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Abstract

The inverse scattering problem for the plasma wave equation
[8,2 — A+q(x)]u(x,r) =0

in three space dimensions is considered in this thesis. It is shown that, under certain
assumptions about the potential, the time domain scattering problem can be formulated
equivalently in the frequency domain. Time and frequency domain techniques are com-
bined in the subsequent analysis.

The Blagovescenskii identity is generalised to the case of scattering data, assuming
an inverse polynomial decay of the potential. This identity makes it possible to calculate
the inner product of certain solutions of the plasma wave equation at a given time, if
the corresponding incident waves and the scattering amplitude are known. In the case
of a compactly supported potential, these inner products can be calculated for the time
derivatives of all solutions.

In the remaining part of the work, the potential is assumed to be compactly supported.
A variant of the boundary control method is used to show that using appropriate superpo-
sitions of plane waves as incident waves, it is possible to excite a wave basis over a com-
pact set. Letting this set shrink to a point, the Blagovescenskii identity provides pointwise
information about the solutions. When substituted into the plasma wave equation, this
yields a method for solving the inverse problem.
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1 Introduction

The wave equation with potential
u(x,1) — Au(x,t) +g(x)u(x,t) =0, xeR"teR (1.1)

is known as the plasma wave equation, since it models the propagation of electromag-
netic waves in low-density plasma under certain conditions, or in the ionosphere [Bal72,
Bud61, DR85S, JA79, New85]. One of the most elementary models of classical mechanics
modelled by (1.1) is the propagation of waves in an elastic medium [MF53].

The plasma wave equation is closely related to the quantum-mechanical Schrodinger
equation through the Fourier transform with respect to time [New85, RDC85]. Alter-
natively, it would be possible to start with the frequency domain equation, which also
models acoustic scattering [CK98], and view the time domain wave equation formulation
as a tool for analysing it.

Perhaps more importantly for a mathematician, however, (1.1) is one of the simplest
non-trivial perturbations to the wave equation, and thus a good starting point for the analy-
sis of the inverse scattering problem for linear hyperbolic second order partial differential
equations.

The direct scattering problem is, given the real-valued potential g and an incident free
space wave, to find the solution of (1.1) that asymptotically coincides with the incident
wave in the distant past. The inverse scattering problem consists of determining the po-
tential function g from some measurement data of the solutions. In our case, the data will
be the full frequency domain scattering amplitude for all directions and all frequencies.

There are other types of inverse scattering problems, too; in particular those of scat-
tering from obstacles and electromagnetic scattering. Much of their theory is similar to
that of scattering from a potential [PS02]. The inverse scattering problem also has close
connections to various other inverse problems, including inverse problems in bounded do-
mains for the Schrodinger and conductivity equations [Cal80, SU87, Nac88, AP03]. We
shall not consider these questions in this study.

We shall restrict ourselves to the three-dimensional case, which may be seen as the
most relevant for real world situations. In many respects, the two-dimensional and the
general case are similar to the three-dimensional one, but in some crucial places, the 3D
case is simpler to handle. In particular, Lax-Phillips scattering theory is simpler in an odd
number of space dimensions; this is related to Huygens’ principle, which states that when
the number of space dimensions is odd, wave fronts in empty space cease to affect a point
when they have travelled past it. The fundamental solution of the Helmholtz equation also
has useful properties in three dimensions.

A straightforward approach to solving the inverse problem would be to simply calcu-
late the potential from the plasma wave equation:

_ Au(x,t) — 0u(x,1)
B u(x,1) ‘

q(x) (1.2)
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This formula, however, immediately gives rise to two questions:
1. How do we determine the values of u from the scattering data?
2. How can we make sure that the denominator does not vanish?

A large part of this thesis will be devoted to answering these questions.

The text is organised as follows: The remaining part of Section 1 introduces the direct
and inverse scattering problems in more detail, and sets out some notation. In Section 2,
we derive a few estimates for the solutions of (1.1) and related equations, and show that
the direct problem can be formulated equivalently in the frequency domain, and further
as the Lippmann-Schwinger integral equation or through the wave operator. In Section 3,
we derive a variant of the Blagovescenskii identity, which allows us to calculate inner
products of solutions of (1.1), at any fixed time #¢, from scattering data. If we choose
these solutions in such a way that they are supported in a small neighbourhood of a point
xo € R3, these inner products will give information about the behaviour of u near (x, ),
answering Question 1 above. The fact that this is possible is shown in Section 4 for the
case of a compactly supported potential, using a variant of the boundary bontrol (BC)
method [Bel90, BK92b, Bel97], which we call scattering control, as there is now no
boundary, but instead, control is done using solutions of the scattering problem. This
will also provide an answer to Question 2 above. Varying x( and 7y, we can find u, and
eventually solve the potential g as in (1.2); this will be done in detail in Section 5.

Although the method we present gives formulae for the reconstruction of the potential,
it involves passing to the limit many times and analytic continuation. For this reason, it
may not be feasible for practical reconstruction.

When deriving the Blagovescenskii identity, it is sufficient to assume that the potential
g and its first derivatives are real-valued and bounded, that they decay at a certain inverse
polynomial rate, and that the corresponding Fredholm operator is injective at zero fre-
quency. When proving the control property and solving the inverse problem, however, we
also assume the potential to be compactly supported and once continuously differentiable,
and that there are no bound states, i.e., negative eigenvalues of the Schrédinger operator
—A+gq.

The unique solvability of our inverse scattering problem has already been known
for some time [Fad56], also for single frequency data [NK87, Nov88, Ram87, Ram88,
Ram89, SU87] and for certain classes of non-compactly supported potentials [Nov94,
ER95]. The present study, however, provides a novel approach that lends itself to gener-
alization in several directions.

Firstly, it might be possible to relax the assumptions and to cover the case of non-
compactly supported potentials as well, since one of the principal tools, the BlagoveS¢en-
skii identity, does not depend on this assumption. Our problem is also formally strongly
overdetermined, with 5-dimensional data (scattering amplitude A : §> x S?> x R — C) and
a 3-dimensional unknown (g : R? — R). In many cases it is known that fixed energy data
(which are (2n — 2)-dimensional) determine the n-dimensional potential uniquely, and
fewer data might thus suffice here, too.
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Secondly, our principal tools — the Blagovescenskii identity and the control method
— are quite geometrical in nature. It would be interesting to attempt to extend the results
obtained here to more general geometries and equations. The prospects for this appear
promising, as earlier variants of these tools have been developed and applied in such
contexts [KKLO1]. Already in their present form, our version of the BlagoveScenskil
identity may prove useful in other applications.

Scattering can also be viewed in the differential geometric framework [Mel94, Mel95].
By compactifying the manifold, the far field can be transformed into boundary values of
the solution, the radiation field [Fri80, FriO1]. Unique continuation from the boundary can
then be used to solve the inverse problem if the metric is not too singular at the boundary.
This technique was used by S4 Barreto to solve the inverse scattering problem for an
asymptotically hyperbolic manifold [SB, Ali84]. An asymptotically Euclidean manifold,
however, may be too singular for this method, and the present method could prove to be
useful [SBO3].

The main contributions of this study are:

1. the generalization of the BlagoveS€enskii identity to the scattering case (Theorems
3.11 and 3.12)

2. the introduction of sources simulated by scattered waves (Theorem 4.8) and their
use to show the scattering control property (Theorem 4.10)

3. as an application of the BlagoveSc€enskii identity and scattering control, the deriva-
tion of a new reconstruction method for a compactly supported potential which
could be developed further to more general settings (Theorem 5.4).

A substantial amount of technical work was also needed for relating the time and fre-
quency domain formulations for scattering to each other, since the spaces that are natural
for one formulation are not as natural for another. All calculations for which references
are not given were done independently of the existing literature, but most of the results
are probably not new, in particular those in Section 2.

1.1 Time domain scattering

Consider the scattering problem, where a free space wave u; is sent in. Here “free space”
means that u; solves the wave equation without potential,

02 u;i(x,t) — Auj(x,1) =0 (1.3)

for all x € R, r € R. A special class of incident waves are the eventually incoming, or
more precisely a-incoming, waves, which are those satisfying the condition (see Figure 1)

ui(x,1) =0 when |x| < a—t. (1.4)

The Cauchy data, i.e., the values of a free space solution and its time derivative at any in-
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Figure 1: Incoming solution satisfying (1.4).

stant, contain all information about the solution: if the data are known, the wave equation
(1.3) can be solved with these initial conditions. These Cauchy data will be called a wave
at time 7.

Lax-Phillips scattering theory [LLP67] tells us that each free space solution u;, whose
gradient and time derivative are square integrable at any time, has a unique translation
representation h € L>(R x S?), given by the formula

h(s, ) = 8—; [as /  dan(nnaso) -2 / ui(x,t)dS(x)}

xX-O=s+t
1

T8

(1.5)
[BSR Boiti (-,1)] (5 +1,0) — 2R [wi(-1)] (s + 1, m)]

for any t € R. Here and later on, dS is the standard surface measure on the sphere, and

Rf(s,0) = f(x)dS(x)
X-0=s
is the Radon transform [Hel99]. The wave is given in terms of its translation representa-
tion as

i (x, 1) = /Szh(x-(o—t,oo)dS(oo)

(1.6)
oun(x.0) = [ dh(x-0—1,0)dS(0);

this explains the name. Clearly if / is supported in (—o00, —a] x S2, the wave satisfies the
a-incoming condition (1.4). Conversely, if supph C [—b,00) x S2, the wave is eventually
outgoing, or b-outgoing, i.e., u(x,t) = 0 when |x| < ¢+ b. Actually for a = 0, this is also
a necessary condition [Hel99, Corollary 1.7.4].

Now since there is a potential, the incident wave u; does not solve the plasma wave
equation (1.1), but if it is corrected by a suitable scattered wave ug, the total wave u =
uj + us may be a solution. Thinking of this scattered wave as physically arising from



1.1. Time domain scattering 9

<&
?90 t—>b
R
suppx — 4@
h(x-®; —1,0;) 2
AN
Cel
%
[} &?90
.
' o /\6 suppx
7z, h(x- @ —t,0;)
%\
a—t <
%/ Q]
(O]

Figure 2: An a-incoming (left) and b-outgoing (right) wave as a superposition
of plane waves.

interaction of the wave with the potential, it is natural to require it to be causal. By
causality, we mean roughly speaking that us may only depend on the past: the plasma
wave equation (1.1) can be written

32 — A+ g()]us(x,1) = —q(Jui(x.1),

and we say that ug is causal if us(xg,%p) depends on the right hand side only in the back-
ward light cone
{(x,t) e R x R||x—xo| <tg—1t}.

A precise definition is given in terms of the advanced fundamental solution of the wave
equation: ug is causal if and only if

=: —[E4 *(qu)] (xo,10)-

MS(X(),tO) - (17)

This convolution makes sense if ¢ is compactly supported and u; (and thus «) is incom-
ing: then suppqu C [—M,00) x By for some M > 0, which together with the fact that
suppE, C [0,00) x R? yields that the mapping

SuppE+ x supp(qu) > ((x,1), (,5)) 1= (x+y,5+1) € R3*!

is proper [Hor90, p. 104]. Also if ¢ decays fast enough, this formal convolution converges
for sufficiently quickly decaying u; this will be shown in Theorem 2.24.
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The frequency domain analogue of the the integral equation (1.7), which will shortly
be introduced, is known as the Lippmann-Schwinger equation. For this reason, we call
(1.7) the time domain Lippmann-Schwinger equation and formulate the following:

Time domain direct scattering problem: Given the potential q and an incident wave
uj, determine a causal scattered wave ug such that u = u; + ug satisfies the time domain
Lippmann-Schwinger equation (1.7).

Another time-domain formulation for the scattering problem is in terms of the wave
operator [LP67, RS79]
.Q.i = lim Wl(—l‘)W()(t),

t—Foo

where Wy and W) are the propagators

490 (o) ™ (otonrn) 0 (o) = o)

the definition being independent of s € R. This operator and its relation to the integral
equation formulation above will be investigated in Section 2.3.

1.2 Frequency domain scattering

The Fourier transform with respect to time of any solution u of (1.1) is defined for inte-
grable functions by

i(x,k) = F(u(x, ) (k) = /_ O; M u(x,1) dt,

and for tempered distributions u € S’ by duality, as usual. Assuming that u € S’, we see
that @ clearly solves, in the sense of distributions, the frequency domain plasma wave
equation, or the Schrodinger eigenvalue problem?

(A=K +qx)axk)=0, xeR’, (1.8)

'We make this, somewhat less common choice of the plus sign in the exponent. This allows us to keep
the time domain solution u as the starting point and still get the usual signs in the Sommerfeld radiation
condition (1.10). The inverse Fourier transform is then, for integrable functions,

71
C2m

Flutu(et) = F 1 (£(6,)) (@) /_ O; e £ (x, ) dk.

2If we now make the inverse Fourier transform with respect to the variable k2 instead of k, we arrive at
the time-dependent Schrodinger equation

.0 B
42 avd]v=o
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for all wave numbers k € R. This frequency domain formulation is often taken as the
starting point because of its significance in quantum-mechanical scattering. When deal-
ing entirely in the frequency domain, the wave number & is usually viewed as fixed, corre-
sponding to a time harmonic wave with a single frequency k/2m. We shall now, however,
combine frequency and time domain techniques, and therefore need all frequencies k € R.

Most results about frequency domain scattering mentioned below can be found in
[CK98] for classical solutions and compactly supported potentials g. Some generaliza-
tions are derived later in this thesis.

The Fourier transform of the incoming wave #;(x, k) = F(ui(x,-))(¢) clearly satisfies
the Helmholtz equation

(=N —k)ii(x,k) =0, xeR3. (1.9)

In the frequency domain, the direct scattering problem thus becomes: Given the potential
g and the incident field #; satisfying (1.9), find the scattered field i such that i = i; +
i satisfies (1.8). The causality condition of i translates to the Sommerfeld radiation
condition

or

uniformly in all directions of £ := 7.

By 1
ﬁ—ikﬁs:o(;> as r 1= |x| — oo (1.10)

Frequency domain direct scattering problem: Given the potential q and a solution 1i; of
(1.9), find iy such that ii = ii; + iis satisfies (1.8) and the Sommerfeld radiation condition
(1.10).

The integral equation formulation for this problem is the Lippmann-Schwinger equa-
tion:

as(-,k) = —Ge(qa(-, k), (1.11)
where G;@ = ®(-, k) * ¢ and

oiklx]

q)(ka) = E+(X,k) = 47t|x|

is the radiating fundamental solution to the Helmholtz equation, i.e., —(A +k?)® = § and
& satisfies the Sommerfeld radiation condition. The convolution in (1.11) is taken with
respect to the space variable x € R? only.

The equivalence of the time domain direct scattering problem and these two frequency
domain direct scattering problems is shown at the end of Section 2.

The Sommerfeld radiation condition explains why the solution #(x, k) is written as a
function of k and not k% or |k|: even though Equation (1.8) is the same for k and —k,
the Sommerfeld radiation condition (1.10) is not. However, when the potential is real
valued, solutions for negative k are essentially redundant: If ii(x,k) is known for k > 0,
i(x,—k) = ii(x,k) gives the solution to (1.8), (1.10) for —k < 0.
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Solutions satisfying the Sommerfeld radiation condition have the behaviour

eik1x]

ﬁs(xv k) =

1
m a° (%,k) +o (m) as |x| — oo,

where i° is the far field pattern. In the special case where the potential is compactly
supported and

oiklx]
is(x, k) = — f(k
MS(X, ) |X‘ f( )
for large |x|, we have an outgoing spherical wave
)
) =——"2
us(x? ) |_X’ 9

which is a natural example of an outgoing wave in the time domain. Assuming the k
dependence of the remainder term in the Sommerfeld radiation condition to be integrable,
the inverse Fourier transform gives

Oruts(x,1) + Opus(x,1) = 0 (1) as r — oo,

r

uniformly in all directions and all + € R. This condition is of course satisfied by the
outgoing spherical wave, assuming some regularity of f:

(a,+at)f(t_ M) _ Sk Fle—k)  Fe—k) _ fe—lx)

Wl R x| x| |2

The limiting absorption principle tells us that, instead of real k in the Lippmann-
Schwinger equation (1.11), we can consider the limit from the complex upper half plane:

=1 .
O 81{1'(1) Gitie

For € > 0, the operator G;; models a physical situation where absorption occurs in
addition to scattering. The limiting absorption principle now says that the no absorption
case is the limit of cases of weaker and weaker absorption. [Agm75]

Denote by F the Fourier transform with respect to x € R3, defined for integrable func-
tions by>

FPE = [ e 4fdx

R3

3Now the sign in the exponent is the more usual one, in contrast to to definition of F. The inverse
Fourier transform is now for integrable functions

F—lf({;) — ) /R3 eix@f(g) dE.
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and for f € S’ again by duality. For € > 0, the L? convolution theorem tells that F
transforms the convolution by @ in the Lippman-Schwinger equation into multiplication
by its Fourier transform, which will be calculated in Lemma 2.8. For the case of no
absorption, we must take the limit:

F@ )] @) =lim o THEL = CIE

The inverse scattering problem is to determine the unknown potential g, when some
information about the scattered wave corresponding to each incoming wave u; is known.
This information is in our case the scattering data, i.e., the far field patterns

A2°(%,k) = lim re % ay(rg k),  £e€S? keR,
r—00
corresponding to different incident waves u;. More precisely, we use the scattering

amplitude A, which is the far field pattern corresponding to an incident plane wave:
A(®,%;k) = V°(%,k; ®), where

[~ — K2+ q(x)] P(x, k; 0) =
P(x,k;0) = vs(x k; o) + Vi (x, k; )
(%, k; ) =
(2, k; 00) =

1kx 10

vi(x, k; @

At (r, k; @

5 — ikVg(x,k; ®

1
( ) as r := |x| — oo, uniformly over all £ € §2.

The Fourier transform of the expression (1.6) of a free space wave in terms of its trans-
lation representation yields a Herglotz wave function, i.e., a linear combination of plane
waves

i (x, k) = /S Ok, 0)dS(0).

where 1 € L*(R x §2).

In addition to the far field, we shall also use a few lower order terms of the extended
far field expansions

N UP(z

Pi(rk, k) = ™" ;P M +0 (}}V) , £e€S8? keR,Pe{l,9,,07,0,0}.
J=lo
The mapping of the incident wave u; to the coefficients U f is called the extended scat-
tering data. These data will be only be a tool in an intermediate stage, for it turns out
that under appropriate conditions, the usual far field 4;° = U 11 determines the lower order
coefficients.

The rest of this study will be devoted to developing tools for solving the inverse prob-
lem.
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1.3 Notation

In addition to the more standard notation and that already set out, we use the following.
We write A := B for A being defined as B. We also write

Ct :={ze€C|Imz> 0} upper half space
1 h eU
ly(x):=< whenx characteristic function
0, when x € U.

