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Lateral diatomic two-dimensional artificial molecules:
Classical transitions and quantum-mechanical counterparts
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Structural properties of a finite number (N52220) of point charges~classical electrons! confined laterally
in a two-dimensional two-minima potential are calculated as a function of the distance~d! between the minima.
The particles are confined by identical parabolic potentials and repel each other through a Coulomb potential.
Both ground-state and metastable electron configurations are discussed. Discontinuous transitions from one
configuration to another as a function ofd are observed forN56, 8, 11, 16, 17, 18, and 19. We show that the
structural transitions have quantum-mechanical counterparts also in the limit of noninteracting electrons.
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I. INTRODUCTION

Quantum dots~sometimes called artificial atoms! are
nanoscale semiconductor structures where a small numb
electrons are confined into a small spatial region.1,2 The elec-
tron motion is usually further restricted to two dimension
There is strong theoretical evidence for the existence o
limit where the electron system crystallizes to Wigner m
ecules, which is seen as the localization of the electron d
sity around positions that minimize the Coulom
repulsion.3–9 In the limit of weak confinement~low density!
or a very strong magnetic field the quantum effects
quenched or obscured and the electron correlations sta
dominate the properties of the system. The ultimate limit i
purely classical system where only the Coulomb repuls
between the electrons defines the ground state. The pro
reduces to finding the classical positions of electrons~which
depend on the forms of the confining and the interact
potentials! that minimize the total energy of the system. O
should also note as pointed out by Harjuet al.,7 based on
accurate quantum-mechanical calculations, that a correl
many-electron system in a quantum dot can well be
scribed in terms of independent electrons oscillating aro
their classical positions. This picture is energetically ve
accurate far beyond the confinement values where the sy
shows Wigner-molecule-like behavior.

There is growing interest in calculating10–17 and
measuring18–20 the properties of coupled quantum dots. D
to the two-dimensional~2D! nature of quantum dots the two
atom system is different whether the quantum dots
coupled in the plane in which the electrons are confined~lat-
erally coupled! or in the perpendicular direction~vertically
coupled!. Especially for laterally coupled quantum dots on
a limited number of studies have appeared.13–17

Classical studies serve as a good starting point for m
demanding quantum-mechanical calculations. Moreover,
study of classical electrons in vertically coupled artificial
oms has revealed interesting structural transitions in
ground-state electron configurations as a function of the
tance between the atoms.21

Apart from quantum dots in the classical limit the poi
charges in two dimensions can be used to model also o
0163-1829/2002/66~15!/155322~7!/$20.00 66 1553
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physical systems. Examples include vortex lines in superc
ductors and superfluids and electrons on the surface of liq
He ~see Ref. 22, and references therein!. In the theoretical
field, the ground state configurations of a confined class
2D electron system have been studied in the case of a si
artificial atom in Refs. 22–28 and for the vertically couple
artificial atom molecule as a function of the interatom d
tance in Ref. 21. Recently, also some experimental studie
2D confined charged classical particle systems have
peared to reflect the classical cluster patterns in t
dimensions.29,30

Classical point charges in a two-dimensional infinite pla
crystallize into a hexagonal lattice at low temperatures. Pa
bolic confinement in the artificial atom, on the other han
favors circularly symmetric solutions. The ground-state co
figuration is thus determined by two competing effects, c
cular symmetry and hexagonal coordination, resulting
nontrivial particle configurations. The reported configur
tions of the electron clusters in a single artificial atom do n
all agree between different studies. The differences can
partly explained by the different forms of confinement a
interaction potentials. However, when the number of p
ticles, N, confined in the atom is one of the following,N
5225,7,10,12,14, and 19, all results are in agreement w
differences appear forN56,8,9,11,13,15218, and 20~for
N<20).22–30

In this paper we consider two laterally coupled artific
atoms and we mainly focus on classical electrons in the
tificial molecule. The changes in the ground-state elect
configurations are studied forN52220 electrons in the
molecule as the interatom distance is changed. The ene
of the metastable states are also calculated at different
tances and their role in the structural transitions in
ground-state electron configurations is discussed. We
show an interesting similarity between the classical structu
transition and the quantum-mechanical one for theN56
case.

