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Splitting of a doubly quantized vortex through intertwining in Bose-Einstein condensates
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The stability of doubly quantized vortices in dilute Bose-Einstein condensat&¥afis examined at zero
temperature. The eigenmode spectrum of the Bogoliubov equations for a harmonically trapped cigar-shaped
condensate is computed and it is found that the doubly quantized vortex is spectrally unstable towards division
into two singly quantized vortices. By numerically solving the full three-dimensional time-dependent Gross-
Pitaevskii equation, it is found that the two singly quantized vortices intertwine before decaying. This work
provides an interpretation of recent experimgitsE. Leanhardet al, Phys. Rev. Lett89, 190403(2002].
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The stability of single-quantum vortices has been studiedhe nondissipative system, appearance of the modes with
extensively after such vortices were first observed in dilutecomplex eigenvalues leads to the spontaneous decay of mul-
alkali-metal-atom Bose-Einstein condensaf@&ECs [1].  tiply quantized vortices.

Since a single-valued complex order parameter describes the Here we study the Bogoliubov eigenvalue problem for a
state of the condensate, its phase must undergoﬂa 2 dOUb'y quantized vortex in acylindrically Symmetric system
change along a loop encircling a vortex, wharie the quan-  in Which the existence of modes with complex eigenfre-
tum number of the vortex. However, the creation of multi- UeNcy, i.e., spectral instability, depends on the interaction
quantum vortices is impossible just by rotating the harmonicStrength. Then we investigate full three-dimensional cigar-
trapping potential at a high frequency, since the existence of'@Ped systems similar to the MIT experimeffs. It is
many singly quantized vortices is energetically more favor—Ound that. t.he splitting of the vorte>'< core |s'|n|t!ated n d'.f'
able than a single multiquantum vorté®]. Indeed, vortex ferent positions along the vortex axis, resulting in entangling

lattices composed of single-quantum vortices were observe\éortices‘ . .
. . Let us consider the spectral stability problem of the dou-
in such experimentg3].

Verifying the proposal of topological phase engineeringbly quantized vortex by finding the spectrum of the quasipar-

ticle excitations of the vortex state described by the order
by Nakaharaet al. [4], Leanhardtet al. [5] have recently y

. . . . , . parameterd(r). We apply the Bogoliubov eigenvalue equa-
succeeded in creating vortices simply by reversing the biag,,q [9]

magnetic field used to trap the condensate. The vortices cre-

ated display winding numbers with=2 (47 phase wind- (L—hwy,— m)Uy(r)+g[®(r)]%v,(r)=0,

ing) or with n=4 (87 phase winding depending on the

hyperfine spin states used féiNa condensates. It was con- g[P*(r)]Pu(r)+(L+hw,—u)v,(r)=0, (D)
firmed that the axial angular momentum per particle ts 2 . .

(4#) for the doubly(quartically quantized vortex. where w, are the eigenfrequencies related to the normal-

In this experiment, after creating a vortex it is held for mode functionsu,(r) andv,(r). The chemical potential for
~20 ms, watching the vortex core to split into single- the system o bosons each having massis denoted ag

. B . B 2
quantum vortices. However, no splitting was observed in thi€nd the interaction strength is described gy 4% “a/m,

time span. Since a doubly quantized vortex is expected ty/Nere theswave scattering length is denoted@sThe op-

— 722 2 :
decay spontaneously into two singly quantized vortices ow€rator £=—AV/2m+V,(r) +2g|®(r)|* consists of the

ing to energetics, this observation seems to be puzzling. Thidnetic energy, the trapping potential, and the interaction

motivates our investigation of the detailed dynamics of the€'m- In th|§ pape’, Zthe 2tr2pp|ng potential is of the form

decay process of multiply quantized vortices in view of the V() =M(@}x“+ oyy+ w;2%)/2, where o; is the fre-

present experimental situation. In dilute BECs, to the best ofiuéncy of the trap in direction The doubly quantized vor-

our knowledge, these were the first experimentally realized€X State created in the experimefi$is obtained by finding

double-quantum vortices which are known to exist in otherth® minimum-energy solution of the stationary version of the