B(xop,r) := {x € R"||x—x0| < r}, B, := B(0,r) open balls
" Nxo,r) = {x eR"||x—xo| = r}, S* 1 :=5"1(0,1)  spheres.
Multi-indices o € N* (N = {0, 1,2,...}) are used often, with

- ol o
= o o =0+ -+ 0.
ax‘}l B "
We denote the unit vector in N* C R" by ¢; = (0,...,0,1,0,...,0) with 1 in the 7" place.
When estimating different quantities, we use the letter C to denote constants. Its value
may change from occurrence to occurrence, even within the same formula.
The evaluation of a distribution f with a test function g over X C R” is written (f, g).
We sometimes also slightly abuse notation and write distributions with variables as in
dy, (), in analogy with locally integrable functions, and write formal integrals

(f(x,3),8(6,3)) = (f(3),8(,y)) =: /Xf(x,y)g(x,y) dx. (1.12)

This simplifies the notation when working in product spaces, as does || f(s)|x(s) := [|s —
f(8)||x. The “prototype” variable in R” is x = r£ with r = |x| and £ = x/r. With a prototype
variable we mean one that we may sometimes introduce even if it has been omitted in
earlier stages of the calculations; also differentiations can be written with respect to this
variable. In R the prototype variable is ¢, in particular when referring to time. After the
Fourier transform with respect to x and ¢, the prototype variables are & and k, respectively.

The reflection operator with respect to time is written (Rf)(x,7) = f(x,—t). The
projection operator is written T; : Ay X --- XA, 3 (x1,...,X,) — x; € Aj or sometimes T,
when ¢ is the prototype variable of one of the factor spaces A ;. The image of a set U C X
under an operator T : X — Y is written TU = {Tx € Y |x € U}. The Banach space of
bounded linear operators from a Banach space X to a Banach space Y is written £(X,Y).

The inner product in a Hilbert space H is written (f,g);,. Most often we have H =
L?(X) with X C R" and

(1.8) = (8)2 = [ S0 (1.13)

The notations (1.12) and (1.13) are also used for the respective right hand sides whenever
f and g are functions whose product is integrable. The Holder conjugate exponent of
p € [1,00] is denoted by p’; this is the number for which 1/p+1/p’ = 1.
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1.3.1 Weight functions

We define the weight function

w(x)=4/1+x]>  withxeR" foranyn € Z,. (1.14)

The notation (x) is used in many texts; we choose to write w(x) to simplify some notation.
The weight function will appear, for instance, in the weighted L” norm

HfHLg(X) = HWSfHLP(X)v

ford € R, 1 < p < oo and measurable X C R”. Obviously, we define

L5() = { £ € L) 1 50 < o0 }-

Clearly
HlHLg(Rn) = [[WP|| o (mry < 00 ifl<p<ooandp < —n/p. (1.15)

The precise form of the weight function usually does not matter, and we shall some-
times use the equivalent forms

1+ |x| ~ max{1, x|} ~ w(x) w(x)? ~w(|x|P) whenp >0, (1.16)

which are easier to handle in some situations. We choose the form (1.14) as the definition,
because it is also smooth at the origin. This will give more flexibility when working with
weighted Sobolev spaces in Section 2.1. There we shall need the following estimate,
which would not hold, had we chosen w(x) = 1+ |x].

Lemma 1.1. Let oo € N, 6 € R. Then

||

ao‘w(x)8 = Z Z c%B7g~,,_,-7,1v1/()c)S_ZJ.XI5
J=0B|<2j—|o

Jfor some constants cq g5 ; , € R. In particular,
[0%w(x)°] < Cog,nw(x)® 1, (1.17)

Proof. By induction: The claim is trivially true for |o| = 0. Assume that it is true for 0¢,
a € N', and let o = a + ¢;,. Then

la|

é_ .
%W (x)? = 9,,0%w(x)® = Y )Y cupsjnOm {(1 + x]?)? Jxﬁ} :
0 BI<Z o

Now
. d_ 5
O [(1+ )3 0P) = (8—2/) (14 1)* P (1) 9y

= Cyw(x)d 20U Brem 4 0y yp(x) 32 P em,
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with C; = 0 if B,, = 0. These terms are of the required form, since j+ 1 < |a|+1 = |0
and [Bten| <IB|+1<2j—]a|+1=2(j+1)—|a|. The estimate (1.17) follows from
the observation

‘W(x)572jxﬁ| < w(x)372 x| Bl < v ()32 HIBL <y ()31,

1.3.2 Convolution with respect to time

We shall sometimes want to smooth distributions u# € D’(R? x R) with respect to time
only. This can be done by convolving with respect to the time variable, defined for inte-
grable functions by

(v 0)r) = [ wler=s)o(s)ds

as usual. For distributions u € D'(X x R) and v € D'(Y x R) with v compactly supported
with respect to the variable € R, we define for ¢ € C5°(X), y € C5°(Y) and 6 € C3°(R)

(w0 @Y 0) = (ulx, WD), eWWOILOO( +1)), o, (L18)

where x € C3°(R) is such that x = 1 in 7; suppv. This defines the distribution u *; v since
test functions of the above tensor product form are dense [Tre67, Thm. 39.2]; this fact
will be used repeatedly in what follows. In the case of integrable u and v, these definitions
agree: with the change of variable t = 6 — s, 0 = s +¢, we get

(u*tv,(p®\|f®9>:/X/Y/R/Ru(x,s)v(y,c—s)ds(p(x)\p(y)@(c)dcdydx

= [ ][ [ s 0008 + 1) dsdrdyd.

A convolution with respect to x € R? only will also appear in Gy¢@ = ® %, @. In this
case, the frequency variable k is fixed, and the convolution can be viewed as a Lebesgue
integral.
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2 Equivalent formulations of the direct problems

In this section, we shall show that the time and frequency domain scattering problems and
the Lippmann-Schwinger equation

(I+GrQ)is = —Gi(qi)

are equivalent to each other; Q denotes the operator of pointwise multiplication by the
potential ¢g. This equation will be considered in the context of certain weighted L”
spaces, where we can use L. Piivérinta’s extension [Pdi04] to S. Agmon’s classical re-
sult [Agm75] telling that the operator G : @ — ®(-,k) * @ is bounded in these spaces. It
is also natural to use the weights because one of the simplest solutions to the Helmholtz
equation, the plane wave ¢**®, is of constant absolute value and thus does not belong to
the unweighted spaces.

Our strategy is the following. We first estimate the norms of the incident part i;, under
certain assumptions about the translation representation. Then we show that once we have
these estimates, the corresponding norms of

is(- k) = — (I +GrQ) "' Grgqiti (-, k) (2.1)

can be estimated by the norms of #;, by proving that the operators (14 G,Q)~! and G,Q
exist and that they and their derivatives with respect to k are bounded. This also establishes
the unique solvability of the Lippmann-Schwinger equation.

Even though the connection between the time and frequency domain equations (1.1)
and (1.8) is simply the Fourier transform, the function spaces that are natural for the
different formulations are not related in the most straightforward manner. For this reason,
our proof of the equivalence entails some work. On the other hand, the estimates that
will soon be proved will also be useful in what follows, in particular in the proof of the
Blagovescenskil identity in Section 3.

2.1 Norm estimates for the solution and its k£ derivatives

We shall now estimate weighted L” norms of i and its two first derivatives with respect to
k. These estimates are used to deduce regularity properties of the solution & = i; 4 iiy and
furthermore show the equivalence of the frequency domain direct scattering problem and
the time and frequency domain Lippmann-Schwinger equations (1.7) and (1.11).

These estimates will also be needed later, for p = 2 and some p > 3, in the derivation
of the extended far field expansions, which are used in the BlagoveScenskii identity of
Theorem 3.1. The Sobolev embedding theorems and the estimates for G, that we shall be
using impose here the additional requirement that p < 6.

For all incident waves u; whose translation representations 4 are in L?(R x S?), we
have the following weighted L? estimate.
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Lemma 2.1. Let

ui(x,t) = Szh(x 0—1,0)dS(m)

with h € L*>(R x S?). Then
12 (v, 2y = V27 [l (x, ) |2y

is uniformly bounded with respect to x € R3, and in particular,

1/2
{/ / 15 (x, k) Pw(x 25dkdx} = \/ﬁHuiHL(z_ao> < 0 (2.2)

|”1||L2 50)

forall >3/2.

Proof. Parseval’s formula and Holder’s inequality tell us that
12 (x, ) 172y = 2 i (6, ) | Fo
2
§2n/‘/ Ih(x-©—1,0)| dS(o)| " dr
R IJs2
§87c2/ /]h(x~03—t,0))|2dtdS((o).
s2JR

Therefore
||ﬁi||i(2 sy RIXR) ~ / / | (x, k)| > dkw(x) ™2 dx
:275/ /]ui(x,t)\zdtw(x)zsdx
R? JR
< 8n2|’h’|1%2(RX52)||W_28||L1(]R3) <00
by (1.15). L]

We shall also need stronger estimates of the k dependence. To obtain these estimates,
we restrict ourselves to incident waves whose translation representations are fairly smooth
and compactly supported.

Lemma 2.2. Let

i (x, 1) :/SZh(x-(o—t,(o)dS(co),

heCyRxS?),beN,meN,8>m+3/p, 1 <p<oo. Then forall k € R,

for some constant C = C(8,m, p,h).

"y
ok™

< C
= kb
L” k|

('7k)
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Proof. In the Fourier transform, the factor k is clearly translated into a ¢ derivative, and
the k derivative into a factor t:
p /
- 3
r, YR

0" ii;

p
|k|PP w(x) P dx

Aﬁwﬂ%@nm

ok i k)

p
w(x) P dx.

/ e Pty (x, 1) dr
R

R3

Now making the change of variables s = x-® — ¢ and observing that [t| < |x| + |s| <
w(x)w(s) we get that

/ e Pty (x, 1) dr
R

b .
SCZ/ /|t|m‘b+j!8{h(x-w—t,co)|dtdS(m)
j=0 s2JR

b
<CY. [0l w0,

j=0
Therefore
pb 9" g T
KPP | S || <Y 1adnl?, w81,
L j=0
which is finite by our assumption about d. U

Now having established estimates for the L” s norms of the incident field 4; and
its k derivatives, we do the same for the scattering solutions #s(+,k) of the Lippmann-
Schwinger equation (2.1). To this end, we analyse the operators (I +G;Q)~! and G,Q
and their k derivatives.

Lemma2.3. Let 1 <m < p <00, and g € L\° for some y> 5—|—p—|—3pp_—mm and any 9, p € R.
Then

10 sy < ClIf e w3

for some constant C.

Proof. Simply use Holder’s inequality and (1.15):

1071 = [ g "))
<C/ | ()| w( mP=Y) 4y

-8 5—
<C|f"w mIILp/mHW b+ Y)\|'L"<,,/mySCHfH'Ln’ies'
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Lemma 24. Let | <m <2 <p<ooandd>max{1,3/p,3(1—1/m)}. Then the oper-
ator valued function
RBngk:LgﬁL‘is

is continuous, and
1 1

HngE(Lgl,L’iB) < Cw(k)3(a*;,)71'

Proof. By the mean value theorem,

i(k+h)|x—y| _ lk|x | p
(Gt =G 0] =| [ rO)ay|
_ h de” 8., (1)—d ]
o |, P10 | < 1l
for some & = &(x,y,k,h) between k|x —y| and (k+ h)|x — y|. Thus,
1Gk+n = Gl o, = SUP Gk f = Gef) ()| wix) 7P dx
Lmr?y)

1l <1 R3
h—0
< ChP| o (I1llpp , — 0O

by (1.15) and the assumption about 8. Therefore, Gy is continuous with respect to k.
For |k| > 1, we use the estimate [P4i04, Thm. 3.1]

n(L—L1y_q
Hngc(Lgl(Rn)L{S(Rn)) < Clk| (=3 ,

now with n = 3. If the exponent is positive, this immediately proves the claim. If not, we
combine this estimate with the fact that by continuity, Gy, is bounded for & in the compact
set [—1,1]. Thus by (1.16),

11y
||gk||£(Lg1,in)<Cm1n{1 |k| = p) N <cowk )3(m p)—1

O

For showing the invertibility of the Lippmann-Schwinger operator I + G;Q, we shall
use weighted Sobolev spaces, for which we first demonstrate a few facts.

Definition 2.5. For m € N and 8 € R, the weighted Sobolev norm over a domain Q C R"
is defined by

1/p
1 e ) = [/ x)P® Y. 10%F(x)|Pdx when 1 < p < oo

|o|<m

1F oo ) = max, 10% fllzge (@)
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The corresponding weighted Sobolev space consists of those functions whose norm is
finite:

W5 P (Q) = {f € S'(Q) |l fllwmr() < o0}

We also use the notation
Wl ={fe S'(R?) | | fllwmr (k) < 00 for all compact subsets K C R3}.
In the case p =2 we also write

H"=w"2  HI=W""  HI' =W

loc
It might seem equally natural to define these norms the other way around, taking the

derivatives only after multiplying by the weight. As is well known, this would not change
the spaces.

Lemma 2.6. For 1 < p < 0o, the weighted Sobolev norm is equivalent to the regular
Sobolev norm of the weighted function:

HfHWgn’p(Q) ~ HWBfHWm,p(Q).

Proof. First show that ||w®f lwmr) <CIIf HWén.p () By the Leibniz formula and (1.16)

WAL i g/ y [Z (06) ‘aoc—ﬁw(x)f?’ ‘aﬁf(x)‘]pdx
e Laj<m [p<a B

<C [ w® ¥ (04| dx=Cllf o g

B|<m

For the converse estimate, again use the Leibniz formula and Lemma 1.1 to get
8|0 — |9 5 . o a(x—oc’ Saoc’
w(x)°[0%f(x)| = | 0% [w(x)°f ()] = ) w(x)°9" f (x)

< o] [+ E () 0% ol prta)

< aa[w<x)5f<x)}\+c y (Z‘,)w(x)f"’\a“’]v(x)\.

Note that now || < m — 1. Repeating the estimate m times gives the statement. Ul
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Lemma 2.7. The embedding H (R*) — LE(R?) is compact for all p € [2,6] and 8, 8' € R
with 8 < &'

Proof. Choose y, € Cg°(R) such that suppy, C [—2,2] and x = 1 on [—1,1]. Set xr(x) =
x(|x| =R+ 1) so that xg € C5°(R?) and suppyr C B(0,R+ 1) and Xr|B(o.r) = 1. Then
the operator yg- : HSZ, — H?(BR) — LP(Bg) — L{ is compact by the Sobolev embedding
theorem [Ada75, Thm. 6.2.11]. Here — denotes a continuous mapping and < a compact
embedding.

It suffices to show that the operator 1 — g : H§, — Lg tends to zero as R — oo: by
another Sobolev embedding theorem [Ada75, Thm. 5.4.1] and Lemma 1.1,

1 =20z < ClwP (1 =)
< [ I =) 2+ (V) (1 =) f 2
+ W8 [V (1 =5R)) 2 + 2 (1 =20 V £ 2]

<C [HWSJCHLZ(R3\B(O,R)) + ||W6Vf”L2(]R3\B(0,R))]
< Ow(R)> | £z,

where C does not depend on R. Therefore |1 — x|z 2 ) < Cw(R)3Y — 0. O
8

For proving the invertibility of 7 4 G;Q, we shall express the convolution operator
Gr = ®(-,k)* as multiplication on the Fourier transform side. To this end, we review the
calculation of its Fourier transform with respect to x € R>:

Lemma 2.8. Forz€ C, and k € R,

1
FO(8,z) = EP=2
. 1 . I
FOON =M g — ey~ = ko -
F®(E,k) = lim ! !

e\ [E> —k* —iesgnk - E|2 — k% —i0sgnk’

In the case k = 0, the limit reduces to F®(E,0) = |§]| 2.
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Proof. Integrating by parts in polar coordinates and substituting = cos 0, we get

oiz B < expli(z—X-&)r] ¢
" Ln|x|] ©= /52/0 4mr Ardse

1 .
=/, IR ER 5 dS(%)

2n
0d6
/ / z—]f_,\cose) sin

- 5/1 = \év)z"’

1
g7 —=*

Since et @(x) — @(x) in C(R3) as € \, 0, and ® is a tempered distribution of order

Zero,
i(k+i€) x|
_ ellg) — e
(®,0) = h{n<<1>e <p> g{%< ] ,cp(x)>,

i.e., D(x, k) is the distribution limit as € \ 0 of the integrable functions ®(x, k + i€). Thus,

pi(ktie)|a] 1

FO(E) = lim F led] (€)= lim e

The alternate form for F® (&, k) follows analogously since, if we take the square root with
positive imaginary part,

i(k*+iesgnk)'/?|x]
& 0 — Lim { . ol (K+iesenk) 21\ _ 3 e -
(®.9) = lim (®.c 0) = lim{ oW

O

Lemma 2.9. Let p € [2,6], 8 > 3/2, q € Ly° for some Y > 28+ 3/2, and assume that
q is such that the operator 1+ G, Q is injective on L%S. Then the operator I + G, Q is

invertiblci inL” & qnd in particular, the frequency domain Lippmann-Schwinger equation
has a unique solution.

Proof. We first note that I + G, Q is also injective on L‘isz If (14 GrQ)y =0withy € L‘is,
Lemmata 2.3 and 2.4 imply that y = —G,Qy € L* s and thus by assumption, y = 0.

By the Fredholm Alternative it suffices to show that Gq is a compact operator on L P
since then injectivity will imply invertibility for the resolvent. This will be done by fixing
any & € (3/2, min{§, (y—1)/2}) and showing that

2 S 1
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where — denotes a continuous mapping and < a compact embedding.
The continuity of Q : L” 5 L%, is asserted by Lemma 2.3. The compactness of the

embedding H> 5 L’ 5 Was proved in Lemma 2.7.
For proving the continuity of Gy : Lg, — H? 5> use Lemma 2.6 to see that

1Gef 2, < Clw™® Gif |2
< ClIW*F(w™o Gef)ll 2
<CIFw ¥ Gef)ll2 +Clll- PFOv=¥Gef)ll 2
=ClGef Nz, +CIAW G-

The first term is estimated using Lemma 2.4. As for the second term,
1AW= Gif)llpz < C [H(Aw—8 )Gf 2+ 1(Vw™™) - VG fll 2+ w™® AGfl 2

3
<c[l6ifliz,, + X 19Gef iz, + 186z | 2.4
=1

by Lemma 1.1. For estimating the first order terms, choose X € C3°(B3|x+3, [0, 1]) such
that X = 1 in By 4o, and write ;G f = g1 + g2, where

__ENEC . __ENE) .
(Fg1)(&) = m@;%(&)v (Fg2)(&) = mlﬁu [1=x(8)]. 2.5)

Now the fact that multiplication by £x (&) € Ci° is a bounded operator on H =¥ gives

lgillz, = IFgilly- < CIF(Gf)ll -5 = ClGaS 22 -
Also,
00 = e 1~ 1(2)
is a bounded function, and thus
lg2ll2 , < Cllg2llz = CllFg2llre < Cllll= [F fll2 = Cllfll2 < Cllfll 2, -
Therefore Lemma 2.4 shows that

109612, <€ [lleallz, +lgallzz, | < €Iz,

The Laplacian term in (2.4) is estimated exactly in the same way, except with multi-
plication by |&|? instead of &; in (2.5). O
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The injectivity condition is automatically satisfied for nonzero frequencies k, as is
shown by the following lemma. For the zero frequency, we need to explicitly assume
injectivity.

