methods 

are of course also possible. In Fig. 1a, the heights h1 and h2 are measured from the upper 

surface of the ground plane to the lower surface of the corresponding patch. The patch lengths 

l1 and l2 are measured from the inner surface of the shorting plate to the open end of the 

corresponding patch. 

Near the resonant frequency, the impedance characteristics of an open-circuited or a short-

circuited patch antenna (or planar inverted-F antenna / PIFA) can be modeled as a parallel 

resonant circuit [31], [32]. The single resonator model can be extended to dual-resonant 

antennas by adding to it another resonant circuit, which represents the parasitic patch. Based 

on the impedance behavior on the Smith chart, this can be done by adding a series resonant 

circuit which is coupled to the driven resonator by an ideal transformer as shown in Fig. 1b 

[26], [33]. In the model of Fig. 1b, the resonators have to be of different type in order to 

describe a dual resonance. Otherwise, the circuit can be easily simplified into a single-

resonant circuit. A model equivalent to that of Fig. 1b can be obtained by replacing the second 

ideal transformer and the series resonant circuit in Fig. 1b by an admittance inverter and 

parallel resonant circuit. The admittance inverter can be further approximated e.g. by a series 

capacitor as in [34], [35]. Another equivalent alternative to the model of Fig. 1b can be 

obtained with two impedance inverters and two series resonators [36]. Lumped-element 

circuit models for various dual-resonant patch antennas have also been presented in [2], [8], 

[10], [11], [34], [35]. The model used in [8], [10], [11] is only intended for the design of a 

non-radiating matching circuit. The model of Fig. 1b is here preferred to those of [2], [34], 

[35] because it allows the derivation of simple equations for the optimal bandwidths of dual-

resonant antennas, which is one of the main results of this paper. The model of Fig. 1b is also 

more general than those of [2], [34], [35] and enables a demonstration of all the main 

parameters needed in the bandwidth optimization. 
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Figure 1. a) Geometry of a stacked shorted patch antenna. b) Circuit model for a dual-

resonant patch antenna. 
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where k1 = 2
1N  and k2 = 2

2N . The first ideal transformer in the model represents the coupling of 

the feed to the driven patch. The value of the coupling coefficient k1 increases as the coupling 

gets stronger. For example, in Fig. 1a this is equivalent to moving the feed probe away from 

the short circuit and towards the open end of the patch (d increases). The second transformer 

represents the coupling between the driven and the parasitic patch. The value of k2 increases, 

as the coupling gets stronger. For example, the coupling between the patches of a stacked 

shorted patch antenna can be adjusted by varying the distance between the open ends of the 

patches as will be shown later in the text. The component values of the parallel and series 

resonant circuit in Fig. 1b and in Eq. (1) are related to the unloaded quality factors of the 

resonators as given by Eqs. (2) and (3), respectively [37]. 
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In Eqs. (2) and (3), Zr1 and Zr2 are the angular resonant frequencies of the driven (lower) and 

parasitic (upper) patch, respectively (see Fig. 1a). The unloaded quality factors of the lower 

and the upper patch are denoted by Q01 and Q02, respectively. The main parameters that are 

used to study the behavior of the model are fr1, fr2, k1, k2, Q01, and Q02. When the input imped-

ance of a probe-fed patch antenna is modeled, the series inductance of the probe Lp can be 

used as the first component in the circuit. To provide a more general presentation and to show 

the effects of the main parameters more clearly, Lp is removed from the circuit at this point 

(Lp = 0). However, its effect will be discussed later in the text. For the calculations, the 

inductances of L1 and L2 have been normalized to L1 = L2 = 1/2S. This affects the values of k1 

and k2, which are required for a certain response. Furthermore, the center frequency of the 

model has been normalized to fc = 1 and the reference impedance level to Z0 = 1.  

2.2 BANDWIDTH ENHANCEMENT FACTOR 

The increase of bandwidth obtained with a dual-resonant antenna can be described using the 

bandwidth enhancement factor F calculated from 
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 ,         (4) 

where Bdr is the bandwidth of the studied dual-resonant antenna, and Bsr,opt is the bandwidth of 

an optimized single-resonant reference antenna. Bsr,opt can be calculated from  
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where S is the maximum allowed voltage standing wave ratio (VSWR), and Q0 is the unloaded 

quality factor of the antenna. Eq. (5) can be obtained from Eqs. (6) and (8) of [7] (or by 

simplifying Eq. (21) of [38]). Because the bandwidth of a patch antenna depends on its size in 

wavelengths, the single-resonant and dual-resonant antennas should be equal in size to obtain 

a fair comparison. 

Figure 2 shows examples of bandwidth enhancement factors (F) as a function of the ratio of 

the resonant frequencies of the resonators (fr2/fr1) when Lp = 0. The values of Bdr needed for 
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the calculation of the curves of Fig. 2 have been obtained with the model of Fig. 1b (Lp = 0) 

by testing all relevant value combinations of k1 and k2 at each value of fr2/fr1. The unloaded 

quality factors used in the calculations are Q0 = 14.9 and Q01 = Q02 = 23.9. The first one is for 

a single-resonant reference antenna. The last two are for a shorted patch with a coplanar 

parasitic. They were obtained in [33] by dividing the reference antenna into two narrower 

equally sized patches. The quality factors were approximated from [32] (p. 174, Fig. 5.9) for 5 

mm-thick (0.03O0) shorted patches with the width-to-length ratios w/l = 1 (Q0 = 14.9) and 

w/l = 0.5 (Q01 = Q02 = 23.9). It is assumed in the calculations that the Q0 of an isolated patch 

antenna can be used to approximate that of the same patch with another patch positioned in its 

proximity. For a stacked shorted patch, Q01 and Q02 are not likely to be equal, but using more 

appropriate values, such as Q01 = 28.7 and Q02 = 9.3, would cause only minor changes in the 

main results of Figs. 2 to 6. Therefore, the selected values Q0 = 14.9 and Q01 = Q02 = 23.9 can 

be used to illustrate the basic behavior of the model for both coplanar and stacked dual-

resonant patches. In some calculated cases, two separate bands were obtained. In those cases, 

the band with the larger relative bandwidth was selected. Fig. 2 shows that in the case Lp = 0, 

the maximum bandwidth enhancement factor (Fmax) for the circuit of Fig. 1b is obtained when 

fr1 = fr2. According to simulations, when Lp = 0, the frequency ratio at which F reaches its 

maximum does not depend on the Q0s of the resonators or the used matching requirement. 
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Figure 2. Bandwidth enhancement factor (F) as a function of resonant frequency ratio (fr2/fr1) 

for matching requirements Lretn t 10 dB and Lretn t 6 dB (Q0 = 14.9, Q01 = Q02 = 23.9). 