superfluids, such as superflufHe-A [6]. Therefore, we time-dependent Gross-PitaevsiBP) equation

have a unique opportunity to examine the physics of multiply P 52

quantized vortices. o o _ in = - L v2iv, +glo)2—ul0, @
There are several theoretical investigations on the insta- at 2m

bility of the doubly quantized vortex: The instability due to

the bound state in the vortex core was pointed out by Rokhwith the constraint[|®(r,t)|*dr=N and ansatzd(r,t)

sar[7], who claimed that the decay of vortex states requires= $(r,2)€'?’ [14], where ¢, 6,2) denote cylindrical coordi-

the presence of thermal atoms. On the other hancetral ~ hates. The ansatz for the order parameter leads to constraints

[8] found that even in the absence of thermal atoms, i.e., ifior the normal-mode functions,(r)=u,(r,z)e'@*2? and

1050-2947/2003/68)/0236114)/$20.00 68 023611-1 ©2003 The American Physical Society



MOTTONEN et al. PHYSICAL REVIEW A 68, 023611 (2003

0.2 . : .
)

@ i

0.15}¢ 1

v,(r)=0,(r,2)€'(@2?  Since the Bogoliubov eigenvalue
equation is non-Hermitian, the existence of complex eigen-
values is not ruled out. If such an eigenvalue exists, the statt
is said to be spectrally unstable and small perturbations of
the order parameter may grow exponentially in time.

The Bogoliubov eigenvalue spectrum for double-quantum
vortex states is computed for cylindrically symmetric con-
densates with no phase modulation along Zlrection us- 0.05
ing a harmonic trapping potential,=w,= o, andw,=0. (4 ®)
In this case, there exist complex-frequency eigenmodes witt
gq=*2 for certain values of the interaction strength. The 0 10 20 30 20 50 50
imaginary part of the eigenfrequency is plotted in Fig) s (@) anz
a function of the interaction strength an,
=af|¢(r)|2dx dy. 55—__)5.5 x[um] 455

The emerging complex eigenvalues imply that by adding+ § =0ms

an infinitesimal perturbation, a pair of modes with complex- § (\
conjugate eigenvalues is created spontaneously and grow e:'>
ponentially in time. In numerical calculations trap anisotropy
N\ is used as the perturbation. One of these modesghas .3
=—2 and is confined into the vortex core. This mode de-
scribes the instability of the double-quantum vortex and
leads to its splitting into a pair of single-quantum vortices
[7]. The remaining mode witlj= + 2 is created in order to
ensure energy conservation. When the strength of interac ~-8.0
tions is weak &n,<3), this mode corresponds to the coro- ()
tating quadrupole mode. As the interaction strergth in-
creases, however, this mode changes from a nodeless mo
to the nodal mode along theaxis and the real part of its
frequency grows.

To verify the role of the complex modes, using a slightly
anisotropic trap withwy=w,/N=27X250 Hz \=1.01),
we first solved the time-dependent GP equati@); which
contains no term which can describe dissipative effects. The
time evolution of the density profiles witln,= 1.5 is shown
in the upper panels of Fig.(). At t~20 ms, the vortex
splits into a pair of single-quantum vortices and the conden- s e
sate simultaneously changes into quadrupolar shape. Due t © ' 10 20 30 40 50 60 70 80 90
the corotating quadrupole excitation with=+2, the con- time [ms]
densate rotates with a constant frequency and “ghost” vorti-
ces [10] nucleate near the condensate surface, which is FIG. 1. (a) Imaginary part of the complex excitation frequency

clearly seen through the density modulation around the sufl cYlindrically symmetric ground states as a functionaof, . (b)
face att=36 ms. Owing to the absence of dissipation, theTlme evolution of the density profiles withn,= 1.5 (upper panels
d 13.75(lower panels in the absence of dissipatiofr) In the

pair of single-quantum vortices precesses around the trap .~ - :
center and cannot escape from the trap. msmatlve system =0.009, the time development of angular