Lemma 2.10. Let 8 > 3/2 and g € L?O(]R%]R) for some y > max{8+7/2,26+1}. Then
the operator I + G;Q is injective on Lz_sfor all k # 0.

Proof. Fix k # 0 and assume that LZ_‘5 5> @ = —Grq®. Thus

(A=K +q)9 = (=L — k) (—Grq9) +q9 = —q9 +q¢ = 0.

Since the operator —A — k% + ¢ is injective in L? when g(x) = O(|x|7P), p > 1 [Kat59],
it suffices to show that ¢ € L?.
Take a sequence of functions ,, € C;° converging to g¢ in L%. Then

[Fya(§)?
0=1Im(¢,q¢) =Im(Grg¢,q0) = lim Im (Gyy, ¥,) = lim Im - MG@
where F = —sgnk. Split the integral into two parts using a smooth cut-off function

X € C3°(Byk|/2,[0,00)) with ) = 1 in Bj;|/3: The part around the origin is away from the
singularity, and thus

XE)IFw () x(& !Fwn
in [ Kooy = m [ Mo e =

Write the singular part using pullback with the smooth f(§) = |£|> — k%, whose gradient
does not vanish for [§| > |k|/3:

1 1
= U0, 80— (gag) —riEinh),
Therefore
— lim Im 1 ({;) 2 i * o
0= tim i tim [ P QR i 0P P
— 47 lim Py (E)]? dS(E) 2.6)

n—00 J |g2=k2

_ 2
_i¢élkww@@nda®

by the Sobolev trace theorem, since Fy,, — F(g@) in H°.
We shall now use (2.6) to analyse the behaviour of F(g@) near the sphere |§| =
where F® is singular: Let a0 > 5/2. Let Ky : L*>(R?) — L?(S5?) be the operator defined by

s (w*q@))(®) = F(q¢)(s®)
= F(q9)(s0) — F(q0)(|k|o)

= [ Klxowlx)%gx)o() dv
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where
Ks(x, (1)) — pSOx |:ei(|k|—s)0)~x 1 W(X)_Oc.

We can estimate the operator norm of X through its Hilbert-Schmidt norm as follows:
because the chord line of the unit circle is not longer than the corresponding arc, we have
|et(KI=s)ox _ 1| < |(|k] —s)o- x| < ||k| — ]|, and thus

2 —isw-x|2| i(|k|—s)@-x 2 -2
||ICS||£(L2(R3)7L2(32)) S/Sz/l‘%Je ®© | ‘€(| | )0) —1‘ W(X) (xdde(O))
< (47m)? ||| —s}z/ Pw(r) %2 dr
0
<C|k|—s|*.

If we choose o € (5/2,7y—9), we see that ||[w*q@||;2 < Cllo|l,2 < C||(p||Lz8 < oo and
a—y -
thus

I1F (g@)](s) | 2(s2) < C|Ik| =], (2.7)

the constant now containing the norm of @.
Write

2

Fa0)® [ e

E|> — (k+1i0)?

19112 = |Geqol|>> = C|IF (Geg9)|% = C /R 3

Split the domain into B,y and its complement. In By, use (2.7) and further estimate
k| = r|? < ||k| — r +ig|*> = (r — |k| — i€) (r — |k| + i€) to see that

2 2/k| 1

R [ / -
/lekl [EI? — (k+i0)> d&’_;{% o |P—(k+ie)2P Js [F(q0)(ro)|~dS(w) r=dr
2|k e\ N2
<lmC (r K] lﬁ)(f’ |k|+z§)r dr
N0 Jo  (r+k+ie)(r+k—ie)(r—k—ie)(r—k-+ie)
2lK r?dr

=1limC
N0 Jo  (r+|k|+ie)(r+|k| —ig)

2k 2
o Ra—
o (r+I[k[)?

< Q.

In R3 \ By, simply estimate > — (k+ig)? > k* to get

/R3\B2k|

F(q9) (&)

2
2 _IF@@IE _ Claol?, _ Clolz,
€~ (k+i0)2

dé < k2 o k2 — k2

< 0.
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Lemma2.11. Let2<p<6,8>3/2, g€ L?(R:‘;,R)forsome v>max{0+7/2,26+1},
and assume that q is such that the operator I + GoQ is injective on L* s+ Then the operator

valued function
R3k— (I+GQ) ™' € L(LF)

is continuous and bounded with respect to k.

Proof. By Lemmata 2.3 and 2.4,
3 —1
1G:Qll e 1) < 196l oy ar 1€l e, amy < Cwik)* ™77 =0

as |k| — oo, if we choose m € (3p/(3+ p), 2], which is possible by our assumption about
p. Thus, when |k| is sufficiently large, say |k| > M, this norm is less than 1, and the
resolvent is given by the Neumann series

(I+G:0) =) ( (—GrQ)’
j=0

for which .

1 —cm' 3Gy

—1
T+GQ)  llgary) <
Continuity follows, since

1+ G~ = U+ G @) e = [T +GQ) ™ [Gry — Gi] QU + 61~ ||

(2.8)
< C||Gx, — gk||z:(Lg’,L’15) —0

as k — ko, by Lemma 2.4.
Then consider the case |k| < M. We first show local boundedness using the formula

I~

lA+6) " = A (I +A™) Y| < e
e

Fix kg € [-M,M] and set A = I + G, Q and b = G;.Q — G, Q. Then by Lemmata 2.9 and
2.10 and our assumption, A is invertible. Thus by Lemma 2.4,

1
2T+ Gk @) Ml )

16l 227 oy < G = Gioll e 22 Il ey oy <

for k in some small neighbourhood of k. For such k, we thus have

H(IJrgkoQ)_lH.c(L'jS)
1—1/2 !

(1 + ng)AHc(L{S) <

and (2.8) shows continuity. Boundedness follows, since the compact set [—M, M] can be
covered by a finite number of such neighbourhoods. L]
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Remark. Combining Lemmata 2.4 and 2.11 shows that the resolvent of the Schrodinger
operator

G = lim (~+ Q- (k+ie)>) " = (I+G:Q) "G

satisfies the same estimates as G; in Lemma 2.4.

For estimating the derivatives

ity = — [0 (I + GrQ) "] Gi(qit) — (I + GkQ) "' [0kGi] (qit) — (I + GrQ) ™' G (q0xid)

pts = — [0p(I + GxQ) '] Gr(git) — (1 + Gk Q)" [92G] (i) — (I + GrQ) ™' Gi(qdgi)
—2[k(I+GxQ) "] [9kGi] (qit) — 2k (I + Gk Q) '] G (qOxi)
—2(1+GvQ) " [0kGr] (q0rit)

)

we shall use the following estimates for the k derivatives of the operators G; and (I +

GrQ) .

Lemma 2.12. The operator valued function
R3k—Ge:Ly— L
has two bounded derivatives for 2 < p < oo and & > 5/2.
Proof. Show that we can differentiate under the convolution integral: 9;Gy = dy(Px) =

(0x D)+, ie., that (;P)x is the operator norm limit of the difference quotient. By the
mean value theorem, there is a § = &(x, y,k, 1) between k and k +  such that

(5% o)
h ,

/ [ei(k+h)x—y| — otklx=yl  jpiklx—y]
R3

p

P
w(x)"Podx

R3 4th|x — |  4n

] f()dy

p
w(x)Podx

ieik‘x_y| JE—I) x—
/MT[6<& Ot 1] £(v)dy

PiE—R)lr—] _

w(x)Ewe

R3

p
<C fw5 ||Ws_5||€2 w(x)p(s_s)dx.

R3

12

Now |e!&=KI=3 _1| < |E —k||x—y| < h(|x|+|y|), and of course also < 2. Thus if & > 0,

) g/2 1 1
(T = (+h) <2h when |x| > o O ly| > T

h(lx|+]y]) 2 1
Seeb <h 7z <2vh  when |||y < o

e E—k)lx—yl _ 1

W0 @9
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and consequently by (1.15),
(gk+h Gr 3 gk) 7

; C R ) fll 2 w2 2 1wl

P
L—S

< CEP+ 1) fll 3

which proves the claim about differentiating under the integral if we choose € € (0,0 —

3/2).

Then do the same for the second derivative 97®(x — y,k) = —e* ¥l |x — y| /4x:

Gk — G
H( k k+hh k k_(alch)*)f

p

P
L—S

p
w(x) " Pddx

4mth 47

ei%‘X*ﬂ i(k— e
L [ = 1] eyl ) ay

i(k—=8&)lx—| _ 1 b
e _ _
S w017, w(x) PO

12
for some & = &(x,y,k,h) between k and k + h. This time estimate as in (2.9), but now with
e —y| < [xf + [y < 2w(x)w():

k=)= _ 1
w(x)Ew(y)®
and consequently

’ (akgk—i—h — 0k

— (02

0 G s

Now we have to choose € € (1,86 —3/2).
The norms are bounded since

Hakgkfllﬁgs = /R3 (/R3
\|a,%gkf|!{p_8 = /Rz (/R3

p
<c[.(/ |f<y>|w<y>5w<y>l-5dy> w9
R3 R3
< CHlef_sHlH%_aHﬂlfg

R3

eltk+h)x=y| _ giklx=y|  ,iklx—y]|
/. [— + Skl | £y

p
w(x) Podx

R3

<C c—y| fw®

R3

, Bkl
w(x)E tw(y)e=t | =

x—y[| <

e—1
< (n 7 +n"2) w20l

P
L

jetklx=yl

I rdy> w(x) P dx < I, 112, (171

and

etklx—yl

p
=yl )\dy> w(x) PPdx
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Corollary 2.13. Let2 < p <6,8>5/2and g € Lf(R%R), Y> 20+ 1 such I+ GyQ is
injective on L* s- Then the operator valued function

R>k— (I+G0) ' € L(LYy)
has two bounded derivatives.
Proof. Use the formula 9;,A~! = —A~1(9;A)A~! and its consequence
A =24"1(0,4)A7 1 (9 A)A — A1 (974)A7!
to obtain

||ak(1+ng)_l||L(L§5) < H(I+ng)_IH%(L/iS)||akgk||£(L§,L’is)HQHL(L’ia,L%)’
Ha%(IJrng)_IHL(LP_S) < 2”(1+ng)_1Hz(yis)”akngc(Lg,L{S)HQHL(L{S,Lg)
+I(I+G:Q)~! ||%(L115) ||al2<gk||£(L§,L’j5) 1Cll ey, 12)-

The right hand sides are bounded by Lemmata 2.11 and 2.12. U]

The norm estimates for the incident and scattered waves are summarized in the fol-
lowing corollary.

Corollary 2.14. Letm € {0,1,2}, 2 < p <6 and 6 > m+3 /2. Assume that q € L;° (R3,R)
with y > 28+ 1 is such that I + GoQ is injective on L%S. Then if

0" ii; C
< — 2.10
-5
we also have
0"l c’
- < — 2.11
ok™m L7 k| ( )

In particular, the estimates (2.10) and (2.11) hold if
i (x, 1) :/Zh(x-m—t,w)dS(O))
s

with h € C5(R,L?(S?)).
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2.2 Regularity of solutions

Lemma 2.15. Assume that g € Wléc and that i(-,k) € L10C solves the frequency domain

plasma wave equation (1.8). Then ii(-,k) € H2H/ < CI(R).

loc

Proof. Let K be any bounded set in R". By assumption,

1AaC 0|2 = (g = k)al k) 2k < (K + 1l @) 16Kl < oo

Thus by standard elliptic regularity results [Eva98, Thm 6.3.11, i(-,k) € HZ . The state-
ment for j > 0 follows iteratively: Assume that i(-,k) € H{" . Then operating on (1.8) by

loc®
0% with |ol| = m and and using the same estimate as above, we find that

83 Rl = | E () @ Pacn -k

B<a

< (k5 +2" lgllwmoe o)) 120 m ey < 00

L2(K)

Thus again by elliptic regularity, 0%4(-,k) € H2,_. Therefore, i(-,k) € H™ 2. The inclu-

loc* loc

sion in the claim is the standard Sobolev embedding result [Ada75, Thm. 5.4.1]. O

We note that Green’s representation formula

q’)< ¥)| ds(y)
(2.12)
(x

y)dy

0= [ |Lmee-n-so
—/BR [(A+I) ()]

for |x| < R, valid in the L? sense when f € HllOC and Af € LZOC, also holds pointwise when
fe Hlic. This can be seen by approximating f with smooth functions, for which (2.12)
is shown, e.g., in [CK98, Thm. 2.1], and using the Sobolev embedding theorem [Ada75,
Thm. 5.4.1].

(
@

2.3 Wave operator

A common formulation [LP67, RS79] for time domain scattering problems is in terms of
the wave operator [RS79]
.Qi = lim Wl(—l‘)W()(t),

t—Foo

where Wy and W are the propagators

0 (aio0) = (atosrn) M0 (i) = (outsin)

This definition is independent of the choice of s € R, since the free space wave equation
and the plasma wave equation are time-independent.
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Often one also considers the scarttering operator S = (Q~)*Q* which relates to each
other the asymptotical free space waves that the solution approaches before and after
the scattering. We, however, shall not use it since we only deal with the incident free
space wave and the scattered full wave (u,0;u) = Q7 (u;,0;u;). We shall show shortly
in Lemma 2.19 that under certain assumptions, this formulation is equivalent to the time
domain integral equation formulation (1.7).

A natural environment in which to work with the propagators is given in terms of the
energies with and without potential: the propagators Wy and W preserve these energies,
respectively. These energies and the associated Banach spaces are defined as follows:

Definition 2.16. Denote by X the completion of Ci° (R3) with respect to the norm
1Allx == [V Al 2,

with inner product
(f1,81)x == (Vf1,Ve1)2.
Set H =X x L?,

(@) 6)), = wnrsor |G

and write

(@)

H

H:= {u c H'(R,L} (RY)) ‘ (al:L(t({i)) €H forallt € R}.

For any p € L®(R3 R), define on H the energy form
Ex(fif) = [ VAP +R0P+pIAME] ds

and on H the energy of the wave at time t, Ep(u,t) := Ep, (u(-,1),0pu(-,1)).

Note that the first components of elements of H are locally square integrable by the
Gagliardo-Nirenberg-Sobolev inequality (see, e.g., [Evad98, Thm. 5.6.1] or [Ada75, Sec.
5.11])

* np
1l @y SCIVAllr@ny,  p<p™ = nep < 00. (2.13)
With n =3 and p = 2, p* = 6 and we get for any bounded V C R?
1Al = 1)
< m(V)*| /7|l
<Cllfill7s (2.14)

<C|VAlZ
<Cll(fi, )%
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An essential fact that we shall use when showing the existence of the wave operator
is the equivalence of the energy forms with and without potential. For this, we shall
assume that the potential is such that the Schrodinger operator —A + Q does not have
eigenvalues. A sufficient condition for this is that the potential only takes positive values;
then it is easy to see that —/A\ + Q is a positive operator, being the sum of two positive
operators. The absence of positive eigenvalues was noted in the proof of Lemma 2.10,
and it is also known that zero is not an eigenvalue [RS00]. It is thus enough to assume the
absence of negative eigenvalues, so-called bound states.

Lemma 2.17. Assume that q € L;O(]Rs,R) with ¥ > 2 is such that the Schrodinger oper-
ator Hy := —/A\+ Q, D(H;) = H*(R?) C L*(R?), has no negative eigenvalues. Then the
energies E, and Eq are equivalent, i.e., there is a constant C > 0 such that

C'Eo(f1,12) < Eq(f1, ) < CEo(fi1, f2)

forall (f1,f2) €H.
Proof. See [Phi82, Lemma 3.4] for the proof, which is based on the Gagliardo-Nirenberg-
Sobolev inequality (2.13) and the Rellich-Kondrachov compactness theorem. L

We now prove the existence of the wave operator:

Theorem 2.18. Assume that q € Ly° (R3,R) with y > 3 is such that the Schridinger op-
erator Hy := —A\+ Q, D(Hy) = H*(R?) C L*(R?), has no negative eigenvalues. Let
Hy= —/\. For* j € {0,1} set H; = H with inner product’

1\ (& (o
<<f2>, <g2>>Hj = (ijlagl)LZ + (f27g2)L2 . (2.15)

Then the propagators W; are unitary in 'H j, and the wave operator
QF = lim Wi (—1)Wo(r)
t—TFo0

exists and is an isometry from Hg to H;.

Proof. We proceed in the general framework of scattering theory, which is presented, e.g.,
in [RS79, Sec. X1.10], and which we review here for completeness while proving that the
required assumptions are satisfied.

The operators H; are unbounded positive self-adjoint operators on L?, with domains
D(H;) = H?; the positivity of H; follows from Lemma 2.17 with f> = 0. We write the
free space wave equation (j = 0) and plasma wave equation (j = 1) as first order systems:

(o) = Aamin): A=i(3, o)

“In the entire section, statements with the index j refer to both cases j =0and j = 1.

SObSCI'VC that ((flva)a(flaf2))H0 = EO(f17f2) = ||(f17f2)||]2—] and ((f17f2)7(f17f2))’}—{1 = Eq(fl»fZ)-

Here, like elsewhere in this text, we identify pairs and column vectors.




34 2. Equivalent formulations of the direct problems

The operators A are self-adjoint on D(A;) = H*©H' C H,:

() (), 0 0) () G)

"\ \e/ ), —H; 0)\n)"\&2/) ),
= (Hjif2.81) >+ (—iH;f1,82) 2
= (f2,—iH;g1) 2 + (Hjf1,i82) 2

(Dn(),

Thus iA j are skew-adjoint, and consequently the propagators W;(t) = e~"Aj" are unitary in
H; [LP67, App. 1, Thm. 2].
Let B; = /H,, extended to X, which is, again by Lemma 2.17 with f, = 0, the com-
pletion of H' in the norm ||B; - ||;2 = Ej4(-,0)'/> ~ || - ||x.
To analyse the propagators W;(¢), we diagonalize their infinitesimal generators: A ; =
Tj_IBjTj, where

1 /B: i 1 /B7' B! - B; 0
T, =— |/ ) 71— (") j B.— (P .
/ \/5(31 —l) y \@<—i i) / (0 —Bj>

The similarity transformations 7, : H; — L? x L? are isometries, and they also diagonalize
the propagators

and the identification operator

~1

J:= (Bl Bo 0) =T, 'UTy: Ho— Hy
0 I

which relates to each other the two Hilbert spaces Hg and H; in which the propagators

Wo and W are unitary.