2.3 OPTIMAL SHAPE OF IMPEDANCE LOCUS 

The optimal shape of the impedance locus (on the Smith chart), which gives the maximum 

bandwidth, can be determined by selecting the coupling coefficients k1 and k2 that in Fig. 2 

give the largest bandwidth enhancement factor and by plotting the reflection coefficient as a 
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function of frequency. Figure 3a shows the optimized reflection coefficients when the 

matching requirements are Lretn t 10 dB (solid line) and Lretn t 6 dB (dashed line). The opti-

mal coupling coefficients for Lretn t 10 dB are k1,opt = 1.317 u 10�1 and k2,opt = 8.855 u 10�3. 

For Lretn t 6 dB, they are k1,opt = 1.958 u 10�1 and k2,opt = 2.291 u 10�2. As shown in Fig. 3a, 

the maximum bandwidth is obtained when the small loop in the impedance locus (coupling 

loop) is just slightly smaller than the largest loop that would fit inside the circle representing 

the minimum allowed return loss (e.g. Lretn t 10 dB, dashed circle). The shapes of the optimal 

impedance loci for matching requirements Lretn t 10 dB and Lretn t 6 dB are almost identical, 

their sizes have only been scaled according to the minimum allowed Lretn. The optimal size of 

the coupling loop depends on the ratio Q01/Q02, as shown is Fig. 3b. The size of the loop is the 

smallest when Q01/Q02 is the smallest and the largest when Q01/Q02 is the largest. The values 

of Q01 and Q02 have no effect on the optimal shape of the locus as long as their ratio is 

constant. When the values of Q01 and Q02 change, the optimal impedance bandwidth changes, 

and the frequency points slide along the optimally shaped locus. Regardless of the ratio 

Q01/Q02, when Lp = 0, the optimal input impedance at the center frequency is always Z0/S for 

the circuit of Fig. 1b. As shown in Fig. 3b, when Q01 = f, the input impedance at the upper 

and lower bound of the impedance band is Z0S. 
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Figure 3. a) Optimized frequency responses of reflection coefficient and optimized input 

impedance loci for the dual-resonant circuit of Fig. 1b when matching requirements are 

Lretn t 10 dB (solid) and Lretn t 6 dB (dashed), (Q01 = Q02 = 23.9 and fr1 = fr2 = fc = 1). 

Dashed circle on the Smith chart represents Lretn = 10 dB and dashdot circle Lretn = 6 dB. 

b) Optimized input impedance loci for the dual-resonant circuit of Fig. 1b when Q01 = Q02 

and when the first resonator is lossless (Q01 = f). Dashed circle on the Smith chart 

represents Lretn = 10 dB. 
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The impedance bandwidth of a dual-resonant antenna with given Q01 and Q02 depends on the 

size and position of the coupling loop relative to the circle representing minimum allowed 

return loss. This can be seen in Fig. 4a which shows examples of frequency responses of 

reflection coefficient for an optimal case with F | 2.2 (thick solid line), two nearly optimal 

cases with F | 2.0 (thick dashed and dashdot line), and two poorly optimized cases (thin solid 

and dashed line). Figure 4a also shows that the size of the coupling loop on the Smith chart 

can vary considerably without a major reduction of bandwidth from the optimum value as 

long as the coupling of the feed to the driven resonator (k1) is adjusted so that the small loop 

touches the circle representing the minimum allowed return loss at the center frequency (in 

Fig. 4a, Zin(f = fc) = Z0/S). If k1 is too small or too large, the bandwidth will be substantially 

reduced. When k1 is too large, as in Fig. 4a (thin solid line), the behavior of a dual-resonant 

antenna structure can be easily confused with that of a single-resonant antenna, if only the 

magnitude of the reflection coefficient is studied. As shown already in Fig. 3b, the optimal 

size of the coupling loop depends somewhat on the ratio Q01/Q02. Generally, however, good or 

nearly optimal results are obtained in typical cases (Q01 t Q02) always when the size of the 

coupling loop is approximately equal or preferably just slightly smaller than the size of the 

return loss circle. 

A more general perspective on optimizing a dual-resonant impedance response can be 

obtained by plotting the bandwidth enhancement factor (F) as a function of the coupling 

coefficients k1 and k2, as in Fig. 4b. It confirms that significant increase of bandwidth (F t 2) 

can be obtained over a fairly broad range of k2 values as long as the coupling between the feed 

and the driven patch (k1) is adjusted accordingly. This can also be seen in Fig. 4c, which 

shows the bandwidth enhancement factor as a function of k2 for optimal values of k1. 

According to Fig. 4b, too strong coupling between the feed and the driven resonator (too large 

k1) and too weak coupling between the resonators (too small k2) are less critical from the 

optimal bandwidth point of view than the opposite cases. Plots like the ones in Figs. 4b and 4c 

can be obtained using Eqs. (A11) and (A14) presented in Appendix A. 



 14 

0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1
−45

−40

−35

−30

−25

−20

−15

−10

−5

0

Normalized frequency

S
11

 (
dB

)

k
1
 = 0.1317, k

2
 = 0.0089, F = 2.16

k
1
 = 0.0942, k

2
 = 0.0058, F = 2.00

k
1
 = 0.1695, k

2
 = 0.0119, F = 2.00

k
1
 = 0.2204, k

2
 = 0.0089, F = 1.13

k
1
 = 0.0652, k

2
 = 0.0035, F = 1.63

  
(a) 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

0.005

0.01

0.015

0.02

0.025

0.03

k
1

k 2

0.8

0.6

F = 0.4

0.6

0.4

2
1.8

1.6
1.4

1.2
1.0

1.0

0.4

0.6
0.8

0.8

0.6

0.4

 
0 0.004 0.008 0.012 0.016 0.02

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

k
2

F

 
(b) (c) 

Figure 4. a) Optimal (F | 2.2), nearly optimal (F | 2.0), and poorly optimized (F | 1.0 and 

F | 1.6) frequency responses of reflection coefficient for the model of Fig. 1b. b) Bandwidth 

enhancement factor (F) as a function of coupling coefficients k1 and k2. c) F as a function of 

k2 when k1 has been optimized (In all graphs Q0 = 14.9, Q01 = Q02 = 23.9, fr1 = fr2 = 1, and 

Lp = 0). 