For the interaction strength corresponding to the experi-rn omenta for several particle numbers, corresponding¥e(6) in

ments @n,=13.75), however, it is seen that within the time ;ar)]. :Inls;t735|n(c) represent contour plots of particle density with
interval where the condensates are held experimentally, the * o

splitting does not occur clearly in this cylindrically symmet-  In order to investigate the dissipative dynamics, we intro-
ric case shown in the lower panels of FigblL It should be  duce a phenomenological damping teffi®,11] to the GP
noted that the characteristic time for the splitting is propor-equation through the substitutian—(1—iy)t, y=0.005.
tional to the inverse of the imaginary part of the eigenfre-The temporal development of the angular momentum is plot-
quency, but the mode excited with= —2 has not yet split ted in Fig. 1c) for several values of the interaction strength
the vortex in Fig. 1b). The above calculations have also and dynamics of the double-quantum vortex wismn,
been carried out for the anisotropiks=1.02 and 1.03, but =13.75 is shown in the insets. It is found that when modes
no difference was observed in the splitting of the vortex. Thewith a complex eigenvalue exist, the angular momentum de-
detailed dependence of the splitting on trap anisotropy is leftreases with time, which is related to the decay into a pair of
for future research. single-quantum vortices which spiral out to the condensate

—_
—_
~

Im(w ) [trap unit]

Lz/N

023611-2



SPLITTING OF A DOUBLY QUANTIZED VORTEX. .. PHYSICAL REVIEW A68, 023611 (2003

surface. In contrast, when there occur no complex eigenval- 15
ues, the double-quantum vortex becomes stable for a longe
time. "

The experimentally realized multiguantum vortices were \
created in a cigar-shaped condensate confined before th
vortex-generation process in a harmonic trap with the fre-® 4
quenciesw, =27 X210 Hz andw,=27X6 Hz [5]. After

12 e

the creation, the radial trapping frequency was=2mw 3 “~,

X 250 Hz and the condensate with= 1P atoms was uncon- E \M
fined along the direction. The unconfinement is a technical ~ © 0 50 100 150
difficulty which can be removed by reversing the magnetic (a) z [um]

field trapping the atoms along tledirection when the bias
field vanishes, or by adding an optical potential alongzhe t=18.1ms
direction so that the trapping frequency stays constant. Sinci
it is possible to realize non-expanding condensate with a
double-quantum vortex and the Bogoliubov equations canno
be solved for an unconfined case, we restrict our computa
tion to the confined case witlv, =27 X250 Hz andw,
=2m7X6 Hz. Even though the condensate expands in the
experimentd5], the qualitative behavior of the splitting of 197 138 39
the double-quantum vortex is revealed by our results. t=41.4 ms
After finding the minimum-energy solution for the con-
densate with a double-quantum vortex along zfeis [14],
we plotted the strength of the interactionan,(z)
=af|¢(z,x,y)|?dxdy as a function of thez coordinate in
Fig. 2(@), from which it is seen that the linear densitigsin
the regiongz| <51 um and|z|>142 um correspond to the
two leftmost complex eigenfrequency regions in Figa)l 107 e o o e gy Rl
Therefore, it is expected that the splitting of the vortex be- (b) Z [10um]
gins in those regions and that the Bogoliubov spectrum fea-
tures many complex-frequency modes, since the cigar- FIG. 2. (a) Linear densityn,= [|4(x,y,z)|?dx dyatt=0. The
shaped condensate may be visualized to consist of severgrtical axis corresponds to the horizontal axis of Figa).1(b)
noninteracting condensatesry planes if one neglects the Isosurfaces of the particle density and the average particle densities
kinetic energy along the direction. in the z direction,n, (x,y), demonstrating the splitting of the dou-
The above argument is verified by first solving the Bogo-Ply quantized vortex at=18.1 and 41.4 ms with anisotropy
liubov equations for the cigar-shaped rotational BEC, which=1.01.