We shall first prove the existence of the generalized wave operator QF(A1,A¢;J) :=
limy oo Wi (—1)JWp(r). As Lemma 2.17 shows, the spaces H( and H; are actually set-
wise, and also topologically, equal, so the identification operator J is in a sense super-
fluous. Indeed, it turns out that the usual wave operator Q* (A1, A) also exists, and that
it coincides with Q*(A1,A¢;J); we shall shortly conclude the proof of our theorem by
showing this.

Note that the existence of Q*(A1,A;J) is equivalent to the existence of Q*(By,By)
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— for both signs — because as t — Foo,

Wi (—1)IWo (1) = Ty ' Wi (=) TV Ty 'Wo (1) To

o eiBll‘e—iBol‘ 0
=T 0 o—iBit giBot | 10

strongly .Q:t(Bl,B()) 0
T ( 0 QF(By,By) To

if the limits exist. This also shows that if Q¥ (By,Bp) is an isometry, so is Q*(A1,Ag:J).

We show the existence of Q¥ (B;,By) using the Kato-Birman invariance principle
[RS79, Thm. XL11]: Let A >0, T = (0,1/)A) and ¢(s) = (1/s —A)"/2. Then since
6(Hp) = [0,00) and 6(H) = Gac(H1) UGp(H)) With Guc(Hi) C OCess(Hi) C Oess(Ho) =
[0, 00) [Kat95, Thm. 5.35] and 6, (H;) N (—00,0] = () by assumption, we see that 6((H;+
M)~ C0,1/A] =T. Also, ¢’ <Oon T and ¢" € C(T) C LL .(T). As for the end points
of T, @(1/A) = 0 is finite, and 0 & 6, (H; + ). Therefore, if we succeed in showing that
(Hy+ M)~ — (Hy +X)~! is trace class, the Kato-Birman invariance principle will imply
the existence of Q*(By,By), since B; = ¢((H; + 1)~ 1).

For showing the trace class property, write (H;+1)~! = —R’ 5~ Then

(Hy+0) ' —(Ho+A) "' =R%, R,
=R%, [-(Hi +MR",] —R%, [~ (Ho+ ML) R,
—R%, [Hy+A—H, —\R.,
=—R%,0R.;
so that
R, =R%, +R%,0R"; =R, [I+QR',]

and thus
0 1 0 0 1
R’), —RlL, =—R",0R, [I+QR’,]

(2.16)
— =[R2, Jal" | [lg" /2 seng- R, | [1+ QR
is trace class as a product of two Hilbert-Schmidt operators and a bounded operator: the
second factor in (2.16) is of the form f(x)g(—iV), for f(x) = |g(x)|'/*sgng(x) € L? and
g(&) = (|€]* +A)~! € L2, and thus a Hilbert-Schmidt operator [RS79, Thm. X1.20]. For
the first factor, note that

(RO )al"w.n) = (1gl"2w. B2 ) = (v, lal" R

so that Rﬂ“q\l/ 2. = (|q|'/? -RY,)*. The argument that was used for the second factor
therefore shows that the first factor is the adjoint of a Hilbert-Schmidt operator, and thus
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a Hilbert-Schmidt operator itself, too. The operator (2.16) is thus trace class, which al-
lows us to conclude the existence of the wave operators Q¥ (B1,By), and thus also of
.Q.:t(Al,A();J).

To show that the identification operator J can be dropped, apply [RS79, Thm. XI1.76]
whose assumptions reduce to trivialities except for the following:

(i) Equivalence of the energies (f,H;f): this again follows from Lemma 2.17 with

f2=0.

(ii) Vanishing of ||(Ho— H})e Bo'w)||,2 as t — o0, for all win a dense set D C D(Hy) =
D(H;) = H*(R?): this will be shown next.

(iii) Existence of the wave operators Q.= (B1,Vp): this was shown using the Kato-Birman
invariance principle.

For proving (ii), choose D to be the set of smooth, quickly decaying functions whose
Fourier transform vanishes in a neighbourhood of the origin. Take any € > 0. Then for
any w € D,

1(Ho — Hy)e™ 0" wll 2 < llge™ "Wl 25, + lge™ "' wl| 23\

—iBot —iByt

< llglli=lle” ™ Wl 28e) + gl oo m3\Bg) € W 2-

Now [le=Boty||,2 = 2r) 3 |le I Fw| 2 = (2r) 73||Fw]|;2 = ||w]| 2, and since g is as-

sumed to decay, we can fix R so large that [|g|| o &3\ gg)l|Wl[2 < €/2. It thus suffices to

prove that [le="%0'wl| 2 (p,) goes to zero as 1 — +oo: For [x| < R, integrate by parts in

spherical coordinates to see that

’ (e—iBOtW) (x)| — (27‘:)3 / lxé l|§|tFw d& ‘

B (2;) /52/ PEO- Fyw(pB)p>dpdS(6 )‘
- (zalt) /SZ/ e [FW(pG)pz} a’pdS(e)‘

X-0—1 ap

o0 |lelp x0—1) a % ,
52 |x- (o—t] Fw(p0) + pFW(PG)‘ p=dpdS(0)
B |l| —R R3 {|VFW(§ |§| |FW(§)|} dg.
This completes the proof. -

We shall prove shortly in Section 2.4 that the time and frequency domain formulations
of the direct scattering problem are equivalent. The following lemma, which shows that
the time domain direct scattering problem can be formulated in terms of the wave operator,
will allow us to deduce the conservation of energy for the solutions of the direct scattering
problem.
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Lemma 2.19. Let u;(x,t) = [@ h(x-@—1,0)dS(®). Then u; € H if and only if h € L*(S?),
and Eo(uj,t) = (2Jt)2|]hHi2(Rxsz)for allt e R

o0

Assume, in addition, that q € Lcomp(R3,R) is such that the Schrodinger operator
Hy := —A+Q, D(H;) = H*(R?) C L*(R?), has no negative eigenvalues. Then u =

i + us,
(o) =02 ()

solves (1.7), u € H and E,(u,t) = (27c)2||h||§2(RX @) forallt €R.

Proof. The isometricity of the incident wave and its translation representation is shown
in [LP67, Chapter IV, (2.16)]; there a factor of 1/27 appears in the expression (1.6) of u;
in terms of £, instead of the definition (1.5) of A4. The isometricities of the wave operator
Q" and the propagator W () were shown in Theorem 2.18.

To show that u solves (1.7), first approximate u; by

uil (x,t) = . h'(x-o—t,t)dS(m), R (5,0) = 1(_oo ) ($)h(s, ®), neN.

As n — 00, the isometricities already noted imply that

(i)~ (i)

(JZ}E(?)) =Win)er (a?zfg(o()))) — (ii(%) 2.17)

in H for all € R. Now u!' is —n-incoming, i.e., u!'(x,t) = 0 when |x| < —n —t. Thus

(i) =) =

in Bg when t < —R — n, so that if suppg C Bg,

and

Wa(—O)Wolt) (a”u <(0(>))) = Wi(R+n)Wo(~R —n) (;u(((?)))

when ¢t < —R — n. Therefore

() = Wi R R (a(<0<)>>) - (a(<t3>)

when t < —R —n. Consequently

[a?—A} uy = —qu" inR? xR
uy = oy =0 att = —R—n,
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Domain of influence
of suppg x [ag, b]

Figure 3: Domains of dependence and influence in (2.18).

and we deduce that u! = —E xqu".
By (2.17), it suffices to show that as n — oo, E4 x g(u — u") — 0 uniformly for any
compact V x [a,h] C R? x R. Set V" := u— u" and

to 1

VZ(X(),I’()) = 47'C(l0 _ l)
—00

/| | q(x)V"(x,t)dS(x)dt. (2.18)
X—Xo|=to—t

By the compactness of the support of ¢, the integrand vanishes for ¢ smaller than some
ag < a (see Figure 3). Thus for a large enough compact set U C R3,

[8,2 — AWV =—g" in U x |agp,b]
vi =0 on dU X [ag, D]
vi =0V =0 att = ag

and consequently [Eva98, Thm. 7.2.5]

easgstsguf HVS('J)HHOI(V)+Hazvs(',f)HH(v)] Sijifg [H"s(';f)HHg(U)+Hat"s('af)HLZ(U)]

< Cllgv" | .2 (v x[ag b))
b 12
<Clale= | [ WOl
ao

The quantity on the right hand side approaches zero as n — o0; to see this, use (2.14),
the equivalence of the energies (Lemma 2.17) and the isometricities of the wave operator
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(Theorem 2.18) and the translation representation:

n o0
=00

V1) 22y < CEo(1) < CEy (1) = CEo(1) = Cllhl 22 o

n.o0))

uniformly for all ¢ € [ag,b]. O

2.4 Equivalence result
We have introduced four different formulations for the direct scattering problem:

(1) @ = 4; + i satisfies the frequency domain Lippmann-Schwinger equation (1.11)

(ii) @ = i;+ 1, satisfies the frequency domain scattering problem (in Section 1.2, page 11)
(ii1) u = u; + us satisfies the time domain Lippmann-Schwinger equation (1.7)

(v) (u(-,1),0mu(-1)) = Q" (u(-,1),0u(-,1)).

There is a vast literature dealing with each of these four formulations. Each has certain
convenient properties that arise naturally in the framework of appropriate function spaces.
However, these frameworks are somewhat different for each formulation. In order to be
able to combine these properties, we shall now prove the equivalence of the different
formulations.

That (ii1) follows from (iv) was already shown in Lemma 2.19; if (ii1) is uniquely
solvable, this also gives the converse implication. The analysis of the others will be
broken down into two lemmata showing pairwise equivalences under slightly different
assumptions. The results will be summarized in Theorem 2.24.

Lemma 2.20. Let k € R and it;(-, k) € L’  for some 8 > 5/2 and some p € (3,6). Assume
that q € V[/Ié’COO(R3,R) MLy with Y > 28+ 3 is such that the operator I+ GoQ is injective
on sz 5

Then i(-,k) = G4;(-, k) + iis(+, k) satisfies the frequency domain direct scattering prob-
lem (in Section 1.2, page 11) if it satisfies the frequency domain Lippmann-Schwinger
equation (1.11). For k # 0, the converse implication also holds.

Proof. Let ii = ii; + iis be a solution of the Lippmann-Schwinger equation (1.11) and let
C°(R?) > @, — giiin L% (see Lemma 2.3). Then by Lemma 2.4, Gy®, — Gi(gd) in L”
and a fortiori in S’. Thus in the sense of distributions,
(A+EK)ia = (A +K2)ig
= (A +K) [~ Gulqi)]
= lim [~ (A+K)D] * @,
n—oo

= lim 60 (/%

n—oo

= qil.
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To show that the Sommerfeld radiation condition (1.10) is satisfied, we can differenti-
ate under the integral with respect to r = |x|, as is seen in the following. Fix ) € C§°(R?)
with supp), C Bg. Then

<%[c1>*(qﬁ)],x> = <%[¢*(13Rqﬁ)],x> + <% [q)* ((1- 1BR)qﬁ)],x>;

consider the terms separately. Now as 1p,qgil € &', the convolution in the first term is a
usual convolution & x D’ — D', and it follows that

For the second term, we use the mean value theorem: when x € suppy C Bg,

% [cp* ((1- IBR)qﬁ)] (x)

. P(x+ht—y)—P(x—y) .
=1 k)d
lim R3\BR{ P q(y)a(y, k) dy
= lim ¢V (x+E8— A(y,k)d
Yy A (x+&8—y)a(v)i(y,k)dy

for some § = §(x,y,h) € [—h,h]. The integral converges to the integral of the pointwise
limit by Lebesgue’s dominated convergence theorem: since |x| < R and y > R,

R— x|

8=y = =y =[G 2 R~ x| = |h| = —

when |h| < (R—|x|)/2, and thus

eikIx+EE—y|
4mlx+8&8 —y|

£ VD (x+E2—y)| < |4 ' X 58—y !

ik — — < C(x,k),
ey T gy | SCwH

showing that the integrand is bounded by the integrable function C(x,k)|q(y)||d(y,k)|.
Therefore

%[cp (g (x) = £ [V * ()] (x)
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for x € suppy, and the Sommerfeld radiation condition follows from that for &:

il o
E(X’ k) — lku(x,k)‘

= |- [V (git)] (x,k) — ik D (gi)] (x, k)|
eklx—=yl X—
= /]R3 m [(ﬁ ﬁ — 1> ik — |xiy|} q(y)ﬁ(y,k)dy’

1 xX—y
SCWk(/ { £ - ‘ ————] a(y, k)| dy.
® fo T | oy | a0 lat )y

Split the domain of integration into three parts: B(x, 1), B(0, |x|*) for some a € (0,1/2),
and the rest, call it U. In B(x, 1), we estimate

~ XY
x.
x—y|

—1‘g2 (2.19)

and |g(y)| < Cw(y)™Y ~ Cw(x)~Y for large x. In B(0,|x|*) for |x| large, approximate
I+s=1+s/24+0(s%) to get

2
ol =P -2y b =l soy40 (21

and consequently

! f‘x—y__4+_ L =gy =yl 1
x—y " Jx—y] lx—y? lx—y|?
ly[?
O(m)+1 o(1) 1
lx—y| lx—y| x|

In U, simply use (2.19) and |x —y| > 1. Thus

dil .
g(x, k) — iki(x, k)‘

1

WYl oo (3.1 aC &)l

L7 (B(x,1))

Loiws- i 85— .
il 8GR e e Yllmm||u<-,k>||m]'

Now each term is o(|x| ~!): For the first term,

1 Y
= [/ p22p a’r} < 00
L' (B(x,1)) 0

"
x—y?
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since p’ < 3/2, and ||ii(+,k)||L» < oo by Corollary 2.14. Asy> 8§+ 1,

- _ 1
I oo Bx 1)) ~ w(x)? Y=o <—) .

The statement is clear for the second term. For the third one, calculate

[ oo , 1/17/
5 )= | [0 0

x|

<
| P(v=9) -3

) 3
=0 7) =o ()

if o < 1/2 is chosen large enough. The estimates are uniform over all directions £ € S2.
Thus i satisfies the Sommerfeld radiation condition.

To see the converse implication, let i = #; + iis be a solution of the frequency domain
direct scattering problem at frequency k # 0. By Lemma 2.15, ds(-,k) € H? . (R?), so
Green’s representation formula can be used to deduce that

(1+ IX|“)P’(57)+3] e

. ods ., 0D
wx) = [ [ GE0I00-) ~ 00 s )] aS0)
—/BRCD(x—y)q(y)ﬁ(y,k)dy,

which gives the Lippmann-Schwinger equation as R — oo, since the first integral tends to
zero: By assumption,

il od

“SWVDP(x—v) — i (V) — (x —

5, WP —y) = s (y) 3n0) (x—y)

_ [ikas@) +o(%)] B~ y) — iy () kB (x — y) + g(x,)]

where g(x,y) = o(1/R) and ®(x —y) = O(1/R) uniformly in all directions, and thus

L 50000~ 00 g ) as0)

§4nR20<%) + MBR\ﬁs(y)\zdS(y) /aB Ig(x,y)|2d5(y)} 1/2-

R

The claim is proved if we show that

| lamPasm=oa) R oo
0Br
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To this end, begin by noting that

a;\_
12|0g% + 2k Im (4 S = /
~/83R [ + | ’ + m <u on >] 0Br

by the Sommerfeld radiation condition, which was assumed. Thus,

on

%
on

R—o0

—ikis| ds —— 0

on

lim
R—00 J9Bg

R—o0 al’l

oils
_|_k2|us|2] dS = —2kIm lim ( us> ds
= —2kIm lim | [4AGs + |Vitg|?] dx
R—o0 Bgr

— —2kIm lim | [d(qh —K*Gs) + |Vis|] dx

R—o0 JBg

= —2kIm/ qisiidx
R3

and therefore

.2
dil

on

: 1
lim jiig|>dS < — lim
R—00 JoBg k? R—o0 /3By

+k2|ﬁs\2] ds
|k] Im/ Cw™Y|d||a| dx
< 2 i /i
< pplislie el < oo
by Corollary 2.14. U

Lemma 2.21. Assume that q € Ly° (R3,R) with y>28+1, 8 > 5/2, is such that the
operator I+ GoQ is injective on L* 5. Let ui(x,t) = [ h(x-®—1,0)dS(®), either with
h € C3(R x S?) orwith h € L*(R x §?) and and q compactly supported. Then the frequency
and time domain integral equation formulations (i) and (iii) are equivalent, in the sense
of being satisfied for almost all k and t, respectively.

Proof. First assume that 1 € C5(R x S?). Then by using Corollary 2.14 with m = 0 and

A

both b = 0 and b = 2, we see that by assumption, &;(-,k), is(-,k), 4(-,k) € L” 5, with norms
bounded by Cw(k) 2. The inverse Fourier transform of (1.11) gives

eik(|x=yl—1)
k)dydk
//R“m’x ST A0)aG k) dy

= S i (t—|x—yl)
) [ ik drdy

?&ﬁ“”“””"“dey
_ [E+ * (qu)] (x,1);
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changing the order of integration was justified by Fubini’s theorem since the integral
converges:

VA

eik( (lx—y|—1)

k)| dydk
e 00, )] y

<C ———w(y) Yd(y,k)|dydk
1/p

oo , ,
< C/ U /2 PP w(x+r8)? GV4as(0) 2 dr (. k)l dk < oo.
R [JO S 4

Thus, (i) is equivalent to (iii).

Then consider the case where g is compactly supported. Choose any ¢ € C° (R3) and
y € C;°(R). Therefore the integral below converges by Lemmata 2.1 and 2.11, and we
can change the order of integration:

(Us, @R VY) = (s, 9 V)

/Ra / /1&3 x—,k)q(y)i(y, k) dy o(x)¥(k) dkdx
_/R,/q y)i(y,k) / D (x — y,k)(x) dx (k) dk dy

~ _ lim / / (v, k) dkdy,
n—oo JR3

0,0 = () | | @r— . K00(x) dr (k)
and X, € Cg°(B,) with X, = 1 in B,_;. Now

| ikl
0u00) = [ ) [ o gl vk dk

3 4m|x — |

“10) [ =00 [ dkas
= Xn(y)[RE-l- * ((p@\lf)](y,l),

where R- denotes reflection with respect to time. Therefore as ¢ was assumed compactly
supported, we get for ay, € C5°(R? x R) with ) = 1 in a sufficiently large ball, [H6r90,
p-104]

where

(us, 9@ W) = lim (—qi,6,)

n—oo

= lim (—qu,6,)

= lim (—qu, X2 (YRE+)* (0@ V))
= (—xqu, (XRE+) * (9@ ))

= (—(XE+) * (xqu), o)
=(—E;*qu,QV) .
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The condition of the injectivity of the zero frequency Lippmann-Schwinger operator
I+ GoQ on LZ_8 has appeared several times both in this section and in Section 2.1. Since
formally

this condition is related to the injectivity of the Schrodinger operator. In the analysis of
the time domain formulations in Section 2.3 it was required that the Schrédinger operator
has no L? eigenvalues, and we noted in particular that zero is not one. In other words, the
Schrodinger operator is injective on L. However, it might not be injective on a slightly
larger space. In this case we talk about resonances:

Definition 2.22. We say that the Schrodinger operator has a resonance at zero if the
equation

¢ =—-Go00

has a nontrivial continuous solution uniformly vanishing at infinity.