2.4 OPTIMIZATION OF IMPEDANCE LOCUS ON SMITH CHART  

Next, it will be shown how the impedance locus of a dual-resonant antenna with given Q01 

and Q02 can be optimized by adjusting the resonant frequencies of the driven and parasitic 

resonator (fr2 and fr1) and the coupling coefficients k1 and k2. This part is based on a previous 

paper by the authors [26]. Similar, supporting results have later been presented also in [35].  

2.4.1 Resonant Frequencies of Resonators 

Figure 5a shows how changing the resonant frequency of the parasitic resonator (fr2) from 

0.9fr1 to 1.1fr1 affects the size and the position of the coupling loop on the Smith chart. The 

coupling coefficients k1 and k2 have optimal values. When fr2 = fr1, the impedance locus is 
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symmetrical relative to the real axis of the Smith chart, and the coupling loop has an optimal 

size and position inside the circle representing minimum acceptable return loss (thick solid 

line). The loop shifts towards the low frequency end of the impedance locus when fr2 < fr1 and 

towards the high frequency end of the impedance locus when fr2 > fr1 (f increases clockwise 

along the impedance locus). In both cases, the shift is the larger, the larger the difference of 

the resonant frequencies is. Furthermore, the size of the coupling loop decreases as it moves 

away from the optimal position. Thus, we may conclude that the position of the coupling loop 

can be optimized by adjusting the relative resonant frequencies of the parasitic and the driven 

resonator fr2/fr1. 

2.4.2 Coupling Between Feed and Driven Resonator 

Figure 5b shows how varying the coupling between the feed and the driven resonator (k1) 

affects a dual-resonant impedance locus. As in the case of a single resonator, the size of the 

large loop of the impedance locus increases with coupling making it possible to adjust the 

position of the coupling loop. When the coupling loop is in optimal position (thick solid line), 

the feed is overcoupled to the driven resonator. In addition, it seems that the size of the 

coupling loop reaches its maximum, when the feed is optimally coupled to the driven 

resonator. As shown in Figs. 5a and 5b, fr2/fr1 and k1 are the only parameters needed to move 

the coupling loop to the optimal position inside a given return loss circle on the Smith chart. 

2.4.3 Coupling Between Resonators 

Figure 5c shows the effect of varying the coupling between the driven and parasitic resonator 

(k2). The additional small loop on the Smith chart, which is a characteristic feature of dual-

resonance, is called the coupling loop because its size is proportional to the coupling between 

the driven and parasitic resonator. The size of the coupling loop is the larger, the stronger the 

coupling between the resonators is. Optimization of the coupling loop size is important 

because the impedance bandwidth depends on it, as presented in Sec. 2.3.  
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Figure 5. Effects of the main design parameters on the input impedance locus of the dual-

resonant circuit of Fig. 1b (Q01 = Q02 = 23.9). a) Effect of resonant frequency ratio (fr2/fr1) 

(k1 = k1,opt = 1.317 u 10�1 and k2 = k2,opt = 8.855 u 10�3). b) Effect of coupling between feed 

and driven resonator (fr1 = fr2 and k2 = k2,opt). c) Effect of coupling between resonators 

(fr1 = fr2 and k1 = k1,opt). 

2.4.4 Summary 

Concerning the optimization of the impedance bandwidth, the most important electrical pa-

rameters of a dual-resonant patch antenna are the Q0s and the relative resonant frequencies of 

the resonators, the coupling between the feed and the driven resonator, and the coupling be-

tween the resonators. The Q0s are important because they define the bandwidth potential of 

the antenna. The design approach used in this work is based on positioning an optimally sized 

coupling loop on the Smith chart inside the circle that represents the minimum allowed Lretn 

(see e.g. Fig. 3a). Fig. 5 shows the importance of the other mentioned parameters (fr1/fr2, k1, 

and k2): they are the only ones needed to move the coupling loop from any point on the Smith 

chart to its center and to optimize the size of the loop for any matching requirement. In 

practice, the first task in the design process is to identify the primary geometrical parameters 

of a given antenna structure that control the mentioned electrical parameters. After that, the 

design and optimization are fairly straightforward following the principles presented in this 

section. There may of course be practical limitations in the design of various dual-resonant 

antenna configurations. For example, it may not be possible to implement the necessary cou-

pling coefficients in all cases, such as for very thick probe-fed stacked patches. 
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2.5 FEED REACTANCE  

The series inductance of the probe Lp is typically included in a lumped-element circuit model 

of a probe-fed patch to improve its accuracy in describing the input impedance, although there 

are also models where it has been neglected [34], [35]. In the beginning of this paper, Lp was 

removed from the model of Fig. 1b to show the effects of the main parameters  (fr2/fr1, k1, and 

k2) more clearly. The effect of Lp on the maximum bandwidth of a dual-resonant antenna can 

be seen in Fig. 6a, which shows the bandwidth enhancement factor as a function of the 

resonant frequency ratio of the resonators for seven different normalized series reactances 

(x = �3, �2, �1, 0, 1, 2, and 3 at f = 1). The effect of Lp on the maximum bandwidth enhance-

ment factor (Fmax) seems to be fairly small (< 10 %) for typical inductance values, such as 

1…12 nH (which correspond to normalized series reactances of 0.2…2.7 at 1.8 GHz). When 

the input reactance is 0, Fmax is obtained when fr1 = fr2. With an inductive input reactance 

(x > 0), Fmax is obtained when fr2 > fr1. It is also possible to feed a patch antenna capacitively. 

With a capacitive input reactance (x < 0), Fmax is obtained when fr2 < fr1. In Fig. 6a, the 

relative widths of the curves obtained with inductive and capacitive reactances are equal (e.g. 

at the level F = 1.6). For all the values of F in Fig. 6a, the center frequency of the circuit 

model fc | 1. 