II. MODEL AND METHODS

The commonly used quantum-mechanical Hamilton
for N electrons in a two-dimensional structure can be writ
as
©2002 The American Physical Society22-1
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H5(
i 51

N S 2
\2

2m*
¹ i

21V~r i !D 1
e2

4pe0e (
i , j

1

r i j
, ~1!

whereV is the external confining potential taken to be

V~r !5
m* v2

2
~min@~x2d/2!2,~x1d/2!2#1y2!.

The electrons are described with coordinatesr i5(xi ,yi) in
two-dimensional space. The harmonic confinements are
sitioned symmetrically around the origin with distanced be-
tween the minima.m* is the electron effective mass,v the
confinement strength, ande the dielectric constant.

We mainly consider the classical limit (\→0) of the
model, where each electron reduces to a classical p
charge. In the classical limit we study electron configuratio
as the distance between the minima is changed. In additio
the classical limit we also consider the quantum-mechan
limit of noninteracting electrons (e→`). Our main interest
is to show that similar structural transitions as seen in
classical limit can be found in the quantum case, even in
limit where interactions are not taken into account.

A. Monte Carlo simulation of classical limit

The minimum energy as a function of the positions of t
particles,Etot5minE(r1 , . . . ,rN), is solved with a standard
Metropolis Monte Carlo method31 starting from a randomly
chosen initial electron configurationr1 , . . . ,rN . The accu-
racy and simulation time needed with the Metropolis alg
rithm was found to be quite sufficient for the current pro
lem. We compared the calculated energies in the limit o
single artificial atom to those given in Ref. 22, and the res
were found to be in complete agreement within the giv
accuracy.

In the simulations we choose four different distances
tween the minima and perform 300 test runs at each par
number (N52220) and distance (d50, 200, 600, and
1000 Å). In addition to minimum-energy configurations w
also obtain metastable states that are higher in energy c
pared to the ground state.

When the ground and metastable states are obtainedd
50, 200, 600, and 1000 Å we study the structural transitio
between ground-state electron configurations at the inter
diate distances. The electron configurations obtained f
the fixedd calculations are taken as an input to Monte Ca
minimizations where the attempt step is set so small that
electron configuration cannot change to another. Then
distance is slightly altered (d→d61 Å) and a new energy
with slightly modified positions is calculated for the config
ration defined by the input. The calculated new configurat
is taken as an input to the next calculation with a new d
tance between the atoms, and so all distances betwed
50, 200, and 600 Å are well sampled. However, it m
happen that a configuration becomes unstable as the dis
is changed. In that case the simulation converges to s
other stable configuration, which can be seen as a sud
jump to a new energy value in theE(d) plots. The energies
15532
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of all states are studied as a function of the distance,
structural transitions in the ground-state configurations
examined.

In the classical calculations we measure the energy
meV and distance in Å. The confinement strength was se
\v53 meV and typical GaAs parameters were chosen to
effective mass and the dielectric constant:m* 50.067me and
e513. The calculated energy values and distances could
scaled to correspond to different values ofv, m* , ande, but
changing the parameters also changes the effective dist
between the minima,d, and then the minimum-energy con
figuration may not be the same anymore. Therefore we h
have one significant parameter in the system,d, which scales
as}(m* v2e)21/3.