Now the condition of the injectivity of the Lippmann-Schwinger operator can be for-
mulated in terms of zero resonance:

Lemma 2.23. Let 8>3 /2 and g € Ly° with'y> 8+ 3/2. Then if the Schrodinger operator
has no resonance at zero, the operator I + GyQ is injective on L2—8'

Proof. Let (I4+GoQ)® = 0 for some @ € LZ_S. Lemma 2.15 shows that ¢ is continuous.
A simple calculation, similar to the one in the proof of Lemma 3.3 below, shows that ¢
vanishes uniformly at infinity. Thus ¢ = 0 by assumption. U

We now summarize the equivalence of the different formulations of the direct scatter-
ing problem.

Theorem 2.24. Let u;(x,t) = [@ h(x- @ —t,®)dS(®) with h € L*(R x §?). Assume that
q € WI’OO(R3,R) N L, with ¥ > 8 and that the Schridinger operator —/ + Q has no

loc
negative L? eigenvalues and no resonance at zero. Then the following are equivalent:

(i) a(-,k) = ;(-, k) +ds(-,k) satisfies the Lippmann-Schwinger equation (1.11)
for almost all k € R

(ii) 4(-,k) = a;(-,k) +1s(-, k) satisfies the frequency domain scattering problem
(in Section 1.2, page 11) for almost all k € R.

If, in addition, h € C(% (R x §?), (i) and (ii) are equivalent to:
(iii) u = u; + ug satisfies the time domain Lippmann-Schwinger equation (1.7).

If q is compatly supported, (i) and (ii) are equivalent to (iii) in the sense of distributions
even without the additional assumption about h, and to:

(iv) (u(-,1),0u(-,1)) = Wi ()Q" (u(-,0),0,u(-,0)) forall t € R.
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Proof. Lemmata 2.1 and 2.11 imply that 4(-,k), @;(-,k) and ds(-,k) € L? 5 for any & €
(5/2,(y—3)/2) and almost all k € R, so Lemma 2.20 gives the equivalence of the two
frequency domain formulations.

The equivalence of the frequency and time domain Lippmann-Schwinger equations
was shown in Lemma 2.21. This also guarantees the unique solvability of the time do-
main Lippmann-Schwinger equation. Therefore the implication of Lemma 2.19 yields
the equivalence of the two time domain formulations. [

3 Calculating inner products of solutions
from scattering data

Now that we have laid the basis for the analysis of the scattering problem, we are ready
to present some new results in this and subsequent sections. In the derivation of these
results, we combine properties of the different formulations whose equivalence we have
just shown.

As noted in the introduction, a straightforward approach to solving the inverse prob-
lem would be to try to simply calculate the potential from the plasma wave equation (1.1):

Au(x,t) —u(x,t)
u(x,r) '

q(x) =

The first difficulty with this formula is that we do not know u but only u; and the scattering
data. Fortunately, such data allow us to calculate inner products

/ u(x,t)v(x,s)dx = lim u(x,t)v(x,s)dx
R3 R—00 JB(0.R)

of two solutions u# and v through a variant of the Blagovescenskii identity that we shall
now derive. Then if we can localize the solutions into a small neighbourhood of x( € R3,
this inner product with s = = o will give us information about u(xg, %), and varying xg
and 7y will permit us to solve the potential.

The Blagovescenskii identity is a central tool in solving the inverse problem using the
boundary control (BC) method. The classical form of this identity allows us to calculate
inner products (u(-,),v(+,s)) of two solutions u and v of the plasma wave equation (1.1)
in a bounded domain U C R", if boundary data {u|y;,0,ulyy }, {v|oy,9nv|oy } are known
[KKLO1, Lemma 4.15]. This identity was first derived for the one-dimensional equation
[Bla71] and then generalized for the multidimensional case [BB88].

We shall now present a generalization for the case U = R>, with scattering data instead
of boundary data.
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3.1 The one-dimensional case

For motivation, we shall first take a look at the one-dimensional case, where the Blagov-
eSCenskii identity for scattering is quite simple: Let # and v be solutions of

[07 — 92 +q(x)] u(x,t) =0 (3.1)
[07 — 92 + q(x)] v(x,1) = 0. (3.2)

Assume that at least one of these solutions, say v, is incoming, i.e., v(x,) = 0 when
|x| <a—t. Define

R
wr(x,t) = /Ru(x, s)v(x,t)dx, s,t €R, R>0.

Then using (3.1) and (3.2) and integrating by parts, we see that

(32— 32) wi(s,1) = / I; [02ue, 5)v(1) — u(x,)7(x,1)] dx
= /_1; [azu(x,s)m— u(x,s)m] dx

— [Butte, ) — (. 5) )|

x=—R

We thus have a wave equation in R'*!, with homogeneous initial conditions by the in-
comingness of v. Therefore

Wwr(s0,70) = /D [Duu(R,5)v (R 1) — u(R,5)3 (R, 1)
. xu(—R,s)v(—R,t)—l—u(—R,s)axv(—R,t)] dsdt,

(3.3)

Figure 4: Area of integration D.

where D = {(s,1) € R?||s —so| < to —t} (see Figure 4). As R — oo, the left hand side
tends to the inner product of u(-,s0) and v(-,7). If we assume the potential g to be com-
pactly supported, @i(x,k) = a, e +a_e~™** on the left hand side of the support of the
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potential and 4(x,k) = b e™ +b_e~** on the right hand side, and analogously for v.
The scattering data are now the relations between the coefficients a4 and b, and given
#; and Vj, they determine # and ¥ outside the support of the potential, and through the
Fourier transform, also the integrand in (3.3) for R large enough. Plugging this depen-
dence of u and v on the scattering data into (3.3) and taking the limit as R — oo yields the
one-dimensional Blagovescenskii identity for scattering.

3.2 The Blagovescenskii identity

We shall now derive the three-dimensional BlagoveS€enskii identity for the scattering
problem, which permits us to calculate inner products of two solutions of the plasma wave
equation (1.1). We first consider the case where the incident waves u; and v; have rela-
tively smooth and compactly supported translation representations. Such incident waves
inherit the smoothness, and they are initially incoming and eventually outgoing. For a
while, we also assume that we do not only know the scattering amplitude, but also the
extended scattering data, i.e., a few of the first terms of the extended far field expansions
of scattered waves corresponding to different incident waves.

Theorem 3.1. Let g € L?O(R3,R) with Y > 28 be such that for some & > 5/2, the operator
[+ GoQ is injective on L* s Assume that the incoming incident waves

ui(x,t):/SZhu(x-co—t,(;))dS((;)) and vi(m):/Szhv(x-m—t,m)ds@)

are known, with hy,h, € C§°(R x S2), as well as the corresponding extended scattering
data U]P, V}D, for P € {1,8r,8%,8r8,%} and j € {—1,...,2}. Then the inner product

/R3 u(x,s)v(x,t)dx

can be calculated for all s,t € R for which u(-,s) and v(-,t) are square integrable.

Proof. By Corollary 2.14,

o)z, = |
< w2 gy [ [ 1 Pl 27 ()~
R3 JR
<C / / |5 (x, k) |Pw(x) "2 dxew (k) 242" dk
R JR3

<c / w(k)2@m=b) g < o0
R

/R w(k) " (—ik)™e ™™ a5 (xc, k)w (k) dk | w(x) "2 dx

if we take a > 1/2 and b > a+m+ 1/2. The same estimate applies for us. Therefore
o ui(-,1), 0'ug(-,1) € L? 5(R?) C L{ (R?) for all m € N, uniformly for all # € R. Define

wr(s,t) == . u(x,s)v(x,1)dx.



3.2. The Blagovescenskil identity 49

By Green’s second identity,
(32— 32)wr(s.1) = /B R
= [(A —q(x))u(x, s)v(x,1) — u(x,s) (A —gq(x))v(x, s)] dx (3.4)

Br

[afu(x, s)v(x,1) — u(x,s)02v(x, t)} dx

) — )
= - [a—if(x, s)v(x,1) —u(x, s)a—:(x,t)] dS(x).
Fix 59,19 € R such that u(-,s¢), v(-,19) € L. Since v; is an incoming wave, so is vs by the
finite speed of propagation, and thus wg(s,#) = 0 when t < —R — a. Therefore, wg(so,)
can be solved from the one-dimensional wave equation (3.4) with homogeneous boundary
conditions:

o [0 [T | P 1) dS(x)dsd
wr(s0,10) = +/_Oo/s /83R g(x,s)v(x,t)—u(x,s)g(x,t) (x)dsdt

o—to+t

= | lD(s,t)/aBR [%(x,s)m—u(x,s) %(x,t)] dS(x)dsdt,

where D = {(s,) € R?||s —so| < to —t}. Parseval’s formula in R? now yields the formal
integral

A

Wwr(s0,10) = % /R Tp(—0.—1) /a . [%(x,c)\?(x,’c)—ﬁ(x,(s)%(x,r)] dS(x) do dr.

(3.5)
The part with the solutions # and ¥ and their partial derivatives behaves nicely by Corol-
lary 2.14, but 1p is not a locally integrable function. We shall now investigate its proper-
ties and see how to work with the formal integral (3.5).

Make the change of coordinates y = s+, z = —s+t, D = {(y,z) € R?|(s,t) € D} =
(—00,t0 4+ 59) X (—00,t9 — s9). Consider test functions of the special form ¢(c,t) =
®(M,C) = y(Mm)6(L); values of a distribution on test functions of this form define the
distribution uniquely [Tre67, Thm. 39.2]. Then

/ 15(0,7)9(6,7) do dt = / 1p(s,1)®(s,7) dsdt
R2 R2
=2 /R 1(Zootts0) W) dy /R 1(—ooo—50)(2)0(2) dz.

Now as 1(_oe ) (y) = 5 [1 = sgn(y—a)],

. eim]
F(l(foo,a)) (ﬂ) = RSO(T]) —1ipv n

=:g(n;a)
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and thus we get, formally since g is not a locally integrable function,

/IDG’C G,T dcdt—Z/ g(Msto+s0)Y dn/ g(Cst0—50)0(8) dC.

To turn these formal integrals into actual Lebesgue integrals, integrate by parts:

00 00 1 .
/ gM;a)y(n)dn = — / THo(M) W' (n)dn—i lim — e My(n) dn,
—o0 —o0 e—0+JR\(—ge) M

where H) is the Heaviside function. Now

1 .
— ' d
/R (el y(n)dn

. € . .
= —Innjemym)| - / Infn| [e“My/ () +iae"My(n)] dn
n=-—¢ R\(—¢,¢)

o0 . oo n .
= 1n|n|e’”"‘4/(n)dﬂ+/_ ia/O Infa|e“* day’(n)dn

Therefore, - -
| _smayiman= [ Gma)y/mdn

where G is the locally integrable function
. n .
G(M:a) = i In || &0 —I—a/ In|ot| % do— wHo (M),
0
majorised by In|n|+a fom‘ [Ino|dov+ m, and consequently

| (e 0)p(e.t)dode=2 |Gt +50)G(Gito — 50) 2@, ) dn .
Now return to the original variables ¢ and T: dnd¢ = 1(92 —92) and thus

2 20
/ 1D (0,7)9(0,1)dsdt = / F(to,50,7,0) B(zp gc ] dodr,

where F is the locally integrable function
1
F(s9,t9,0,T) = 2 G(t+ 0,10+ 50)G(T— O3t — 50)- (3.6)

In order to express

1 oi, 0% o’ A
WR<S07t0) - E RZF(_G7 _T) /BBR [g(xv G)W<X7T) - m()ﬁ G)V(X,T)

- - (3.7)
X 930 0% ER
—u(x,G)m(x,’c) e = (¥, G)ar(x,’c) dS(x)dodr
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in terms of the known incoming waves #; and v; and the far field data for the corresponding
scattering solutions s and Vs, we use the expansions given by Lemma 3.3 below:

/F(—G o[ 20 P v dsw)dod
R2 ’ 0Br or ot 2

. aul oo X G> oril
- RzF(—G, —r)/aBR [ar Z +E" (x,0) | x (3.8)
82
P0i(x,T) o o ViEET)
o T L T PR (on)| ds(dods

and similarly for the three other terms in (3.7).

We now postpone the proof Theorem 3.1 until we have developed these expansions.
After this, in Section 3.3 we shall see that our assumptions guarantee that the terms in-
volving the remainders tend to zero as R = |x| — co. On the other hand, since the inner
product w(xo, o) := limg_.oc Wr(S0,%0) is assumed finite, the terms that grow as R — oo
must cancel each other. Thus, we shall be able to calculate w(sg, o) in terms of i, V;, U p

j
and VJ.P )

3.3 Extended far field expansion

For completing the proof of Theorem 3.1, we derive the expansions used in (3.8) and
its analogues, and a series of estimates for the remainders. The expansion will follow
by plugging the following expansions of the fundamental solution into the Lippman-
Schwinger equation (1.11):
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Lemma 3.2. Let N € Nand 0 < o < 1. The fundamental solution ®(x—y,k) = 4;;'; ’y‘|
the Helmholtz equation and its partial derivatives have the asymptotics
2j—22j
x Z —lkXyNz:l JX: JZ p x ’ ’s+ (x k) (3.9)
- x|/ e jimsK™ (£ 9) 1] + g (x,, :
m= s=
0P —1 ikl N=12)2j
g(x—yak) = ZO | |j o k&Y ZOIZO Z a]lmskm(x y) |y| +gN(x y,k)
= m= s=
- 2j+22j+2-1
22§ e SR st
ok? »o 1 | |] = jlms y y EN XY,
j— = o
2j—22j—-2-1
an(x_ k) N+2 lk|X| zkxyi JZ /Z a km(x )| ’S_|_ (X k)
J g =1 ‘ ‘J 0 =0 0 Jlms MM gN Y
m= §=
2j4+22j+2—1
aZCI)(x_ k)_ﬁ lk|x| —lkxyz JZ JZ a kmx | |S+ rk(x k)
arak y’ - = | |] | 1= jlmS y y gN ’y7
m=
PRI N— 1elk\x ik N 2]+22]+z / . o
arakZ(x_y’k): Z ’X|J ZOIZ Z aﬂmsk’" x- y |y| +gN (x,y,k)
j= m— —_
for some constants a g, a5, , d* . a L d* a’* The remainders satisfy
jims» e Liims Ljtms Ljims Ljims:
lgn (%, 3,k)| < Cw(k)Nw(x)NZe—D-1
gk (x,3,K)| < Cw(k)Nw(x)V ¢
185K (x, v, k)| < Cw(k)Nw(x)NEe-D+1
18 (6,3, K)] < Cw(k)N+ w(x) V) (20—1)=2
8 (6,3, k)] < Cw ()N () WD (201 20
2 (x,3,K)| < Cw(k)V+ () (VD a1 420

uniformly for all |y| < |x|* — oo, k € R.

Proof. Let |y| < |x|* and consider the behaviour as |x| — oo. Use the Maclaurin expan-
sions for (1+5)*!/2 to see that

|y|2 :|:1/2
x—yE = ! (1 —z—+ )

00 J ]l 21
= |f*! (1+Zcfz(> x’i’]ﬁl |y|> (3.10)

j=1 =0

N 1Jj/2] —2m|,,|2m
+1 e )’) 1yl (N+1)(a—1)=1
= || +]Zl mZO Cjm x|/ +0 <|x| ) ’
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with ¢y = 1. Plug this with the + sign and N = 1 into the Maclaurin expansion of e”:
denoting the remainder in (3.10) by g(x,y) = O(|x|>*~1), this gives

(N—1 . m
iKx—y| _ iklx| —ikey (ikg(x,y)) O (I N
o=t | 7 BRI 0 (kg )
' » —1N—12j 2j—I
:ezk|x|e—lkx-y Z Z Z Z C]mls x y)]|y| +0O <’x|N(2oc—l)> .
| m=0 j=01=0 s= | |
Multiplying these expansions gives the statement. U

Lemma 3.3. Let 8 >0, NeN, 3 < p<oocand 0 <o < 1. Assume that q € Li?o and
that Y and N are so large that the exponents ML, P € {1,8r,8,%,8r8,%}, in (3.19)—(3.22)
below are negative. Let ii = i + ils be such that the norms in (3.15)—(3.18) are finite.
Then the scattering solution i of the Lippman-Schwinger equation (1.11) and its partial
derivatives admit the extended far field expansions

o(x, k) = ™ Z Tx ‘J k) + Ep (x, k) (3.11)

9 MS lk|x|
5z @ Z |x|j % (2,k) + Ey £ (x,k) (3.12)
a”“ (x,k) = ™M Z Ua’ k) +EYr (x,k) (3.13)

ar 7 | \J A '
Gl et U2 (8,k) + E0% (x & 3.14
W( Z |x|, )+ (x, k) (3.14)
where

(5, K)] < Ow() w(x MY - k) 2. (3.15)

82 a% . R .
N (e R)] < (k) ()™ [[1aC )2+ 36 Rl 2+ 1R )l 2, | (3.16)
2 (5, K)| < Cw(l) ¥+ ) |aC-. k) (3.17)
2 rd7
N () < Ow(M ()™ [, k)2, + 19kl 2+ 19FaCK)
(3.18)
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as x — oo, uniformly in all directions, with

My =max {a(d—y+3),N2a—1) -1, a8 —y+2N—3) -1} (3.19)
M% = max {NQ2o— 1)+ 1, a6 —y+2N —1/2) + 1) (3.20)
MY = max {o(S —y+2N+1— 2) o=y +3-2, (N+3)2a—1)—2a} (3.21)

2
My = max {8 —y+2N+1-2), a8 —7)+3 -3, (N+ 1)2a— 1) +2a}. (3.22)
Remark. A few of the last terms in (3.11)—(3.14) actually decay faster in x than the error
terms E]{),. This notation, however, simplifies the indices.

Proof. For iis, work directly on the expression

() = = [ @(r=3K)q()ik) .