Figure 6b shows the effects of five normalized series reactances (x = �3, �1, 0, 1, and 3 at 

f = fc = 1) on the input impedance of the dual-resonant circuit of Fig. 1b. It is well known that 

a positive series reactance shifts all impedances on the Smith chart towards larger inductive 

reactance values along the constant resistance circles. By using the information given in 

Figs. 5 and 6, the effect of a typical series reactance can be compensated and the coupling 

loop can be moved back to the optimal position in the center. For example, in this case 

(Q01 = Q02 = 23.9) the effect of the normalized series reactance x = 1 can be compensated by 

increasing fr2 by approximately 7 % (see Fig. 6a, thick dashed line) and by increasing k1 and k2 

slightly. Another and perhaps a better approach, which leads to the same end result, is the 

following. It is known that adding an inductive series reactance to a simple parallel resonant 

circuit increases the frequency at which the magnitude of the input reflection coefficient 

reaches its minimum. Therefore, by using this frequency as fr1 and then by setting fr1 = fr2, the 

coupling loop is automatically centered so that it is only necessary to adjust k1 and k2 in order 

to optimize the impedance bandwidth.  
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Figure 6. a) Bandwidth enhancement factor (Lretn t 10 dB) as a function of fr2/fr1 for seven 

normalized series input reactances (x), (Q01 = Q02 = 23.9, Q0 = 14.9). b) Effect of series input 

reactance (x) on the input impedance locus of the circuit of Fig. 1b. Values of other parame-

ters: Q01 = Q02 = 23.9, fr1 = fr2 = 1, k1 = k1,opt = 1.317 u 10-1, and k2 = k2,opt = 8.855 u 10-3. 

2.6 EQUATIONS FOR OPTIMAL IMPEDANCE BANDWIDTH OF DUAL -RESONANT ANTENNAS 

Based on the model of Fig. 1b and the information presented in Sec. 2, it is possible to derive 

a simple approximate equation for the optimal relative impedance bandwidth of dual-resonant 

patch antennas (Bdr,opt). The optimal bandwidth depends only on the unloaded quality factors 

of the resonators (Q01 and Q02) and the maximum allowed voltage standing wave ratio 

(VSWR d S). When both Q01 and Q02 have finite values, the optimal dual-resonant bandwidth 

can be calculated from 
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In the case of a lossless resonant matching circuit, i.e. Q01 = f, Eq. (6) simplifies to 
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The derivation of Eqs. (6) and (7), which is presented in Appendix A, assumes that Lp = 0 and 

fr1 = fr2. These assumptions were shown above to give the optimal bandwidth for the model of 

Fig. 1b. It was also shown above that typical values of Lp have only a minor effect on the 

optimal bandwidth. Therefore, in typical cases the effect of Lp can be neglected in the 
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predictions of optimal bandwidth as long as it is kept in mind that this will make the 

predictions slightly optimistic and that the prediction error increases as Lp increases. 

Exchanging the order of the resonant circuits and ideal transformers in the model of Fig. 1b 

leads to the same equations for optimal bandwidth as Eqs. (6) and (7). Equation (7) has also 

been obtained in [10] for an open-circuited patch antenna with a series resonant matching 

circuit. To the authors’ knowledge, the more general result given by Eq. (6) has not been 

published prior to this in open literature. It can be shown that Eqs. (5), (6), and (7) fully agree 

with the results presented by Fano in [39]. 
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3 Parameter Study for Stacked Shorted Patch Antenna 

3.1 MODEL 

In this section, the main design parameters concerning the input impedance of a stacked short-

circuited patch antenna are discussed to support the theory presented in Sec. 2. To obtain a 

simulation model for the parameter study, an 8.2 mm-thick stacked shorted patch antenna was 

first designed using IE3D (Ver. 5.2), which is a commercial method of moments -based 3D 

full-wave simulation software. The antenna was then constructed and measured to test the 

simulation model. As shown in Fig. 7a, the measured and the simulated results agree very 

well. The dimensions of the antenna are given in Fig. 7b (see also Fig. 1a). The patches of the 

prototype were made from tin bronze (V = 0.8 u 107 S/m) and the ground plane from copper 

(V = 5.8 u 107 S/m). The feed probe was gold-plated (V = 4.1 u 107 S/m). As a conservative 

estimate based on [40], the surface roughness of the metals was taken into account by 

doubling their surface resistance in the simulation model. To reduce the computation time, the 

antenna model was simulated on an infinite ground plane. In the measurements, the infinite 

ground plane was approximated by positioning the antenna element on a large 0.5 m u 0.5 m 

ground plane. Based on the agreement between the simulated and measured results shown in 

Fig. 7a, it may be assumed that the model predicts changes in the input impedance with 

sufficient accuracy when the dimensions of the antenna are varied.  

As shown in Fig. 7a, a continuous band, where Lretn t 10 dB, was not quite obtained with the 

dimensions given in Fig. 7b. According to Fig. 7a, there was approximately a 0.5 dB-dif-

ference between the simulated and measured results near 1.8 GHz. To obtain the desired 

match over the joined bandwidths of the two resonances, the dimensions of the antenna model 

were slightly adjusted, and near 1.8 GHz, a 1 dB-margin was intentionally left to the improved 

design. Its dimensions are given in Fig. 8d. The improved design is used as the starting point 

for the parameter study, where it is referred to as the optimized antenna (thick solid line in 

Figs. 8 and 10). Next, the geometrical parameters of the optimized design are varied one at a 

time to see their effects on the input impedance. 
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Figure 7. a) Measured and simulated frequency responses of reflection coefficient for the 

stacked shorted patch antenna with dimensions given in Fig. 7b. Dashed circle on the Smith 

chart represents Lretn = 10 dB. b) Design parameters for an 8.2 mm-thick stacked shorted 

patch antenna (t denotes thickness of the patch metal). All dimensions are in millimeters. 

Diameter of the feed probe is 1.3 mm. 
 

3.2 RESONANT FREQUENCIES OF PATCHES 

Figure 8a shows the impedance behavior of the stacked shorted patch antenna when the length 

of the lower patch (l1) is varied in 1 mm steps. As l1 is decreased from the optimal value of 

39.9 mm, the resonant frequency of the lower patch (fr1) increases. This decreases the ratio of 

the resonant frequencies of the upper and the lower patch (fr2/fr1), which causes the coupling 

loop to shift from the optimal position (thick solid line) towards the low-frequency end of the 

impedance locus (dashed line and thin solid line). When l1 is increased, fr1 decreases, fr2/fr1 

increases, and the coupling loop shifts in the opposite direction, towards the high-frequency 

end of the impedance locus, as explained in Sec. 2.4 (dashdot and dotted lines). 

Figure 8b shows the impedance behavior of the stacked shorted patch antenna when the length 

of the upper patch (l2) is varied in 1 mm steps. As l2 is decreased from the optimal value of 

33.4 mm (thick solid line), the resonant frequency of the upper patch increases. This increases 

fr2/fr1 and causes the coupling loop to shift from the optimal position towards the high-

frequency end of the impedance locus (dashed line and thin solid line). When l2 is increased, 

fr2 decreases, fr2/fr1 decreases, and the coupling loop shifts towards the low-frequency end of 

the impedance locus, again as explained in Sec. 2.4 (dashdot and dotted lines). 
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Figure 8. Effects of three geometrical parameters on the input impedance locus of the 

optimized stacked shorted patch antenna. a) Effect of lower patch length (l1). b) Effect of 

upper patch length (l2). c) Effect of distance from short circuit to feed probe (d). Dashed 

circles on the Smith charts represent Lretn = 10 dB. d) Design parameters for the optimized 

stacked shorted patch antenna (thick solid line). Parameter t denotes thickness of the patch 

metal. All dimensions are in millimeters. 
 