III. RESULTS

A. Classical electron configurations

The results for the ground and metastable states are s
marized in Table I. The ground-state energy per partic
E/N, and the corresponding configuration at three distan
between the artificial atoms is represented in the row follo
ing the particle numberN. If there exist metastable states
the given N and d, the energy differenceDE/N to the
ground-state and the electron configurations for the m
stable state are also reported. However, not all metast
configurations are marked in Table I, since when starting
simulation from random positions more electrons can
trapped in one artificial atom than in the other. Only me
stable states with either the same number of electrons
atom ~for evenN) or only one more at one than the oth
atom~for odd N) are reported. The notation for the config
rations in a single artificial atom is chosen so that electr
are thought to be organized in~nearly! concentric shells
around the potential minimum: (N1 ,N2 ,N3), whereN1 de-
notes the number of electrons in the innermost shell,N2 the
next shell, andN3 the number of electrons in the outermo
shell. ~For N<20 only three shells are occupied!. For the
laterally coupled two-atom artificial molecule we have ch
sen the following notation for configurations: Atd5200 Å
the configuration is marked as if it would still be on a sing
atom centered around the midpoint connecting the two
oms. Atd5600 Å the configurations are given as configur
tions of two separated atoms. The results ford51000 Å are
not presented in Table I, as they correspond to two isola
dots and the configurations can be deduced from thed50
case. Also the excitation energies are very close to o
found in the case of a single dot. The only exceptions are
N515, 16, and 17 cases that have excitation from
ground-state configuration~1,7! to a metastable one~2,6!,
not seen atd50.

As Table I and Fig. 1~a! indicate, with eight particles in
the single artificial atom (d50 Å) the ground state is~1,7!,
one electron in the center and seven electrons in the circ
shell, and there exist no metastable states. Atd5200 Å a
new ground state has appeared with a configuration~2,6!
@Fig. 1~b!# while ~1,7! has changed to a metastable state w
excitation energy10.016 meV~see Table I!. At distances
2-2
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TABLE I. Ground-state and metastable configurations and corresponding energies in meV/particle at three of the studied
(d50, 200, 600 Å). The energies of metastable states,DE/N, are given as meV/particle above the ground-state energy. The configura
of electron clusters in the two-atom molecule are described with concentric shells located around the center of the system atd50 and 200 Å
and as two separate electron clusters located near the minimum of one of the two atoms atd5600 Å. See text for descriptions o
configurations with asterisks.

d50 Å d5200 Å d5600 Å
N E/N configuration E/N configuration E/N configuration

~meV! ~meV! ~meV!

2 2.736 ~2! 1.777 ~2! 0.875 ~1!~1!

3 4.780 ~3! 3.894 ~3! 2.940 ~1!~2!

4 6.696 ~4! 5.588 ~4! 4.351 ~2!~2!

5 8.531 ~5! 7.340 ~5! 5.915 ~2!~3!

10.099 ~1,4!
6 10.231 ~1,5! 8.939 ~6! 7.234 ~3!~3!

10.074 ~6! 10.033 ~1,5!
7 11.816 ~1,6! 10.459 ~1,6! 8.664 ~3!~4!

8 13.384 ~1,7! 11.933 ~2,6! 9.932 ~4!~4!

10.016 ~1,7! 10.003 ~4!~4!

9 14.913 ~2,7! 13.335 ~2,7! 11.246 ~4!~5!

10.022 ~1,8!
10 16.361 ~2,8! 14.680 ~2,8! 12.441 ~5!~5!

10.012 ~3,7!
11 17.746 ~3,8! 16.053 ~3,8! 13.701 (5)(1,5)*

10.003 ~2,9!
12 19.111 ~3,9! 17.354 ~3,9! 14.873 (1,5)* (1,5)*

10.011 ~4,8! 10.004 ~4,8! 10.011 (1,5)* (1,5)
13 20.433 ~4,9! 18.624 ~4,9! 16.048 (1,5)* (1,6)

10.024 ~4,9!
14 21.738 ~4,10! 19.854 ~4,10! 17.168 ~1,6!~1,6!

10.014 ~5,9!
15 23.010 ~5,10! 21.072 ~5,10! 18.302 ~1,6!~1,7!

10.029 ~1,5,9! 10.035 ~5,10!
16 24.259 ~1,5,10! 22.271 ~6,10! 19.373 ~1,7!~1,7!

10.009 ~5,11! 10.006 ~5,11!
17 25.473 ~1,6,10! 23.448 ~6,11! 20.468 ~1,7!~2,7!

10.005 ~1,5,11! 10.010 ~1,6,10! 10.006 ~1,7!~1,8!
10.016 ~1,5,11!
10.018 ~6,11!