show that the vortex state features many complex-frequency o ) L
eigenmodes witlg= —2, plotted in Fig. 8). The frequen- not de.formed in time as much as in the nondissipative sys-
cies possess noticeable finite imaginary parts when their re4¢Mm. since the surface waves seen at the ends of the conden-
part is in either one of two distinct domains which are relatedsate are damped. o _

to the two regions in the coordinate where the splitting of ~ Simulations performed for the cylindrically symmetric
the vortex is expected to begin. The mode marked with £YStem show that an off-axis vortex tends to precess in the
rectangle in Fig. @) is localized in the regiofiz] <60 xm positive dlrectlpn and the frequen_cy of precession is an in-
[see Fig. &)], while the other complex modes with Créasing functlon_ of the precession rad[USZ]. However,
Im(w,)>0.02 occupy the regionz|>100 um [see Fig. numerical simulations of the GP equation show that the re-

-11.8 =19:7

30)]. pulsion between the two vortices in a vortex pair renders the
We solve the nondissipative temporal evolution of the B —

doubly quantized vortex state using the GP equation with the  0.06 (&) &g - (b) i

trap anisotropy\ = 1.01. Isosurface plots of the particle den- ?? 0.04 = ed T M

sity after 18.1 and 41.4 ms of time propagation are shown ing ' . 1 “_'_"(c) I

Fig. 2(b), from which it is observed that the doubly quan- = 002 -~ E‘ W ﬂ

tized vortex had split into two single-quantum vortices first o_4 : _3&&' = oo

at the ends and then in the middle of the condensate, consis
tent with the above discussion. Also the particle density in-
tegrated in the direction,n, (x,y) = f|¢(x,y,z)|?dz, is dis- FIG. 3. (a8 Eigenfrequencies for the cigar-shaped condensate
played to illustrate the density distribution observed in thehavingg=—2 plotted in the complex plane. Contour plots of den-
experimentg5]. If a dissipation termy=0.005 is used, the sity distribution of the modes marked with a rectangle and circle are
splitting is slightly faster, but the shape of the condensate iglotted in partsb) and(c), respectively.

Re (0q) z(um)
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frequency of precession to be a decreasing function of th8ogoliubov excitation spectrum and the time-dependent GP
precession radius. Analogous to the cylindrically symmetricequation. The vortex is found to be spectrally unstable and
system, two vortices tend to twist around each other in ahe splitting of the vortex is in close analogy with the calcu-
cigar-shaped BEC such that the parts where the distance bettions for cylindrically symmetric BECs. The emerging two
tween the vortices is large lag in precession compared witBingle-quantum vortex lines tend to twist around each other,
the parts where the distance is small, resulting in an enwhich makes it difficult to study the splitting of the doubly
tangled vortex paif15]. guantized vortex via particle density graphs integrated in the
Following the above argument, the twisting of the vorticesdirection of the vortex line. Therefore, we suggest particle
at t=41.4ms is negative in the region 7&m<z  density profiles integrated in a direction perpendicular to the
<150 um, i.e., the azimuthal angle of the position of the vortex line to be extractefl3] in future experiments. We
vortices is a decreasing function of tizecoordinate. The also encourage an experiment with different total particle
azimuthal angle decreases approximately byr 185 thez ~ numbers to investigate the various combinations of instabil-
coordinate changes from=78 um to 130 um. ity regions shown in Fig. ). Our simulations show that the
Even though the vortex had clearly split in the middle andsplitting of the doubly quantized vortex begins only from the
at the ends of the condensate, only a single-vortex core isnds of the condensate for peak interaction streragth
seen in thez-integrated particle density. The reasons are thak 3. A confining potential should also be used as suggested
the twisting of the two singly quantized vortices causes thao increase the lifetime of the condensate.
splitting to average out in theintegration and that the vor-
tex remains doubly quantized in the range ©oM<z
<120 um which covers a significant fraction of the con- The authors thank the CSC-Scientific Computing Ltd.
densed particles. This suggests an explanation of why n@Espoo, Finlangfor resources and M. Nakahara, T. Ohmi, T.
splitting was observed in the experimefis. P. Simula, and S. M. M. Virtanen for stimulating discussions.
In conclusion, the stability and the splitting of the double- M.M. acknowledges the Foundation of Technologyel-
guantum vortex created in R¢b] has been analyzed via the sinki, Finland for financial support.
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