The shapes of the impedance loci on the Smith chart of Fig. 8a are very similar to those of 

Fig. 8b. For example, increasing l1 has a similar effect on the position of the coupling loop as 

decreasing l2. Based on Sec. 2.4, this is an expected result because in both cases the ratio fr2/fr1 

increases. However, there is also a significant difference, i.e., increasing l1 will decrease the 

center frequency (fc) of the whole antenna whereas decreasing l2 will increase it. Finally, it 

may be concluded that to obtain a well-tuned dual-resonant stacked shorted patch, i.e., to 

center the coupling loop, the relative lengths of the patches (and thus fr2/fr1) must be 

optimized. The same result was also obtained in Sec. 2.4 (Fig. 5a). 

3.3 COUPLING BETWEEN FEED AND DRIVEN PATCH  

Figure 8c shows the impedance behavior of the stacked shorted patch antenna when the 

coupling between the feed and the driven patch (k1) is varied by changing the distance from 

the short circuit to the feed probe (d) in 2 mm steps. The behavior is similar to that of a 

traditional single-resonant shorted patch antenna and also well described by the model of 

Fig. 1b in Fig. 5b. The size of the large loop of the impedance locus decreases (k1 decreases) 

as the probe is moved towards the shorted edge (dashed and thin solid line) and increases (k1 

increases) as the probe is moved towards the open edge of the patch (dashdot and dotted 

lines). 
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3.4 COUPLING BETWEEN PATCHES 

As mentioned in Sec. 2, a method of controlling the coupling between the driven and the 

parasitic patch (i.e. the size of the coupling loop) is needed to optimize the impedance 

behavior of a dual-resonant patch antenna. The position of the coupling loop should remain as 

close to the original while its size changes. It seems that the size of the coupling loop of a 

stacked shorted patch antenna is mainly affected by the separation between the open ends 

(electric field maximums) of the patches. Thus, the coupling happens mainly through the 

fringing fields of the patches and can be controlled by moving the upper patch and upper short 

circuit closer to the open end of the driven patch (Fig. 9a) or further away from it (Fig. 9b). 

The first case is here called forward offset and the second case backward offset. Backward 

offset can also be realized with separate shorting elements (Fig. 9c). 

 

a

 
(a) 

a

 
(b) 

a

 
(c) 

Figure 9. Stacked shorted patch antenna with offset parasitic: (a) forward offset, (b) backward 

offset, and (c) backward offset with separate short circuits. 
 

Figure 10a shows the effects of forward and backward offsets on the input impedance of the 

stacked shorted patch antenna (see also Fig. 5c). The configurations of Figs. 9a and 9b are 

used in Fig. 10a. The coupling between the patches decreases, when the open end of the upper 

patch is moved away from that of the lower patch as in Fig. 9b. At the same time, the coupling 

loop shifts slightly towards the high-frequency end of the impedance locus indicating a slight 

increase in fr2. When the open ends of the patches are moved closer to each other, as in Fig. 

9a, the coupling between the patches increases. At the same time, fr2 decreases slightly. If 

necessary, the coupling can be further increased from that obtained with the offsets by adding 
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a narrow metal strip between the patches, as presented in [41] for coplanar patches. The 

weakest coupling in that case is obtained when the metal strip is between the short circuits. 

The coupling increases as the strip is moved towards the open ends of the patches. For stacked 

patches, this method has been used in [15]. 
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Figure 10. Effects of three geometrical parameters on the input impedance locus of the 

optimized stacked shorted patch antenna. a) Effect of offset between patches (a). b) Effect of 

lower patch height (h1). c) Effect of upper patch height (h2). Dashed circles on the Smith 

charts represent Lretn = 10 dB. 

 

Another way of affecting the distance between the open ends of the patches is changing the 

heights of the patches. The effect of the lower patch height (h1) on the input impedance of the 

stacked shorted patch antenna is shown in Fig. 10b. When h1 is decreased from the level 

selected here as optimal (thick solid line), the size of the coupling loop decreases (dashed line 

and thin solid line). This indicates a decrease of coupling, which is assumed to be caused 

mainly by the increasing vertical distance between the open ends of the patches. The loop also 

shifts towards the low-frequency end of the impedance locus. This happens because fr1 in-

creases as h1 decreases [32] (l1 is constant). Each time h1 has been changed, the length of the 

feed probe has also been changed accordingly. The “rotation” of the whole impedance locus is 

caused by the change in the probe inductance, which decreases as the probe length decreases. 

When h1 is increased, the size of the coupling loop increases (dashdot and dotted lines), the 

loop shifts towards the high-frequency end of the impedance locus, and the whole locus 

rotates in the opposite direction as when h1 was decreased.  
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The effect of the upper patch height (h2) on the impedance locus is shown in Fig. 10c. As h2 

decreases, the distance between the open ends decreases and the coupling between the patches 

increases. At the same time, the coupling loop shifts towards the high-frequency end of the 

impedance locus (dashed line and thin solid line) because fr2 increases as h2 decreases (l2 is 

constant). The size of the coupling loop increases (dashed and thin solid line) only a little 

because the increase is compensated by the decrease that happens when the loop shifts 

towards the high-frequency end of the impedance locus (Figs. 8a and 8b). As h2 is increased 

from the optimum, the distance between the open ends increases and the coupling between the 

patches decreases (dashdot and dotted line). The coupling loop shifts towards the low-

frequency end of the impedance locus because fr2 decreases as h2 increases. 
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4 Application Examples 

This section presents examples where the model of Fig. 1b and Eqs. (4)�(7) are used to es-

timate the optimal impedance bandwidths and bandwidth enhancement factors (F) obtained 

with several dual-resonant patch antenna configurations. As can be observed from Eq. (6), the 

impedance bandwidth of a dual-resonant patch antenna is the wider, the lower Q01 and Q02 

are. If Q01 is infinite and Q02 has an arbitrary but finite value, F = 2.3 is obtained (bandwidth 

criterion Lretn t 10 dB or VSWR d 1.92). If the first resonator can be made to radiate (or has 

other undesired losses), Q01 decreases and F increases. In ideal case, Q01 = Q02 and F = 3.5 

(Lretn t 10 dB). With just two radiating resonators, this is already rather close to the ultimate 

limit of Fmax = 3.9 obtained with an infinitely large lossless matching circuitry [39], [7]. 