18 26.660 ~1,6,11! 24.597 ~1,6,11! 21.522 ~2,7!~2,7!
10.026 ~1,7,10! 10.006 ~6,12! 10.001 ~1,8!~2,7!

19 27.841 ~1,6,12! 25.728 ~1,6,12! 22.572 ~2,7!~2,8!
10.003 ~1,7,11! 10.004 ~1,7,11! 10.001 ~1,8!~2,8!

10.016
20 29.000 ~1,7,12! 26.843 23.583 ~2,8!~2,8!

10.024 ~1,6,13! 10.001
10.003 ~2,7,11!
-
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d5600 Å andd51000 Å the notation is changed to two
atom configurations and forN58 the ground state is marke
with ~4!~4!, see Figs. 1~c! and 1~e!.

The notation for configurations is not always exhausti
The relative orientation of different shells and the relat
orientations of the configurations of the two atoms are
always obvious. For example, when either or both atoms
left with four electrons (N57,8,9), the orientation of the
15532
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t
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square~s! relative to the other atom changes as the distanc
increased. At smaller distances the position of the squar
four electrons is such that the tips of the squares are in
same line with the positions of the minima@see Fig. 1~c! for
N58 at d5600 Å]. As the distance is increased the squa
~or two squares withN58) turns onto its side@see Fig. 1~e!
for N58 at d51000 Å]. ForN58 at d5600 Å there also
exists a metastable state where one of the squares is lyin
2-3
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its side and the other on the tip@Fig. 1~d!#. Even though we
divide electrons into shells in our notation it does not me
that the shells are strictly circular even ford50. This can be
seen clearly forN512 in Fig. 1~f!, where the outer shel
looks more like an incomplete triangle with the tips missin
The configuration marked with (1,5)* in the two-atom con-
figurations in Table I cannot be identified strictly to~6! but
neither to~1,5!. Therefore we choose the notation (1,5)* to
describe the configuration. The difference between (1,*
and~1,5! can be seen with the (1,5)* (1,5) metastable state i
Fig. 1~g!. The configurations of the ground and metasta
states forN513 atd5200 Å are marked in the same way
Table I, but are different as can be seen in Figs. 1~h! and 1~i!.
The same is true forN515, Figs. 1~j! and 1~k!. For the
highest-energy metastable state forN517, d5200 Å the
two-atom notation would have described the configurat
better, Fig. 1~l!. One metastable state forN519 and the
ground state and one metastable state forN520 at d
5200 Å cannot be described with the shell structure no
tion. The configurations are depicted in Figs. 1~m!–1~o!,
respectively.

FIG. 1. Electron configurations of selected ground and me
stable states. The configuration is marked on the lower right cor
To make it easier to distinguish different configurations and
distance between the minima (d50, 200, 600, 1000 Å) a circle
with 330-Å radius is plotted around each parabolic potential m
mum. A dashed circle indicates a metastable state.
15532
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The changes in energy per particle of the ground state
the four studied distances as a function ofN are shown in
Fig. 2. At d50 there are small troughs atN53, 6, 10, and
17, at adding the fourth, seventh, eleventh and eightee
particle. Moving to greater distances between the atoms,
change in the chemical potential is clearly peaked. Going
an odd number of particles increases the chemical pote
much more than going to an even number of particles. In
esting is the intermediate distance ofd5200 Å where this
trend is observed forN52 –4 and 9–11, but otherwise th
curve shows no clear structure and does not strictly foll
the shape of thed50-Å curve either.

B. Transitions

We now turn to study configurations betweend50, 200,
and 600 Å. We start from all ground-state and metasta
configurations and follow the energy of the configuration
a function of distance. As the distance between the atom
increased it is not always clear whether the electrons
follow the two atoms drawn apart and continuously chan
to two separated atoms. Sometimes metastable states ch
to a ground state and the ground state to a metastable sta
the distance between the atoms is increased. The cle
example can be seen in Table I for six electrons betweed
50 and d5200 Å. At d50 the ~1,5! configuration is the
ground state and~6! the metastable state. Atd5200 Å it is
the other way around:~6! is the ground and~1,5! a meta-
stable state. The energy as a function of distance for
alternative configurations is shown in Fig. 3~a!. The transi-
tion point, marked with a small circle, is atd5111.6 Å. The
transition is continuous with respect to energy as a funct
of distance, but the curvature of theE(d) curve is different
and therefore the first derivative of energy with respect td
is discontinuous. Hereafter, by discontinuous structural tr
sitions we mean the qualitative change in the ground-s
electron configuration which is discontinuous with respec
]E/]d at the transition point. ForN58, we find that atd
5135.9 Å the electron configuration changes from~1,7! to