The calculations in the proof of Lemma 2.20 justify differentiation under the integral for
o0,1is. For 8iﬁs, d,4s and araias, the argument is similar, only simpler since the integrand
is less singular. When differentiating with respect to k, the Leibniz rule gives three terms.

Split the domain of integration into three parts: B(0, |x|%), (R*\ B(0, |x|*)) NB(x,1) =:
Uy and R\ (B(0, |x|*) UB(x,1)) =: U,. (See Figure 5.)

Figure 5: Three domains of integration B(0, |x|*), U, and Uj.

In the first part, use the expansions of Lemma 3.2. Its main terms give for i, as
|x| — oo, the main part of the expansions (3.11)—(3.14) plus some error terms with x
dependence of the type w(x)*®—Y+2N=1/2)=1 " The integrals of the remainder terms are
estimated using the Holder inequality with weights,

I 1
| [ r@eax| < Iflgliely . 45 =1, (323)

now with r = 2, yielding terms with x dependence of the type w(x)N(2a—1D-1,
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In U;, ®(x —y) has a square integrable singularity at y = x, uniform as |x| — oc. Thus
the decay of ¢ yields an estimate for the integral over U;, with x dependence of the type
w(x)2*3=¥3/2) The same is true for 9P, 97®, 9,0, P and 9,07P. However,

ik|x—
3,®(x — y,k) = L (ik— ! )x Ty
4nlx —y| =yl x=yl
has a stronger singularity which is integrable only to powers less than 3 /2. For estimating
its integral, we can use (3.23) with r > 3 (i.e., ¥ < 3/2).

Finally in U;, ® is bounded, so the decay of g gives an estimate of the integral over U»,
with x dependence of the type w(x)*®-¥+3/2)_ The integrals of the partial derivatives of &
can be estimated in a similar way; 97®(x —y,k) and 9,07 (x — y,k) grow as [x —y| ~ |x
but this only gives a slightly slower decay for the estimate.

Combining these estimates completes the proof. ]

’

We now have enough tools to finish the proof of the BlagoveScenskii identity:

Proof of Theorem 3.1, continued. Estimate the error terms in (3.8) and its analogues using
Lemma 3.3 and Corollary 2.14. The smoothness assumption about 4, and &, guarantees
the convergence of the integral with respect to ¢ and T. The assumption about y shows
that if we choose® o0 = 1/4 and N = 7 in Lemma 3.3, the integrals involving the error
terms tend to zero as R — oo. All other terms are assumed known. U

3.4 Sufficiency of regular scattering data

When deriving the BlagovesScenskii identity in the previous sections, we assumed that we
know the extended far field data, i.e., the first few terms of the far field expansions of i,
0,1, aiﬁs and Braiﬁs. It turns out that these extended data are actually redundant: they are
determined by the regular far field data i° = Ull. For the case of a compactly supported
potential, this is very easy to see:

Lemma 3.4. Assume that q is compactly supported. Then the far field pattern 1° = U 11
determines the extended far field data U]Pforj €{-1,0,1,...} and P € {1,a§,ar,ara§}.

Proof. Since i satisfies the Helmholtz equation outside the support of g, Lemma 2.15
shows that 7 is as many times continuously differentiable as we want sufficiently far
from suppg. By Rellich’s lemma [CK98, Thm. 2.13], the far field data determine i (x, k)
uniquely for large |x|. This clearly also fixes the lower order asymptotics U jP . O]

Remark. The scattered wave il can actually be determined constructively in the following
way:’ Consider the spherical harmonic expression

s (ri,k) = OZO: i a(r,k)Y,"(X).

n:O m—=—n

This choice of o, is optimal for #g. For the others, this uniform choice simplifies the calculations.
"This construction is, however, very unstable, since for fixed r, the spherical Bessel functions grow

rapidly, hﬁll)(kr) ~n"
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The coefficients a)' are given by

& (k) = /S i (r2 V() dS () (3.24)

Differentiating under the integral, integrating by parts and using properties of the spherical
harmonics we see that the coefficients satisfy the spherical Bessel differential equation

> 2d , nmn+1)\] ,,
{W—i_rdi’—'—(k 2 @i (r k) =0

and thus & (k,r) = ¢ (k)hg,l)(kr) + d;l”(k)hg,z) (kr). The Sommerfeld radiation condition
forces d)' =0, and thus

al(k,r) = )Ry (kr) = e (k) (_il)n % +0 (%2)

On the other hand, inserting the far field expansion, which is uniform in all directions X,
into (3.24) gives

ikr 1
ay(rk) = eT/Sz 4°(£,k)YM(£)dS(x) + O (ﬁ) -

Equating these two expressions shows that the coefficients ¢} are completely determined
by the far field data. Thus so too are a/', and hence the whole scattered wave #is(x, k) for
large |x|.

The regular far field pattern ig° = Ul1 also determines the lower order terms U f when
the potential is not compactly supported but decays sufficiently fast. This will be stated
soon in Theorem 3.9. We shall use different techniques to show this for P =1, P = 9d,,
and P € {07,0,07}. For this reason, the proof of Theorem 3.9 will be broken down into a
series of lemmata.

Lemma 3.5. Let § >5/2,3<p<6,NeNand0<a< 1, withq € WJ’OO(R3,R) such
that the operator I + GoQ is injective on LZ_B. Assume that Y and N are so large that the
exponents in (3.25) are negative. Let uij(x,t) = [oh(x-0—1,0)dS(®) be an incident
free space wave with h € C3°(R x S?). Then the second radial partial derivative of the
scattering solution i of the Lippman-Schwinger equation (1.11) admits the extended far
field expansion

azﬁs 1k|x|
E
ar Z ‘ |J + (X,k),
where ,
2 2
Y () < Cwll)N w18 0|+ IVaC )l (3.25)

2
as x — oo, uniformly in all directions, with M = M]a\,’ defined in (3.21) in Lemma 3.3.
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Proof. Differentiate under the integral, as in the proof of Lemma 3.3, and integrate by
parts to get

020s(x,) = =, [ 2 V,D(x =y K)g()y.k) dy
=3, [ @lx—y k- V[a0)al: )] dy (3.26)

- —/RB)?-fob(x—y,k)f-V[t](y)ﬁ(y,k)} dy.
The integral converges since
IV [a0)a, 0]l < Vgl k)l A+ 1Vl s k)l
+llgllz[[Vas(- K)llr  + gl Vs k)l e

and the norms on the right hand side are finite: Clearly ||g||z, Vgl < [|gll;1.00 <
Y

oo directly by the assumptions. The finiteness of the norms of #; and i was shown in
Corollary 2.14. Since

Oy, i (x,k) = F {/ Wil (x- 0 — -, ©)dS(®) ],
S2

the proof of Lemma 2.2 guarantees the finiteness of the norm of Vi#;. For the norm
of Vi, argue as follows: Simply leaving out the dot product with £ in the proof of
Lemma 3.3 and using the fact that i € g N for & > 2, which we already know, we see
that Vs (x,k) = O(|x| ™). By Lemma 2.15, its(+, k) € C! and thus Viis(-, k) is also locally
bounded. Therefore Viis(-,k) € L? ;.

We can now plug the expansion in Lemma 3.2 for 9, into (3.26). The claim of the
theorem is proved in the same way as the one about 9,4 in Lemma 3.3, but now with
£-V]g(y)i(y, k)] under the integral instead of just g(y)i(y, k). O

Remark. We get the same speed of decay in x since we assumed more smoothness of g and
integrated by parts. The same could have been done in Lemma 3.3 to get M]Ef; = M}, and

My 99 _ M . This would also have got rid of the L” " s norms, p > 3. Assummg qec Wy ,

we could have integrated by parts twice in the proof of Lemma 3.5 to get M N = M) N-

Lemma 3.6. Let g € W;’OO(R3,R), v > 24% be such that the operator I + GoQ is injective
on L2—8 for some 8 > 5/2. Assume that ds, 0,05 and 9,05 admit the extended far field
expansions. Then the extended far field coefficients U 11 and U21 determine the coefficients
U]I-JforP € {0,,0?} and j € {1,2}.

Proof. Integrating the expression

0 , e/

5 [e_’krﬁs(r)?,k)} =k aus( 1%, k) — ike~* i (r£, k)
N U (% k —U1 £,k .
Z Ui ) ( )+e—”" [EY (r£,k) — ikEy (r%, k)],
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with respect to r from infinity, we see that

N UV (R, k) — kU (%K)
fg(ri k) =y L —— — L
i ,_Zl —(j—1)ri!

where
Ey(rk k) = e /OO [EY (55,k) — ikEY (s2,k)] ™™ ds = Ok 1) O (Pmax My M1,
Comparing this with (3.13), we obtain that
U (&,k) = ikU | (£,k) — (j— DU/ (£,k) (3.27)

for j € {1,2}, with the interpretation U] = 0.
Analogously integrating twice

82 ) 27714
N U (%,k 2ikU;" X, k)—k°U; (%,k) %
[e_’k“ (rf k] 2: Uit &k - ﬂ( ) i >+E§’f(we,k),

a2
32

where

= . 2
EY (r£,k) = e % [EW (£, k) — 2kED (£, k) — K Eg (r£, k)],
and substituting (3.27) we get

32 o . .
Uy = —KU} —2ik(j— 1)U} + (j—1)(j —2)U},, (3.28)

again interpreting U(; = Ull =0. [

Lemma 3.7. Let g € Wy1 °(R3,R), ¥ > 21 be such that the operator I + GoQ is injective
on L? s for some 8 > 5 /2. Assume that u;(x,t) = [o h(x-0—1,®)dS(®) with h € C3°(R x
Sz). Then the far field pattern i° = U 11 determines the extended far field coefficient Uzl.

Proof. In spherical coordinates, the equation
[—A— k2+q(rx)}ug(rx k) = —q(r2)a;(r, k)

reads
—s S k2 +q(r)2)} hs(r%,k) = —q(r2)d; (rk, k), (3.29)

where /A | is the spherical part of the Laplacian. We now plug the extended far field
expansions and the relations (3.27) and (3.28) into (3.29). Since

a2 = [ [ 1e¥Ihtx- @ r.0)] ds(@)dr < s
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is uniformly bounded, and since iis(r£) = O(1/r) as r — oo by Lemma 3.3, we see that
q(r®)i;(rx, k) and q(rX)ds(rt,k) are O(r~Y). The existence of the extended far field ex-
pansions of B%ﬁs, 0,15 and i thus implies the existence of a similar expansion for A | .
The calculation

AN UNE K
/ 2 {Aﬂzs(rx k) = Jj( Mot) s
s = r
R N U %, k)
— /Sz [us(rx,k)—j; o ]AL(p(x)dS(x)

1
< Cw(r)"™M w1 A L@l (52,

valid for any @ € C>°(S5?), shows that the coefficients of this expansion are A | U } (%,k).
We therefore get

L [— £,k) —2ik(j—1)U! x,k+ i— 1) (j—2)U' (%K
Z UH(&.K) = 2ik( = UL (8K)+ (= D0 =2)U] (88 530
ZlkU]l (xA7k) - 2(] - 1)UJI—1(XA7 k) AJ_U} (xAvk) kZUJ] (327 k) 1
+ ritl rit+2 ri — (r_L> '

We now use the spherical harmonic expansions

Uj(#,k) = 2—:0 ; ai" (k)Y (%), je{l,....L},
where {
@"(0) = 1gay o U} E R S,

Taking the inner product of both sides of (3.30) with Y”’( £) and integrating by parts twice,
we get

i —2ik(j— 1), (k) tj(j—l)(j—Z)aﬁ’i’z(k)

=
2ika"™ (k) —2(j — 1)@, (k) . n(n+1)a"(k)|
pyES 2 =0

_|_

1
rk )
This yields the recurrence relations

2ik(j—2)ai"y = [j—3+n(n+1)]a},, je{l,...,L}.

Our assumption about y allows us to choose L = 3, yielding a5™" = %ia’f’". Ll



60 3. Calculating inner products of solutions from scattering data

Lemma 3.8. Let g € Li;o(RaR), Y > 28 be such that the operator I + GoQ is injective
on L? s for some &> 5/2. Let ui(x,t) = [o h(x- ®,®)dS(w) with h € C{°(R x §?). Then

2 2
the extended far field coefficients U Jl and Uja" determine the coefficients U]E-)" and U?ra" for
je{—1,...,2}

Proof. For each ¢ € C3°(S? x R), we have by (3.11) of Lemma 3.3 that

k)_eMrz:

=

RJS

X [ﬁs(rﬁ, 'y M

]am >dxdk] < Cw(r)h 3Rl

with M ]1\, defined by (3.19). Integrating by parts twice, we see that

N 22U MR, k) 4+ 2iro U (£, k) + 02U N (%, k
’//2 [a ity (1%, k) — e Y j k) +2ird U (4.8) +9.U; ( )}(p(ﬁ,k)dfdk‘
S

= v
‘//z{akus (r,k)
S
N Ul (R k)42, UL  (£,k)+ 02U N (%, k
—k Y 3128 K) 200U, (8 1) + R U; (5:4) (p(;?,k)dﬁdk‘
sy r!
SCM()M”B<Nh%

On the other hand, the expansion (3.12) is determined by the estimate
% ( k) 2
U (X Ep
Mr J ) ~ N M
//S2 {akug k) — 2 L |o(& Ry didk < Cw(r) ™ gl

j=—1

2
with M;)," defined by (3.20). We thus conclude that

2
UT(£,k) = ~U} o (8,k) + 20U}, 1 (£,k) + 07U (£, ).

Analogously we see how the coefficients of 9,4 determine those of 9,074s. O

Combining the results of these three lemmata, we thus have the following.

Theorem 3.9. Let g € W;’OO(R3,R) with 'y > 28 be such that the operator 1+ GoQ is
injective on L? g for some 8 > 5/2. Let ui(x,t) = [q h(x-®,®)dS(®) with h € C°(R x
S2). Then the far field pattern e = Ul1 determines the extended far field data U f’ for
j€{-1,....2} and P € {1,02,9,,0,9 }.
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3.5 Scattering amplitude

Scattering data are often formulated in terms of the scattering amplitude A(%,®,k). This
is defined as the far field of the scattered field corresponding to an incident plane wave:
A(®,%,k) =V (%, k; ), where

[—A =1+ q(x)] 9(x,k; 0) = (3.31)

V(x, k; @) = vl(x k; o) + Vs (x, k; @) (3.32)

b (x,k; ) = @ (3.33)

Tim W ik, (x, k; @) = ( ) (3.34)

It is pleasing to see that the scattering amplitude is, indeed, exactly what we need here, too.
This is because we want to calculate the inner products of time derivatives of solutions
for which

i (x,1) = /Szhu(x-coth,m)dS(m)

with h, € L*(R x §?). In the frequency domain, this is a Herglotz wave function, i.e., a
wave whose incident part is

i (x,k) = /S O (k) dS (o),

where /1, (k,-) € L*(S?) for almost all k € R. As could be expected, the scattered part is
the corresponding linear combination of scattered plane waves, and analogously for the
far field:

Lemma 3.10. Assume that q € w! >°(R3,R) NLy° withy> 13 and k # 0. Let

loc
Fix,k) = /Szfz(w)ﬁi(x,k;u))dS(m), Bl k) = /Szfz(w)ﬁs(x,k;(o)dS((o), (3.35)

where h € L?(S?) and © = 0; + ¥ is the scattering solution corresponding to the incident
plane wave, i.e., the solution to (3.31)~(3.34). Then F = F, + F, solves the scattering
problem

[—A =k +q(x)] F(x,k) =0 (3.36)
oF, . e (1
y(rx, k) —ikFs(r&,k) = o (;) as r — oo, (3.37)

the Sommerfeld radiation condition (3.37) holding uniformly over all £ € S*. The scat-
tered wave F; has the far field pattern

EX(%,k) = | h(0)>(x,k;0)dS(w),

where VJ° is the far field of Vs.
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Proof. Lemma 2.20 asserts that ¥ = v; + Vg solves the Lippman-Schwinger equation. Mul-
tiplying this equation by i(®) and integrating over ®, we get
Fy(x,k) /h )0 (x, k; ) dS()
=~ [ [ ®r=a0)i(@)3(: k) dyds () (338)
s2 JR3
/ P(x—y)g(v)F (v,k) dy.
R3

Here we can change the order of integration since Lemmata 2.4 and 2.9 show that for any
d between 5/2 and (y—3)/2,

190 k0) 2, < 10 +G0) ' GO+ a2y I k)2,

is uniformly bounded with respectto ® € § 2 and thus both

L] 1ea=nlla0)li@)[50.ko)|dvds(o)
S2 JB(x,1)
g9, ks @) | .2 (B (x, 1)) dS (@)

o 1
<c |/ lh)|
s =l 280,1))

< C/S2 W"J)\HCIHLgOHﬁ(-,k;co)HLz_Bds((,))

and

L L 1@a=nllawl@) 5.k o)l dyds(o)
$2 JR3\B(x,1) (3.39)
<C [ (@)l 319 k)2, d5(@)

are finite.
Again by Lemma 2.20, the Lippman-Schwinger equation (3.38) implies that £ solves
the scattering problem. The far field pattern is

Fo(%,k) = / e " Yq(y)F (y)dy
—— [, [ a0y ko) ds(@)dy
R3 Js2

/ ©)92° (£, k; ) dS () dy,

changing the order of integration being permitted by a calculation almost identical to
(3.39). O

Our variant of the BlagoveScenskii identity thus reads:
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Theorem 3.11. Let g € Wyl’oo(Rg’,]R) with 'y > 28 be such that the operator I + GoQ is
injective on L* sJor some 6 > 5/2. Assume that the incoming incident waves

ui(x,t):/Szhu(x-m—z,m)dsm) and vi(x,t):/Szhv(x-(o—t,co)dS(co)

are known, with hy,h, € C3°(R x S2), as well as the scattering amplitude. Then the inner
product

/]R3 u(x,s)v(x,t)dx

can be calculated for all s,t € R for which u(-,s) and v(-,t) are square integrable.

3.6 Inner products of time derivatives

Theorem 3.11 may not be very useful if we cannot be sure that u(-, ) is square integrable.
However, we can work with the time derivative, which is always known to be square
integrable for compactly supported potentials by Lemma 2.19.

It actually follows that if u; € H and u;(-,to), us(-,t) or u(-,ty) is square integrable for
some time fy € R, then it is for all other times, too, since

t
(-, 0)lz2 < ||u(-7to)||Lz+|/[ 19ru(-,8) |2 ds| < [Ju(-s20)l| 22 + |t = 2ol 12l 2 (m xs2)
0

and analogously for u; and us. The assumption of square integrability at any one time
would thus be sufficient for the inner products in Theorem 3.11 to make sense. However,
we can avoid making this additional assumption by calculating directly the inner products
of time derivatives of solutions instead. Here we assume that the potential has compact
support in order to be able to use Lemma 2.19; when this result is applied in Section 5,
this assumption will also be used for other purposes.