According to [39], an optimized matching circuit comprising at least five additional lossless 

resonators is needed to obtain F = 3.5. Based on the theory presented above, it seems 

reasonable from the impedance bandwidth point of view to make also the driven resonator 

radiate as well as possible. 

4.1 DUAL -RESONANT MODIFIED MICROSTRIP PATCH ANTENNA 

Without increasing the antenna size, the largest bandwidth enhancement factor that can be 

obtained with a lossless dual-resonant microstrip patch type of antenna is obtained with an 

antenna structure where in addition to the fundamental resonance, it is possible to excite an-

other resonance with fr and Q0 equal to those of the fundamental resonance. In practice, this 

can be done by exciting two nearly orthogonal resonant modes in an open-circuited patch in a 

similar manner as in the design of single feed circularly-polarized patch antennas [42]. 

Furthermore, the coupling between the resonant modes and the coupling of the feed to the 

driven mode must be optimized to maximize the bandwidth, as explained in Sec. 2. The an-

tenna studied in [43] is used here as an example of these antenna types. It is noted that here we 

are concentrating only on the impedance bandwidth. The radiation characteristics of the an-

tenna of [43] change with frequency, thus the pattern properties limit its usefulness in many 

applications. The model of Fig. 1b can be used to describe only the input impedance of the an-

tenna presented in [43]. The resonant frequencies of the two resonant modes of the antenna 

are controlled by varying the corresponding lengths of the sides of the patch (l1 and l2 in Fig. 

11a). The coupling of the feed to the driven mode is controlled by varying the distance from 
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the center of the probe to the radiating edge of the driven mode (xp). The coupling between the 

resonant modes is controlled by varying the size of the square removed from the corner of the 

patch (d1 and d2).  
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Figure 11. a) Geometry of a microstrip patch antenna. Dimensions (in millimeters) for opti-

mized b) single-resonant and c) dual-resonant microstrip patch antennas. Probe diameter is 

1.3 mm in both cases. d) Frequency responses of reflection coefficient for optimized dual-

resonant and single-resonant patches. Component values for the equivalent circuit of single-

resonant antenna: Lp = 2.11 nH, k1 = 1, C1 = 36.95 pF, L1 = 0.2149 nH, G1 = 13.51 mS 

(Z0 =  50 :). Component values for the equivalent circuit of dual-resonant antenna: 

Lp = 2.11 nH, k1 = 1.271 u 10�3, C1 = 1.814 pF, L1 = 4.535 nH, G1 = 0.652 mS, 

k2 = 5.375 u 10�3, C2 = 1.769 pF, L2 = 4.423 nH, and R2 = 1.630 : (Z0 = 50 :). 
 

According to a simulation with IE3D, a probe-fed open-circuited microstrip patch antenna 

with the size 76.6 mm u 76.6 mm u 3 mm (length u width u height) has the Q0 = 30.7 (and 

Bsr,opt = 2.3 %) at fc = 1803 MHz (all dimensions in Figs. 11a and 11b). Using this value for 

the two resonant modes (Q01 = Q02 = 30.7), the optimal relative bandwidth of Bdr,opt = 7.9 % 

and a bandwidth enhancement factor of F = 3.5 are estimated for the optimized dual-resonant 

antenna with Eqs. (4)�(6). A dual-resonant patch as described above was designed and 

optimized with IE3D using the methods presented in Secs. 2 and 3. The optimal simulated 
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bandwidth for the antenna was Bdr,opt = 7.9 % and F = 3.4, which agree very well with the 

calculated results. The optimized antenna structure and its dimensions are shown in Figs. 11a 

and 11c, respectively. The simulated frequency responses of the reflection coefficient for the 

optimized single-resonant and dual-resonant patch antennas are shown in Fig. 11b. Based on 

the simulated data and the model of Fig. 1b, equivalent circuits for both antennas were 

extracted. The component values are given in the caption of Fig. 11. The frequency responses 

of the reflection coefficient for the equivalent circuits are also given in Fig. 11d. The 

agreement between the equivalent circuit models and simulations is excellent. 

4.2 COMPARISON OF THREE DUAL -RESONANT SHORTED PATCH ANTENNA STRUCTURES 

In the second example, the model of Fig. 1b and Eqs. (4)�(7) are used to compare the 

bandwidth enhancement factors obtained by replacing a simple shorted patch antenna with 

three different dual-resonant shorted patch antenna configurations. All the antennas have the 

same overall shape and thus occupy an equal volume (l u w u h = 40 mm u 30 mm u 8 mm). 

The comparison is based on data obtained from [32]. The structures to be compared are: a 

stacked shorted patch, a shorted patch with a coplanar parasitic patch, and a shorted patch 

with a high-Q matching resonator. It is assumed for the bandwidth estimation that the Q0 of an 

isolated shorted patch antenna can be used to approximate that of the same patch with another 

patch positioned in its proximity. The Q0s for the patches are obtained from Fig. 5.9 of [32] by 

converting the given bandwidth values with S = 1.5 using the well-known equation [44], [7] 
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The equation is valid for perfectly matched antennas. Although not mentioned in [32], it is 

reasonable to assume that the data given in Fig. 5.9 of [32] is for perfectly matched antennas. 

The assumption is supported by the close agreement of the data in Fig 5.9 of [32] and a few 

test simulations. The width-to-length ratios (w/l) of the patches of the simple shorted patch 

antenna and the stacked shorted patch antenna were 0.75. The bandwidth values used for the 

calculation of Q0s were taken as the average of the values read from the curves representing 

w/l = 0.5 and w/l = 1. The shorted patch with the coplanar parasitic was obtained by dividing 

the single-resonant reference antenna into two narrower patches with equal widths 

(w/l = 0.375). The bandwidth values used for the calculation of Q0s were taken as the average 

of the values read from the curves representing w/l = 0.25 and w/l = 0.5. In reality, a narrow 

gap is also needed between the patches. However, because it is very difficult to estimate the 
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necessary gap width, which is typically fairly small, it is not taken into account here. As a 

result of this, the bandwidth of this structure will be slightly overestimated. For the shorted 

patch with a high-Q matching resonator, Q02 was approximated from Fig. 5.9 of [32] and Q01 

was set infinite (G1 = 0). 