-
r.

e

-

FIG. 2. Change in the chemical potential@EN11 /(N11)
2EN /N# at d50, 200, 600, and 1000 Å.
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~2,6!, see Fig. 3~b!. Notice that the~2,6! configuration is not
stable atd50 and becomes unstable belowd517 Å.

In addition toN56 and 8, we find discontinuous trans
tions forN511 and 16–19. All discontinuous transitions a
summarized in Fig. 4 and Table II. These transitions can
divided into two main classes, namely, the ones at reason
small interdot distances 100 Å,d,250 Å ~type I, marked
with s) and the ones at larged'550 Å ~type II, marked
with x). The type-I transitions can be seen atN56, 8, and
16–18. In all of these, the structure changes from a pen
hexa- or heptagon structure with one electron inside the
to a hexagonal ring, which can have either zero or two e
trons inside the ring, the second case occurring only aN
58. The possibility of having just one electron inside t
ring is not energetically favorable as the confinement pot
tial has a maximum at the center.

The type-II transition occurring atN517–19 can be char
acterized by a rotation of one of the two distant thre
electron clusters in the inner shell of one of the atoms. Si
lar rotation but with four electrons can be seen in Figs. 1~c!–
1~e! for N58 and it is also seen forN57 and 9. However,
with small particle numbers, this rotation does not show a
kinks in the ground-state energy curve and the rotation an
can also change continuously. For the triangles in the in
shells withN517–19, on the other hand, we see only tw
alternative orientations: the tip is either pointing to the rig
or left and the transition between these two configuration
discontinuous. It is thus clear that the discontinuity in t
rotations seen forN517–19 results from the interaction o
the rotating clusters with the surrounding electrons.

FIG. 3. Energy as a function of distance forN56 and 8. The
small circles indicate the discontinuous structural transition poi
15532
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For N511 we observe quite surprisingly a discontinuo
transition, which does not fall into either of the two class
of discontinuous transitions. It is even more interesting if
compare it to the continuous transition ofN512 in Fig. 5~a!.
The left-hand-side atom forN511 in Fig. 4 and the left atom
of the lower left configuration in Fig. 5~a! look similar,
where of course the right atom has one more electron w
N512. However, forN512 we have a continuous transitio

s.

FIG. 4. E/N as a function ofd for all N for which a discontinu-
ous structural transition is observed. Transition points are den
by symbolss, x, andh and changing ground-state configuratio
are depicted in boxes for eachN. Energy differences betwee
ground and metastable configurations are not distinguishable
N.8 in the figure.

TABLE II. Discontinuous structural transitions:s, x, andh

specify the type of transition andd the transition point.

N519 x ~2,8!~1,8! → ~2,8!~2,7! d5586.0 Å
N518 s ~1,6,11! → ~6,12! d5233.9 Å

x ~1,8!~1,8! → ~1,8!~2,7! d5522.8 Å
x ~1,8!~2,7! → ~2,7!~2,7! d5593.4 Å

N517 s ~1,6,10! → ~6,11! d5145.0 Å
x ~1,7!~1,8! → ~2,7!~1,7! d5501.1 Å

N516 s ~1,5,10! → ~6,10! d5102.4 Å
N511 h ~3,8! → ~2,9! d5214.2 Å
N58 s ~1,7! → ~2,6! d5135.9 Å
N56 s ~1,5! → ~6! d5111.6 Å
2-5
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whereas the transition forN511 is discontinuous. The con
tinuous rotation of the left atom withN511 is not favorable
whereas withN512 it is the transition mechanism. The sam
continuous rotation as withN512 is seen forN513 with the
six-electron atom and the seven-electron atom changing
similar manner as both atoms in Fig. 5~b! with N514. The
rotation of the seven-electron atom withN515 follows the
similar transition as withN514. ForN520 and 19 we do
not observe type-I discontinuous transition at small interat
distances but increasing the distance transforms the con
rations continuously in rather unsymmetric forms shown
Figs. 1~m! and 1~o!.