Theorem 3.12. Let g € WCIO’I%% (R3,R) be such that the operator I + GyQ is injective on
L> g Jor some 8 > 5 /2. Then if the scattering amplitude is known, the inner product

/]R* Osu(x,$)0pv(x,t)dx (3.40)

can be calculated for all known incident waves u;,vi € H and all s,t € R.

Proof. Let h, and h, € L?(R x §?) be the translation representations of the incident waves
u; and v;, respectively. Choose sequences of functions hj,, i € CoP (R x $2) converging in
L?>(R x §?) to h, and h,, respectively. Set

u{(x,o:/Szhgxx-m—z,m)ds@) and v{(x,t):/Szhg(x.m—z,w)dS(m)
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and let u/ = ulj +ul and v/ = vij +v! be the corresponding total waves. Now osu(-,s) and
d;v(-,t) are solutions of the plasma wave equation (1.1) corresponding to incident waves

asuf(x,s):/Szashﬁ(x-m—s,m)dS(m) and a,vij(x,t)=/S28th£(x-co—t,m)dS(m).

i
Since these incident waves satisfy the assumptions of Theorem 3.1, the inner products

/ Osut! (x,5)0,vI (x,1) dx
R3

can be calculated; the s and 7 derivatives translate into a multiplication of the integrand in
(3.8) by —o7T, which only requires one more derivative for hj, and 4, which were assumed
smooth anyway. Since

952+, x) = 5! (-, 9) |2 < Eo(u—u,s)
< CE (u—u,s)
= CFEy(u; —uij,O)
= Cllhu = b 2(xs2) = O

and analogously for d,v — 9,1/, these inner products converge to the inner product (3.40).
O

4 Scattering control

We shall now take the next step towards solving the inverse problem of the plasma wave
equation (1.1) using scattering data. The previous section showed how inner products of
solutions can be calculated from these data. Now we show how to select the solutions in
such a way that knowing their inner products allows us to solve the inverse problem. The
potential g will be assumed to be compactly supported in this section.

Our strategy will be the following: By Rellich’s lemma [CK98, Thm. 2.13], the scat-
tering data determine the solutions corresponding to incident plane waves at points outside
the support of the potential. The mixed reciprocity relation [PotO1, Thm. 2.2.4] shows that
these are the same as far field data corresponding to point sources outside the support of
the potential. We show that using this information, we can construct a superposition of
plane waves which gives, from a certain point in time on, the same solution as that induced
by a point source.

Then we show that, with point sources in a small set outside the support of the poten-
tial, it is possible to control the solutions in the support at any particular time. In particular,
we can excite a wave that is nonzero in a neighbourhood of any point. In Section 5, we
calculate inner products of such waves using the BlagoveScenskil identity, and choosing
the waves in an appropriate way, we eventually determine the values of the waves at any
point. The potential is then solved from (1.1).
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The method used here is a variant of the boundary control (BC) method, pioneered
by Belishev and Kurylev [Bel90, BK92b, Bel97]. As the name suggests, the BC method
traditionally deals with a boundary value problem. There the control property says that
by placing sources on a piece of the boundary from time O to time 7', it is possible to
approximately control at time 7" the domain of dependence, which is the set of points that
the waves have reached in this time. Now the sources on a boundary are replaced by the
simulated sources described above.

4.1 Simulating point sources

In this section, we investigate the possibility of simulating point sources by sending in
plane waves. In other words, we would like to express the causal Green’s function
g(x,t;x9), ie., the solution of the inhomogeneous plasma wave equation with a point
source,

(97 — A+ q(x)] 8(x,13x0) = 85, (x) 0 (t) 4.1)
g|t<0 =0, (4.2)

as a superposition of scattering solutions v = v; 4+ vs corresponding to incident plane
waves,

9 — ()] 50) =0
vi(x, ;@) = 9(t — x - @)
v(x,t;) =0 whent <x-.

Of course, this is not possible, since plane waves satisfy the homogeneous plasma wave
equation (1.1), so that no superposition of them can give the delta source in (4.1).

However, what we ultimately want to do is to control solutions u(-,T') of the plasma
wave equation by sending in superpositions of plane waves. This is done in two steps,
which we shall first describe unrigorously, and shortly thereafter proceed to justify the
formal calculations. The first step is to express u(-,7T) as a linear combination of Green’s
functions,

T
u(x,t):/A/O H(y,s)g(x,t —s;y)dsdy =: u? (x,1),

where A is a bounded set in the complement of suppg; this question of what we call
interior control will be considered in Section 4.2 below. In the second step, we try to send
in a superposition of plane waves that has the same effect at time 7" as the above linear
combination of Green’s functions.

The second step can be achieved as follows using the odd continuation of the causal
Green’s function: Set

f(.x,l;XO) = g(x,t;xo) _g(x7 _t;x())a (43)

8The scattered wave ug is sometimes called a retarded pulse. [New85]
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where g(x,7;xp) is the causal Green’s function with source at xo, i.e., the solution of
(4.1)—(4.2). This function gives the same effect as the causal Green’s function: since
f(x,t5x0) = g(x,t;x0) forz > 0,

A/()TH(y,s)f(x,t—s;y)dsdyzA/()TH(y,s)g(x,r—s;y)dsdy:uH(x,t)

when ¢ > T'. In contrast to the Green’s function g, the function f satisfies

[07 = &+ q(x)] £ (x,1300) = 8y ()0 (1) — By, ()80 (1) = 0

and it turns out that it can, indeed, be expressed as a formal linear combination of plane

waves,’

f(x,t;x0) = F(x,2;x0) /52/ m(,s;x0)v(x,t —s5;0)dsdS(o), 4.5)

if the density m is chosen appropriately. We shall now continue these formal calculations
and derive a necessary condition for m, and then proceed to show that this condition is
also sufficient for (4.5) to hold.

In analogy with Theorem 2.24, the Fourier transform gives f(x,k;xo) = g(x, k;xp) —
8(x,k;xp), where

[— De =K +4(0)]2(x, K %0) = 8y (x) (4.6)
98 1
or (rx k;xo) — ikg(rx,k;x0) =0 (;) as r — oo, 4.7)

the Sommerfeld radiation condition (4.7) holding uniformly over all directions £ € S.
Thus, f satisfies the frequency domain plasma wave equation:

[— A=k +q(x)] f(x,k;x0) = 0. (4.8)

On the other hand, F is a scattered Herglotz wave, i.e.,
B (x, ks xo) / (o, ks x0)(x, k; ) dS(®), 4.9)

where ¥ = V; + Vs is the scattered wave corresponding to an incident plane wave defined
by (3.31)—(3.34). Lemma 3.10 tells us that F = F, + E,, where E; is the corresponding su-
perposition of incident plane waves, and F; satisfies the Sommerfeld radiation condition,

A

%
or

- I
(£, ks x0) — ik (r, ko xg) = 0 (_

r

> as r — 00, (4.10)

9Up to a reflection in time and a permutation of the variables, m is the translation representation of the
incident part

Fi(x,1;x0) // (@,5;%0)0(t —s —x- ) dsdS(® /moot—x ®;x0) dS(o). 4.4)
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uniformly in all directions £ € §2.
The incident part has the following far field (cf. [Mel94, GY99)):

Lemma 4.1. Let
B ks xo) = / (@, ko) (5, k) dS(0).
S

with 1ii(k, -;x0) € C*(S?). Fix k € R and xo € R. Then

ik|x| 27T lk\x| 2 1
f € UZEPIN T,
Fi(x,k;x0) = —|x| - (%, k;xo) — W p m(—x,k;x0) + O (W)
as |x| — oc.

Proof. As k and xq are fixed, write ii(®) = m(k,®;xp) to simplify notation. Use the
method of stationary phase [H6r90, Thm. 7.7.5] as follows: Fix £ € §2. Using two smooth
coordinate charts (U, @) covering S2, with ¢ (£%) = 0, and an associated partition of

unity {y+,x—}, we get
f . _ ler(.l)f\ trf+( ) zrf (y )
Flkxo) = [ 7 on@)as@) = [ @Oyt [T O )y
where
feO) =koz' ()& () =6z (92" (0)) (0! (1)1 ().

HereIm f+ =0, Vf(0) =0, det(d 0, f+(0)) #0and V fi(y) #Oforally € ¢+ Uy \ {0}.
Thus the first order stationary phase expansion gives

/ ¢V ih (y) dy = Cieirfi(o)w +0 (lz) ,
0+Us r r

with ¢4 independent of 7. Thus,

. oiklxl R o 1
Fi(x,k;x0) = Tl cym(X) + aFE c_m(—%)+0O <W> .

Choosing ¢ to be, for instance, the stereographic projection, we see that c .- = +2mi/k. [

Combining Lemmata 3.10 and 4.1 shows that if 7i2(k, -;x) € C*(S?), the full Herglotz
wave f has the asymptotic behaviour

zk|x| ;
/Sz (@) (x, k; 0)dS(®) = —— {27‘5

(5 ks x0) +/ )02 (4, k; )d51+

x|
tk\x| i

1
—|x] k m(—2%,k;xo) + (—2) 4.11)
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Now since ¢ satisfies the Helmholtz equation outside suppg and the Sommerfeld ra-
diation condition, it has the far field expansion [CK98, Thm. 2.5]

ek eik\x| (2 1 1
8(x,k;xp) = |x—|g (%,k;x0) +0 <m)
and thus
. oiklx| o e~ iklx] — 1
flx,ksxg) = Wg (%, k;x0) — Wgoo(x,k;xo) +o0 (E) . 4.12)

In order for f to equal £, the coefficients of the e=**l /|x| terms must match in (4.11) and
(4.12). In particular, to fulfill this requirement for the antiradiating part, i.e., the second
term on the right hand side of (4.12), we must choose 7i1(®, k; xg) = kg (—w, k; xp) /21 =
kg>°(—m, —k;xp)/2mi. Actually this is a consistent choice, as the radiating parts match
automatically:

Theorem 4.2. Assume that q € C}(R3,R). Let f(x,k;x0) = &(x,k;x0) — &(x, k; xo), where
g is a solution to (4.6)—(4.7). Set

. ko
m<0‘)7k;x0) = z_mgOO(_(D, _k;x())'

Then
Flx,k;x0) = / (@, k; x0) 9 (x, k; ) dS(o). (4.13)
52

If xo & suppgq, the scattering amplitude determines m.

Proof. As before, let

Fi(x ksxo) = /S (@, ki x0) 0 (x,k: ) dS(0)

Fu(x, kixo) = /S (ki x0) s (x, A ) dS ()

and F = F; 4 F;. Observe that Lemma 4.1 can be applied, since §>°(-, —k;x) is analytic
on the unit sphere, and in particular four times continuously differentiable.
Fix k € R and write ¢ = F — f. By (4.8) and Lemma 3.10,

(-2 — K2 +q(x)] 9(x) = 0.

The function ¢ also satisfies the Sommerfeld radiation condition: Differentiating under
the integral and using Lemma 4.1 we see that

A

oF;
a—l(x,k;xo) =ik / & 0 1in(0,k;x0) Vi (x, k: ) dS()
r S
eikr e—ikr 1
= —— 2%, k;xo) — 2ni(—%, k; O —5 |-
. (X, k;xg) . nui(—2%,k;xo) + (\x\z)
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Combining this with (4.7) and (4.10), and applying Lemma 4.1 again, we see that

e—ikr e—ikr - 1 1
A (—2x,k;xp) — 2ikg>® (%, k;x0) + o0 (—) =0 (—)
r r r

by assumption, uniformly in all directions £ € S2. Since the frequency domain scattering
problem is uniquely solvable [CK98, Thm. 8.7], we deduce that ¢ = 0.
The final statement follows from the mixed reciprocity relation [PotO1, Thm. 2.2.4]:

%9 1)~ k) = -

1
87 (0, k;x0) = —— Vs (xo,k; —®), (4.14)

4n
and Vs(xo,k; —) is determined by ¥°(-,k; ) = A(-,m,k) by Rellich’s lemma [CK98,
Thm. 2.13]. u

Remark. It is interesting to note that substituting (4.14) into (4.13) gives

A 1 -
A kxg) = — / 52 (0, K @) s (x, k: ) dS (@),
4T /52

i.e., the scattered solution with a simulated point source is given by the correlation of the
values at x and x( of scattered plane waves.

We now record the observation that (4.6)—(4.7) indeed has a unique solution.

Lemma 4.3. Let g € C}(R3,R). Then for all k # 0, (4.6)~(4.7) has a unique solution

8(-k;x0) = (14 GrQ) '@ (- —x0, k).

Proof. Since both ¢ and & satisfy the Sommerfeld radiation condition, we see as in the
proof of Lemma 2.20 that (4.6)—(4.7) is equivalent with the integral equation

(- k;@) — (- —x0,k) = —GrQ8(-,k: 9), (4.15)
which has a unique solution by Lemmata 2.9 and 2.10. Ul

In the time domain analogue (4.5) of the superposition formula (4.13), the product
of the two functions of k translates into a convolution in . To make this rigorous, this
convolution of two bounded functions could be interpreted as being defined as the inverse
Fourier transform of (4.13). However, if the sources are smoothed in time, the convolution
can be viewed in the context of distributions and L? functions. To this end, we shall use
the following two lemmata:

Lemma 4.4. Let K C R3 be compact and assume that the q € C}(R>,R) is such that the
operator I + GoQ is injective on Lz_8 for some & > 5/2. Then there is a constant C > 0,
only depending on q and K, such that

|01.8° (@, k;x0)| < C

foralll €{0,1,2}, ® € $?, k € R\ {0} and xy € K.
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Proof. Inserting the expansion (3.9) with N = 1 into (4.15) gives

ik|x| . . 1
AL A € —ikx- —ikx- A
aakin) = e = [ e mogannay] +o ()

as |x| — oo, i.e.,

. —iox))  —ikw i —ikoy)' ™ ik i A
9,6 (0, k;x) = H@0) p—ikoxo _§° (J) /R 3%6 "0V (y)018 (v, ki xo) dy.
j=0

Therefore,

|8 (l)kX())‘<C

1+Z/ lg(y IIBkgy,kXO)Idy]

< C[t+lal 108 kixo) 2 |
This is bounded by Corollary 2.13 since
el ke _j M\ [4j-m —1] m
Bekxo) = 30 () [0 U+GQ) T O e(—x0.k)
m=0

and 97'®(- — xo, k) is bounded in L* 5 uniformly for all xo € K and k € R. O

Lemma 4.5. Let 1 be as in Theorem 4.2. Let q € C}(R?,R) be such that the operator
I+ GoQ is injective on L%sfor some 8 >5/2. Fixn € C°(R) and a compact set K C R3.
Then there is a constant C, depending on g, M| and K, such that

|(xm)(o,1:x0)| = | F~ [fk)m(0,k:x0)] (1)] < Cw(t) >
forallwe S% t € R and xy € K.

Proof. Foralll € {0,1,2},

ai(ﬁ(k)m(m,k;xo = Z < )a,’c fn a,f( ©(—0,—k;x0) = O ([k|™")  (4.16)

for all n € N by Lemma 4.4 and the fact that | € S. The convolution theorem for 1| €
Cs° C & and m € L™ C &' shows that +m = F~ (i) and thus

¢ [ m(w,-1x0)] (t)HLoo(t) < |0k [Ak)rin(e, ki xo)] ||L1(k)

)
< [|w? (k3L [A K (@K 0)] e g 192

whose boundedness is asserted by (4.16). ]
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In the derivation of the condition ri1(®,k;x9) = kg>°(—w, —k;xq)/2mi, we used the
Sommerfeld radiation condition (4.7) to get a causal fundamental solution in the time
domain. In the proof of this implication, we shall use the following estimate:

Lemma 4.6. There is a constant C > 0 such that

||gz||L(L§,L{6) < |_§|
forall z € C\{0}.
Proof. The proof follows the lines of [P4i04, Thm. 3.1], where
(Get e = (PG00 = [ T e
is estimated. As z is complex, some of the details are slightly more tedious when estimat-
ing the integrand in the subdomains ||| — |z|| < |z|/2 and ||| — |z|| > |z|/2. O

Using this estimate, we can now prove that the radiating fundamental solution indeed
satisfies the causal support condition:

Lemma 4.7. Let g € C}(R?,R) be such that the operator I+ GoQ is injective on LZ_8 for
some & > 5/2. Then the inverse Fourier transform g of the solution of (4.6)—(4.7) is the
unique causal Green’s function, i.e., the unique solution of (4.1)—(4.2).

Proof. The Fourier transform of (4.6) immediately gives (4.1). To see the causal support
condition, it suffices to show that the function

Ror+— (g(-,t;x0),9) =: G(t) € C

is supported in [0, 00) for any test function ¢ € C5°(R?). We shall do this using the Paley-
Wiener theorem.
Fix ¢ € C5°(R?). For all y € C5°(R),

(G w) = ((g(-,1:%0),9) , W(1)),
= (g(-,3x o),<p®w>

= (8(-,:x0), 0@ V)

= ((8(-,k:x0), @) , W(k)), -

By Lemma 4.3 and the limiting absorption principle, G(k) = limg\ G(k+ i€), where
G(z) = (I +G.0) ' ®(- —x0,2),9).

Estimate

GEI(I+6:0) D —10,2),0) | < [[(1+G:0) ! sz, 19— 30,22, 9l 2
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Now use Lemma 4.6:

1
H(I—f-ng>_1HL(L2_8) < T-C <2

Iz

when |z| > 2C, with C the constant of Lemma 4.6. Therefore G(z) is bounded in the set
{z€ C4||z| > 2C}. In the compact set {z € C | |z] <2C}, G(z) is bounded by continuity.
Write K = [0, 00). Its support function is

Hg () = supx-§ =

xekK

00 when & > 0
0 when & < 0.

The boundedness of G in the upper half plane can be written as!?

1G(2)| < C(1 +|z|) Vel (m(=2)=0) when Hg (Im(—z) —0) < oo.

The Paley-Wiener theorem [H6r90, Thm. 7.4.3] thus implies that suppG C K = [0, 00).
To see uniqueness, let & be another solution of (4.1)—(4.2). Then u := g — g satisfies

[BIZ—A—H](X)} u=>0

M’t<0 =0,
which implies that u = 0. [

We are now ready to write the time domain result concerning simulated sources
smoothed in time.

Theorem 4.8. Assume that g € CL(R3 R) is such that the operator I + GoQ is injective
on L* 5 for some 8 >5/2. Let

FlrKixg) = A(K) /S (o, kixo)9(x. k) dS(0)
where M € Ci°((—¢,¢)),

. k
(o, k;xg) = z—m,goo(—(n, —k;x0)

and g is the causal Green’s function of the plasma wave equation, i.e., the solution to
(4.1)«(4.2). Then fi == F ' fny = f(x,:x0) *7 satisfies

f(x,t5x0) = (g% M) (x,15x0) 4.17)
when t > €. In the time domain, fy has the convolution representation
fn(x,5x0) = /21] xm (0, ;x0) *v(x,;0)dS(®).
N

If xo & suppgq, the scattering amplitude determines m.