The antenna structures were also simulated with IE3D for comparison. In the simulations, the 

optimized stacked shorted patch was obtained by moving the feed probe of the antenna 

presented in Sec. 3 (structure in Fig. 1a) 0.5 mm towards the short circuit (d = 13.4 mm). The 

other dimensions are those given in Fig. 8d. The structure of the shorted patch with a coplanar 

parasitic and its dimensions are given in Fig. 12a. Near the short circuits, the patches are 

galvanically connected by a narrow metal strip to increase the coupling between them [41] so 

that the bandwidth could be optimized. The patches have separate short circuits, which have 

the same widths as the patches. The structure of the simulated shorted patch with a lossless 

matching circuit is given in Fig. 12b. The lossless matching resonator was approximated with 

a narrow section of short-circuited transmission line. The calculated and simulated bandwidth 

enhancement factors for the different structures and the width-to-length ratios, heights, and 

Q0s of the patches used in the calculations are given in Table 1. 
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Figure 12. Geometries of a) the shorted patch with a coplanar parasitic patch and b) the 

shorted patch with a matching resonator. All dimensions are in millimeters. 

 

As shown in Table 1, the model predicts very well the bandwidth enhancement factor for the 

case of the shorted patch with a high-Q matching resonator whereas the simulated values for 

the shorted patch with a coplanar parasitic patch and the stacked shorted patch are clearly 

lower than predicted. The reasons for this are explained next. 
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Table 1. Comparison of calculated and simulated bandwidth enhancement factors for three 

dual-resonant shorted patch antennas and heights, width-to-length ratios, and unloaded 

quality factors used in the calculations. Bandwidth criterion is Lretn t 10 dB, and center 

frequency is fc = 1.8 GHz. 

 Shorted 
patch 

Stacked 
shorted 
patch 

Shorted 
patch with 
coplanar 
parasitic 

High-Q 
matching 
resonator 

h1 (O0) - 0.021 0.048 - 

h2 (O0) 0.048 0.048 0.048 0.048 

w1/l1 - 0.75 0.38 - 

w2/l2 0.75 0.75 0.38 0.75 

Q01 - 28.7 14.9 f 
Q02 9.8 9.8 14.9 9.8 

Calculated Fmax - 2.7 2.3 2.3 
Simulated Fmax - 1.9 1.6 2.1 

Based on the simulated input impedance, the unloaded quality factors Q01 = 28.7 and 

Q02 = 9.8, and the model of Fig. 1b (including Lp), an equivalent circuit for the stacked 

shorted patch antenna was obtained. The values of the other parameters of the model are: 

Lp = 1.9 nH, G1 = 0.697 mS, L1 = 4.547 nH, C1 = 1.819 pF, R2 = 5.102 :, L2 = 4.360 nH, 

C2 = 1.744 pF, k1 = 2.404 u 10�1, and k2 = 3.591 u 10�2 (fr1 = 1.750 GHz, fr2 = 1.825 GHz, and 

Z0 = 50 :). Fig. 13 shows a comparison of the reflection coefficients obtained for the antenna 

with IE3D and with the circuit model. The bandwidth given by the model is significantly 

wider than that of the real antenna. Some of the difference may be attributed to the approxi-

mation of the Q0s. Part of it, however, is due to the transmission zero at about 2.04 GHz. As 

shown by the realized maximum gain (Gmax) in Fig. 13, around this frequency the antenna al-

most stops radiating, which is also seen in the reflection coefficient (S11) and in the radiation 

efficiency (Kr). At 2.04 GHz there is a nearly perfect short circuit at the antenna input. Similar 

phenomenon, which is most likely caused by a non-radiating almost degenerate resonant 

mode, has been noticed by the authors in open-circuited and in shorted patches with both 

coplanar and stacked parasitics. Depending on the configuration, this mode typically appears 

either above or below the desired resonances. Its resonant frequency seems to be related to the 

dimensions of the slot between the patches. In the proximity of this resonant mode, the radia-

tion patterns have also been noticed to change considerably. Typically, electrically thin lower 

substrates have been used in stacked open-circuited patches to minimize surface wave excita-

tion. This, together with an electrically thick upper substrate, has inherently alleviated the 

problem, which explains why there is very little published information available on the 
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subject. Prior to this paper, the non-radiating mode has been noticed in thick multiresonant 

patches in [45]. In [46], it was called the odd mode because in its proximity the currents of the 

patches are out of phase. In stacked patches, the effect of the non-radiating mode seems to be 

the stronger, the closer the patches are to each other. 
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Figure 13. Comparison of reflection coefficients obtained for the stacked shorted patch 

antenna with IE3D and with the circuit model of Fig. 1b. Realized maximum gain (Gmax) and 

radiation efficiency (Kr) are also given for the antenna simulated with IE3D. 

Figure 14 shows the simulated frequency responses of reflection coefficient, realized 

maximum gains, and radiation efficiencies for the shorted patch with a coplanar parasitic and 

for the shorted patch with a high-Q matching resonator. Similar asymmetry and a poorly 

radiating resonance as with the stacked shorted patch can be observed in the case of a shorted 

patch with a coplanar parasitic. In this case, the resonant frequency of the undesired mode is 

lower (about 1.97 GHz) causing F to be smaller than in the case of the stacked shorted patch. 

In practice, the use of a high-Q matching resonator turned out to be the most effective of the 

three compared bandwidth enhancement methods. The frequency responses of the shorted 

patch with a high-Q matching resonator are significantly more symmetrical, and the calculated 

and simulated bandwidth enhancement factors agree better than in the cases of stacked and 

coplanar parasitics even though the antenna structure is in principle almost the same as that of 

the stacked shorted patch. This is because the resonant frequency of the undesired mode is 

higher (near 2.4 GHz) and the patches are further apart. However, the undesired mode may 

still partly explain the minor difference between the calculated and simulated bandwidth en-

hancement factors. This case shows that the frequency of the undesired resonant mode can be 

affected and moved outside the frequency range of interest to minimize its effect and to 

maximize the bandwidth in some cases.   
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Figure 14. Frequency response of reflection coefficient, realized maximum gain, and radiation 

efficiency for the shorted patch with a coplanar parasitic patch (thick lines) and for the 

shorted patch with a high-Q matching resonator (thin lines). 
 