C. Quantum-mechanical version of type-I transition

To show that the classical transitions are relevant even
the quantum case, we have studied the noninterac
quantum-mechanicalN56 case. The reason for thisN is that
it is the smallest particle number with a discontinuous tr
sition of type I.

The noninteracting quantum-mechanical problem can
reduced to a one-dimensional one as the potential is s
rable, and the single-particle states of the transverse mo
(y direction! are those of the simple harmonic oscillator wi
energy «ny

5 1
2 1ny , where ny50,1,2, . . . . The one-

dimensional longitudinal part can easily be solved num
cally. Combining the energies of the longitudinal part w
the transverse ones, one obtains the spectra of Fig. 6.
can see that the energies are equal to those of the si

FIG. 5. Ground-state electron configurations alongE(d) curve
for N512 and 14.
15532
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harmonic oscillator ford50, and of two independent oscil
lators at larged. In the quantum-mechanical limit we mea
sure the length in units ofl 05A\/m* v and energy in units
of \v.

We drop the spin of the quantum-mechanical electrons
it is not relevant in the classical limit. This corresponds
taking the system to be spin polarized. One can see from
energy levels shown in Fig. 6 that there exists one transi
for this particle number. In this transition point, one electr
moves from a bondingny52 state to an antibondingny50
state. In the classical limit, the electrons avoid each other
to the Coulomb interaction. In our noninteracting quantu
mechanical case, the electron-electron repulsion results f
the Pauli principle.

When the quantum-mechanical system approaches
classical limit, the most probable configurationR* , maxi-
mizing the densityuC(R)u2, approaches the classical ele

FIG. 7. Conditional probability densities and the most proba
electron positions~marked with plus signs!. The left ~right! panel
corresponds to a small~large! interdot distanced, correspondingly.
The contours are uniformly from 0.01 to 0.91.

FIG. 6. Lowest single-particle energies as a function of the
terdot distanced. The inset shows the quantum number of the tra
verse motion.
2-6
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tron positions. The quantum effects and the transition to
classical limit are most conveniently studied using t
single-particle probability distributionr̃(r ),7 defined as

r̃~r !5U C~r ,r2* , . . . ,rN* !

C~r1* ,r2* , . . . ,rN* !
U2

, ~2!

where the coordinatesr i* are fixed to the ones from the mo
probable configurationR* . In approaching the classica
limit, the densityr̃(r ) is more and more peaked around t
classical positionr1* , still showing quantum fluctuations, a
seen in the case of a single quantum dot.7

We now take the quantum model to the opposite limit
the classical one where the information of the classical p
tions might be stored in the coordinates of the most proba
electron configuration. One can see in Fig. 7, which sho
the r̃(r ) for the two ground states that this is really the ca
It is very interesting to see that the most probable elect
positions change in the transition point very similarly to t
classical case. We see clearly a transition of type I. It
highly nontrivial that the electron triangles for the larged
case are facing the same way as in the classical case.
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quantum-mechanical analysis of theN56 case shows that a
least the type-I transitions are very relevant for quantum
molecules also beyond the classical limit.

IV. SUMMARY

To summarize, we have calculated ground- and me
stable state configurations of classical point charges confi
in two dimensions within two laterally coupled parabolic p
tentials. The ground and metastable electron configurat
are studied as a function of the distance between the ato
Discontinuous~in ]E/]d) transitions in the ground-stat
configurations were observed forN56,8,11, and 16–19. We
have analyzed these transitions in detail, and grouped t
according to two main categories. We have found a quant
mechanical counterpart for one type of transition. The c
figurations of purely classical electrons in laterally coupl
two-minima potential have an interesting and complex sp
trum as the distance between the minima is changed.
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