19Because of our definition of the Fourier transform, the sign in front of the argument of the support
function must be negative.
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Proof. The first statement is clear from Theorem 4.2: for ¢ € C§°(R?) and y € C3°(R),

(F ' (fn),00w) = (Moo F y)

= (f,0@ 2n(F 'Rn)F y))

= (f,00F ' (Rnxy))

= (/9@ (Rn*v))

=(f*M,02V)
by the convolution theorem for test functions. That fy satisfies (4.17) is seen as follows:
If suppy C [g,00),

(fn—g*n,00Vy) =(f g0 (RN+y)) =0

because supp(f —g) C R? x (—o00,0] and supp(Rn * ) C suppRn +suppy C (—&,€) +
[€,00) = (0,00).

For the convolution representation, write ¥ = ¥; + V5, where ;(x,k; @) = eikx o —
F(8(t —x- )), and consider the terms separately. For the incident part,

(71 (40 [, Aok t@aso)) (1.0

(0
J
Je

:< (M*xm)(o,1;x0) * vi(x,1; ) dS(o), (p(x,t)>

Xt

lkxO) ~
(ky(o. ko) 0.0 (xk))

.7-" (m*m)(o,k;xp)e ’kx'“’,(b(x,k)>k dxdS(m)

U
[}

]R3
/RS (1 m) (0, £330 # 8(7 — x- ©), (x,1)), dxdS(®)

Xt
since 8(- —x- ®) € &'(R). For the scattered part, interpret the convolution as L! (R, C) x
L*(R,L* 4(R?)) — L*(R,L? 4(R?)), since

sup [N *m(0,5x0) @) < sup [N (0, 5x0) |1 @y W ry < 00
WeS? xoeK WES? xo€K

by Lemma 4.5, and
19 k)2, = -0 +GQ) ™ Geadi(- ko) 2

C
—1 A .
<[ U+GQ) " gz ) 198l a2 llaPiC R @)l 2 < W)

by Lemma 2.4, and thus by Plancerel’s theorem,

o0
”Vs(wﬁ‘”)Vﬁz(R,Laﬁ) = Hﬁs(ww)Hiz(R,Lga) < /OO |]ﬁs(~,k;m)]\i38dk (4.18)
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is bounded uniformly for all ® € S2. The vector valued convolution theorem [ABHNOI,
Section 1.8] can be applied, approximating with L' (R, L? 5(R*)) N L*(R, L? 5(R?)) func-
tions, which are dense.

The final statement follows as in Theorem 4.2. ]

4.2 Scattering control

Consider waves excited by time-dependent sources in a bounded set A C R3. Since waves
travel at unit speed, they will stay supported in the union of light cones with vertices in
A. This means that in a finite length of time 7', the waves will have travelled at most the
distance T away from A. If the sources are “turned on” at time zero, the waves excited by
them will be supported at time 7" > 0 in the set of points that are no further than distance
T from A. This set is called the domain of influence of A in time 7" and denoted by A7.

We shall now show that the time derivatives of waves excited by smooth sources in
a bounded domain A actually form a dense subset of all possible waves supported in
the domain of influence. In other words, the domain of influence can be approximately
controlled from A. [KKLO1, Section 3.3]

The results in this section are presented for the three-dimensional case, but the proofs
apply without change to any number of dimensions in which the necessary ingredients are
available.

Theorem 4.9 (Interior control). Assume that g € C}(R?,R) is such that the operator I +
GoQ is injective on Laafor some & >5/2. Let A C R3 be a bounded set with a C* bound-

ary, and let T > 0. Write A7 := {x € R*|d(x,A) < T}. Let g be the causal Green’s func-
tion defined by (4.1)~(4.2), and gy (x,-;x0) = g(x,-3x0) *Ne withm € C5°((—1,1),[0,00))
andMe(t) =n(t/€)/e. Then
{atuHﬁ('aT) ’ uHﬁ(xf) = /AH(ya) *gne(xa';y) dy7
H e Cy°(Ax(0,T)),0< e <dist(m suppH, {O,T})} (4.19)

is a dense subset of L*(Ar).

Proof. The inclusion is clear from the finite speed of wave propagation, since u'’*¢ solves
[atz A +Q(x>] uHﬁ(x?t) = (H*nﬁ)(xat> = Hﬁ(xﬂt>
uf£(x,0)=0 (4.20)
o:ul%(x,0) = 0.

To show density, let y € L?(Ar) be any function such that

/ (x)0,u" ¥ (x,T)dx =0
At
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for all H and € as in (4.19). The statement follows if we show that y = 0.
Consider the weak solution e € C([0,2T],L*(R?)) nC'([0,2T],H~'(R?)) [KKLOI,
Corollary 2.36] of the dual problem

<e> (at2 - A+Q<x))(P> = <07(P> - <O7(p('7T)> (8;6( 7O)>(p( )>
+ (=¥, 9:0(, T)) — {e(-,0),9,9(-,0))
= <W7at(p('7T)> + <ate( )7(P 7O)> < ( ) at@(ao»

(-
for all ¢ € H*(R? x [0,T)). In particular, the choice @ = u'" ¢ yields

(e,He) = (y,0,0(-,T)) + (dre(+,0),0) — (e(+,0),0) = 0.

Now since functions of the form H are dense in L?(A x (0,T)), we conclude that e = 0 in
A x [0,T], and in particular, its Cauchy data vanish on the boundary of the cylinder with
base A,

e=0,e=0 4.21)

on dA x [0,T]. Since e(-,T) = 0 and the plasma wave equation is translation invariant in
time and symmetrical with respect to reversal of time, e is antisymmetrical with respect
to reflection about the plane t = T, i.e., e(-,2T —t) = —e(+,t). Equation (4.21) therefore
holds in 0A x [0,27]. Tataru’s theorem of unique continuation [Tat95, Thm. 3] thus shows
that e vanishes in the set

{(x,t) € R x [0,27] |dist(x,A) < T — |T—z|}
(see Figure 6) and in particular,

y(x)=e(x,T)=0 whenxe€Ar.

In Section 4.1, we noted that a solution

T
:/A/O H(y,s)gne (-t —s;y)dsdy

of (4.20), excited by point sources in the set A x [0,T], can be simulated using incident
plane waves: The values of the function

T
:/A/O H(,9) fue (11 — s3y) dsdy
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2T

Figure 6: Application of Tataru’s uniqueness theorem.

coincide with those of uf’€(-,¢) for t > sup(m, supp H) + €; here T, denotes the projection
onto the time variable. We call the funtion v€ a wave corresponding to the simulated
source He = H *Ng.

Theorem 4.9 says that waves corresponding to simulated sources are dense over the
domain of influence. In terms of the plane waves used to simulate the sources this yields
the following.

Theorem 4.10 (Scattering control). Assume that q € Cé (R3,R) is such that the operator
I+ GoQ is injective on L2—8 for some & > 5/2. Let A C R? be a bounded set with C?

boundary, and let T > 0. Write Ay := {x € R*|d(x,A) < T}. Let g be the causal Green’s
function defined by (4.1)—(4.2) and

s e Fexe) — K500 .
(o, k;xg) = 2m_g (—m, —k;xp).
Letn € C3°((—1,1),[0,00)) and Me(t) =n(t/€) /€. Then

{ath’£|AT(-,T) ‘ ViTE(x, ) = S2M(-,(J)) xv(x,;0)dS(m)

M(w)i= [ moem( i) <H(s ) dy (4.22)
HeCy°(Ax(0,T)),0 < e <dist (m suppH, {O,T})}

is a dense subset of L*(Ar).

Proof. By Theorem 4.8, we see that when t > T, each function u€ in (4.19) of Theo-
rem 4.9 can be written in the form

T
uH’e(x,t):/A/O H(y,s) fue (x,1 —s3y) dsdy
:/SZ/R/A/OT(T]*W!)(I—p—s,(D;y)H(y,s)dsdyv(x,p;OJ)dpdS(co).

For vj, this integral should be interpreted in the sense of distributions. L]
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5 Solving the inverse problem

The scattering control results of the previous section can now be combined with the
Blagovesc¢enskii identity to solve the inverse problem. For any point xo € R? and for
any time #y € R, scattering control tells us that a wave can be sent in such that its time
derivative does not vanish in a neighbourhood of (xo, ). For such a wave u, the potential
can be recovered from

[A — atz]atu()q), l‘())

a;u(xO,t())

almost as in (1.2). The Blagovescenskii identity (Theorem 3.12) with s = ¢ = ¢y allows
us to calculate the L? norm of d;u. Localizing appropriately, this also yields pointwise
information about sufficiently smooth d,u, which can be inserted into (5.1).

This will now be done in more detail. In order to be able to use the scattering control
results of Section 4, we shall assume that the potential g is continuously differentiable and
of bounded support. All the results of this section can be generalized without change to
any number of dimensions, assuming that the tools are available.

q(xo) = : (5.1)

5.1 Localization

The first step in localizing the solutions of the plasma wave equation is to project them
onto balls B. We do this as follows using the Blagovescenskii identity to calculate inner
products with a suitable basis of L? (B), similarly to [KKLO1, Section 4.2.6].

Lemma 5.1. Assume that g € Cé (R3,R) is such that the Schridinger operator —/\ + Q
has no negative L? eigenvalues and no resonance at zero. Then given the scattering
amplitude and the incident waves uj and vi, we can calculate the inner products

(atu(-,lo>7at"(': SO))LZ(B(XhT))

for any x; € R3\ suppg, T > 0 and any s, to € R.

Proof. Assume for simplicity of notation that ) = 0. Let R > 0 be such that the potential
q is supported in Bg_1. Consider waves corresponding to simulated sources in the set A =
B(x1,p) with x; € S?(0,R) and dist(x;,suppg) < p < T (see Figure 7). By the scattering
control Theorem 4.10, we see that at time 0, the time derivatives of waves corresponding
to simulated sources in A from time p — 7 to time O form a dense subset of all square
integrable functions over the domain of influence Ar_, = B(x1,T); we can apply the
sources on the time interval [p — T, 0] instead of [0,T — p] because the equation is time-
invariant.

Since the Blagovescenskii identity of Theorem 3.12 allows us to calculate the inner
products of the time derivatives of these waves, the Gram-Schmidt process yields an or-
thonormal basis {w;(-;x1,T)}%2, of L*(Ar) such that

wi(x;x1,T) = dsuj(x,0)
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Figure 7: Simulated sources and their domain of influence.

with the functions u; solving the plasma wave equation. For this reason, this basis is
called a wave basis. The coordinates of the time derivative of any solution u of (1.1) with
respect to this basis can be calculated using the BlagovesScenskii identity:

(Qru(-,0),wi(-;x1,T)) = (du(-,0),0.u;(-,0)).

This gives

8

[IB(th)a,u<-,l‘())} (x) = , 0(atu(-,to),wj(-;xl,T))wj(x;xl,T).
J

The projection of d,v(-,s¢) has an analogous expression. We do not know the values of
these functions, since their expressions contain the unknown values of the basis functions
w j(-;xl,T). However, as the basis is orthonormal, it is possible to calculate the inner
products

(alu<'>t0)>alv('7S0))L2(B(xl7T)) = (lB(xl,T)atu('7t0>v lB(xl,T)atV('sz))

(Qrua(-,10),w; (-3x1,T)) (B (-,50), wj(-5x1,T)) -

I
18

J

Il
o

Since the potential ¢ is yet to be determined, we do not know a priori how large R
should have been chosen at the beginning of the present proof. However, we can perform
the calculations above for different values of R, and keep increasing its value. When
R is so large that the support of the potential is contained in Br_1, the results of our
calculations will stop changing. O

Combining projections of this type in an appropriate way, we can take our next step
towards finding point values of d;u, by projecting onto a small neighbourhood of any point
(X(),t()) e R3*1,
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X2

Figure 8: Intersection of the domains of influence of simulated sources around
the support of the potential.

Lemma 5.2. Assume that q is as in Lemma 5.1. Let u and v € H be solutions of the
plasma wave equation (1.1). Then given the scattering amplitude, the incident waves u;
and v, any point xo € R3, any ty, so € R and any & > 0 small enough, we can calculate
the inner products

(al‘u('at0)7atv('as()))lﬂ(v(x()’a)) (52)

where V (xo,90) is a neighbourhood of x such that B(xg,c18) C V(xg,0) C B(xg,c29) for
some constants cy, ¢z € R independent of d.

Proof. Forl € {1,2,3}, set x; = xo — Re;, where R is so large that suppg C B(xo,R). Let
T;+ = R+3/2 (see Figure 8). Then

xlaTH- \B(xlaTl )}

HDw

is approximately a small cube of side 6 with centre at x,. We can write the projection onto
a shell as

3ru( 0)] (x)

(18G5, )\BCo.Ti )
= [t~ o) }1B<x,,m>azu<»ro>]<x>

— |

00
atu _Xfl,TH.))X
]:1
00
X |iw XX[,T[+ Z xl7Tl+ Wm( XZ,Tlf))Wm(X;X[,Tlf) )
m=1
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where the inner products can be calculated using Lemma 5.1. Repeating this procedure,
we find an expression for

3
lyou(-,1) = [H 13<x,,m>\3<xl,n_>] (-, 10)
=1

in terms of the wave bases. As in the proof of Lemma 5.1, this yields the inner product
(5.2). O

Now in the limit 8 — 0, the set V (xg,d) shrinks nicely to the point x, and the projec-
tions calculated in the above lemmata give us information about point values:

Lemma 5.3. Assume that q is as in Lemma 5.1. Let v = v be a wave corresponding
to a known simulated source as in (4.22). Then given the scattering amplitude, we can
calculate the value of |0,v(xo,t0)| for all xo € R and ty € R.

Proof. From Lemma 5.2, we know

1/2
(atV(~,tO)aatV(-,t0>)L2(V(xO75)) _ ||atv(-,t0)||L2(V(xO’5)) §—0 |a v(x . )’ (5.3)
m(V (x0,3)) m(V (x0,3)) SRR '

for all Lebesgue points of d,v(+,1y). Now

[a,z — A+ q(x)] OV E(x,t) = 0,H *Me(x,1)
Vi€ (x,0) =0
v (x,0) = 0.

Thus as g € C}(R?), 9, is in fact continuous:
oy e WHe(R, H?(R?)) c C(R,H*(R?))  C(R,C(R?)) c C(R*T)

[Evad98, Thms. 7.2.6 and 5.9.2]. Therefore it makes sense to talk about its point values,
and since all points are Lebesgue points for a continuous function, we can find |d;v(xg,%9)|
for all xo and #. O

5.2 Recovery of the potential

We are now ready to present the result showing how the BlagoveScenskii identity and
scattering control can be used to solve the inverse problem by the localization technique
described in Section 5.1.

Theorem 5.4. Assume that q € C}(R®,R3) is such that the Schrédinger operator —/\+Q
has no negative L eigenvalues and no resonance at zero. Then the scattering amplitude
determines the potential q.



5.3. Prospects 81

Proof. By scattering control, for any xo € R3 and #y € R, we can choose a simulated source
H and € > 0 such that the time derivative of the corresponding simulated wave v = v/
does not vanish almost anywhere in a neighbourhood of (xg,#y). In this neighbourhood,

(32— 2)3v(x,1) = g(x)dv(x.1)
is continuous as a product of two continuous functions, and we can thus calculate

(07 = 2)9v(x,t) (97 = D)[drv(x,1)]

M=y T e

provided that u is real valued. In fact, v can be chosen real valued, since for a real valued
potential g, the real and imaginary parts of v propagate independently of each other. Thus
if 9,v(x0,29) # 0, either Red;v or Imd,v must be non-zero in a neighbourhood of (xo, ),
and we can consider Re d;v or Imd,v instead of v, whichever does not vanish. L]

5.3 Prospects

The results in this study lend themselves to generalizations in several different directions:
Some of the assumptions made seem artificial and could perhaps be relaxed. On the other
hand, our method could be applied in different settings.

One of the main tools that we developed and used, the variant of the BlagoveScenskii
identity, was proved under the assumption that the potential and its first derivatives are
bounded and decay as |x|~Y for y > 28. This condition is most probably not sharp. In
the proof, a rather long chain of estimates involving many parameters was used, and it
would not be surprising if at some point, a looser assumption would suffice. Alternatively,
combining the estimates in a different way, or using totally different reasoning, might give
the required results under looser assumptions.

The subsequent building blocks that were used for solving the inverse problem were
derived under the more restrictive assumption that the potential is of class Cé and that
there are no bound states. We therefore concluded only that our method can be used
to solve the inverse problem under this assumption. However, the present form of the
BlagoveScenskii identity might already prove useful in other applications.

The assumption that g € Cé could perhaps also be relaxed for the scattering con-
trol part and when solving the inverse problem. It seems plausible that if a sufficiently
quickly decaying potential is smoothly cut off outside a large compact set, the effect will
be small. This would enable us to approximate the case of a quickly decaying potential
by compactly supported ones.

The assumption about the absence of bound states, i.e., negative eigenvalues of the
operator —/A + Q, might also not be necessary. Under quite general conditions, there are
only a finite number of negative eigenvalues, each with a finite dimensional eigenspace.
This means that the operator —/\ + Q is positive definite on a space H’ of finite codimen-
sion. In this space, scattering can be defined, and the Blagovescenskii formula derived as
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in Section 3.3. In Section 5, there is much room for the choice of the functions used in
solving the potential ¢, so it might be possible to choose them from H’.

The principal tools that we used for solving the inverse problem are the BlagoveScen-
skii identity, developed in Section 3, the scattering control property, developed in Sec-
tion 4, and the wave bases, developed in Section 5. As these tools are quite geometric
in nature, it would be interesting to investigate the possibility of formulating them in
a differential geometric setting, and thus use them to solve inverse problems of more
general elliptic second order partial differential operators along the lines of [KKLOI1],
and perhaps complementing the active research currently being carried out in the field
[AKK 04, KKLMO04, JSB99, SB03, SB]. A starting point could be to consider small
perturbations to the Euclidean metric, whose effect one would hope to be small enough
to permit the present methods to be used. Generalizations to dimensions other than n = 3
should also be considered.

An interesting framework for the boundary control method is that of Gaussian beams
[BK92a, KK98, KKLO1]; this framework could also be fruitful in the study of simulated
sources and scattering control. It might also be worthwhile to examine the applicability
of the highly localized waves of Section 5.1 to ultrasound surgery [MHKO3].

Connections to parabolic and spectral inverse problems [KKLMO04, KKLO1] might
also be worth investigating, as well as the application of ideas presented here to scattering
from obstacles and for electromagnetic scattering.
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