In all the examples presented above, the antenna element was positioned on top of large 

ground plane, which could be approximated in the simulations with an infinite ground plane 

to reduce the computation time. The use of the large ground plane also enabled the use of Q-

values obtained from the literature as the basis for bandwidth prediction. At the moment, 

short-circuited microstrip patch antennas (and PIFAs) are mainly used as internal antennas in 

mobile phones, where the antenna is located on an infinite ground plane. It is well known that 

performance of internal handset antennas depends strongly on the dimensions of this ground 

plane and the position of the antenna on it [32], [47]�[49]. For this reason, Q-values obtained 

on large or infinite ground plane cannot be used to predict the impedance bandwidth of the 

same antenna positioned on a finite ground plane. This applies to the bandwidth prediction of 

single-resonant antennas using Eqs. (5) and (8) as well as to the bandwidth prediction of dual-

resonant antennas using Eqs. (6) and (7). However, for an antenna that is attached to a finite 

ground plane, it is in most cases possible to determine an effective unloaded quality factor 

(Q0,eff), which takes into account the effect of the finite ground plane. The impedance 

bandwidth of antennas on finite ground planes can be calculated by using Q0,eff instead of Q0 

in Eqs. (5)�(8). An example of a dual-resonant shorted patch with a coplanar parasitic on a 

finite ground plane has been presented by the authors in [50]. It was shown that by dividing a 

patch into two properly tuned narrow strips, of which one was driven and the other one was 

parasitic, the impedance bandwidth could be increased by a factor of 2.2 without increasing 

the size of the antenna. The obtained value is of the same order as the typical bandwidth 

enhancement factors that can be predicted based on literature values for similar antennas on 

large ground planes, such as the shorted patch with a coplanar parasitic studied in this section. 
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5 Conclusions 

The design of dual-resonant patch antennas was discussed with the emphasis on the 

bandwidth optimization and prediction. The most important electrical design parameters 

concerning the optimization of impedance bandwidth were systematically analyzed with a 

simplified dual-resonant lumped-element circuit model. It was shown that the main electrical 

design parameters are the Q0s and the relative resonant frequencies of the patches, the 

coupling of the feed to the driven patch, and the coupling between the patches. The Q0s of the 

patches define the bandwidth potential of the antenna, whereas the other mentioned 

parameters are used to optimize the impedance behavior so that the maximum bandwidth, de-

fined by the Q0s, can be obtained. In parameter studies for the circuit model and for a real 

stacked shorted patch antenna, it was shown how the main electrical design parameters affect 

the input impedance and how they are used to optimize the impedance bandwidth. Although 

the paper concentrates on microstrip patch antennas, the main ideas of the presented design 

methods can also be applied to other narrow-band resonant antennas with only minor 

modifications.  

Novel simple equations enabling quality factor based predictions of optimal impedance 

bandwidth of dual-resonant patch antennas were also derived in the paper. The equations were 

shown to give excellent results in cases where only two resonant modes were within the 

frequency range of interest. Furthermore, comparison of the model and practical antennas 

revealed the existence of an undesired non-radiating resonant mode near the two desired 

radiating resonances in patch antennas having a stacked or coplanar parasitic patch. The 

undesired mode decreases the impedance bandwidth of some dual-resonant structures and 

causes the circuit model to overestimate it. This decrease of bandwidth is difficult to estimate 

because it depends on the configuration. However, despite the non-radiating resonance, the 

simple model and the equations given in Appendix A can be used to estimate an upper limit 

for the impedance bandwidth, i.e. if the bandwidth predicted by the model is not sufficient, the 

Q0s of the resonators should be decreased e.g. by increasing antenna height. Although, the 

used model describes the basic dual-resonant behavior of the studied antennas very well, as 

shown in Secs. 2 and 3, it is obvious that a slightly more complicated model (with at least one 

additional high-Q resonator) is needed to properly model also the undesired mode.  
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Appendix A – Derivation of Equations for Optimal Impedance 

Bandwidth of Dual-Resonant Antennas 

When Lp = 0 the input impedance of the circuit of Fig. 1b is 
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where k1 = 2
1N  and k2 = 2

2N . The component values of the parallel and series resonant circuit of 

Fig. 1b and Eq. (A1) are related to the unloaded quality factors (Q0) of the resonators as given 

by Eqs. (A2) and (A3), respectively [37]: 
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The angular resonant frequencies of the resonators (Zr1 and Zr2) are calculated from 
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By setting Zr1 = Zr2 = 1 and by using Eqs. (A2)-(A4), Eq. (A1) can be written as 
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The relative bandwidth Br is calculated from 
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where the center frequency Zc is calculated from 
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By normalizing to Zc = 1 and by using Eqs. (A6) and (A7), Eq. (A5) at the angular frequency 

Z  = Z2 can be written  
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The input reflection coefficient of the model is 
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On the other hand, its absolute value can be written 
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where S is the maximum allowed voltage standing wave ratio (VSWR). By normalizing the 

reference impedance level (Z0 = 1) and the inductances (L1 = L2 = 1) and by using 

Eqs. (A8)�(A10), the relative bandwidth as a function of k1 and k2 (G1, R2, and S are fixed 

parameters) can be written as 
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In its range of validity, Eq. (A11) can be used e.g. to generate plots similar to the one in 

Fig. 4b. Based on the calculated result shown in Fig. 3a, to optimize the bandwidth, the input 

impedance must be Zin = Z0/S at the center frequency Z = Zc = 1. Substitution of the 

normalized (Z0 = 1) input impedance Zin = 1/S and Z = Zc = 1 into Eq. (A5) and solving for k1 

gives 
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Substitution of Eq. (A13) into Eq. (A11) gives the relative bandwidth as a function of k2 (G1, 

R2, and S are fixed) 
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This is valid when the expression under the square root is positive. Equation (A14) can be 

used e.g. to plot graphs similar to the one in Fig. 4c. The optimal coupling coefficient k2,opt 

can be obtained by differentiating Eq. (A14) with respect to k2, by equating the derivative to 

zero, and by solving for k2. This gives 
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The corresponding optimal coupling coefficient k1,opt is obtained by replacing k2 in Eq. (A13) 

with k2,opt. The optimal relative bandwidth can be obtained by replacing k2 in Eq. (A14) with 

k2,opt. This gives 
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After the normalizations Zr1 = Zr2 = Zc = 1, Z0 = 1, and L1 = L2 = 1, the relation between the 

resistive components (G1 and R2) and corresponding unloaded quality factors in Eqs. (A11) to 

(A16) is G1 = 1/Q01 and R2 = 1/Q02. By substituting these into Eq. (A16), it can be written 
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In the case of a lossless resonant matching circuit, i.e. Q01 = f, Eq. (A17) simplifies to 
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