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The Distribution of the Product of Independent
Rayleigh Random Variables
Jari Salo, Hassan M. El-Sallabi, and Pertti Vainikainen, Member, IEEE

Abstract—We derive the exact probability density functions
(pdf) and distribution functions (cdf) of a product of independent Rayleigh distributed random variables. The case
= 1 is
the classical Rayleigh distribution, while
2 is the -Rayleigh
distribution that has recently attracted interest in wireless propagation research. The distribution functions are derived by using
an inverse Mellin transform technique from statistics, and are
given in terms of a special function of mathematical physics, the
Meijer G-function. Series forms of the distribution function are
also provided for
= 3, 4, 5. We also derive a computationally
simple moment-based estimator for the parameter occurring in
the distribution, and evaluate its variance.
Index Terms—Fading channels, radio propagation, Rayleigh distributions.

estimator for the distribution. In addition to [2]–[6], our results
may be useful in studies such as [7], where distributions of
products of Rayleigh random variables were studied using a
Monte Carlo simulation study (due to lack of analytical expressions) in context of investigating fading distributions. They
cannot be found even in the advanced handbook [8] hence,
completing the available literature in the field. Our results are
also a prerequisite for analyzing the more general multiple
scattering models proposed in [2], [3]. Further, in order to
assess the impact of -Rayleigh fading on the performance of
radio communication systems, analytical expressions of signal
amplitude are needed.
II. BASIC DEFINITIONS

I. INTRODUCTION

R

ECENTLY, the so called multiple Rayleigh (cascaded
Rayleigh, -Rayleigh) distribution has been found to
explain well the amplitude behavior in certain type of measured radio channels [1]–[5]. The physical explanation for
the -Rayleigh model follows by considering a cascade of
statistically independent Rayleigh fading processes connected
via narrow pipes; this model has been shown to agree very well
with measurements made in a forest environment [2], [3]. The
amplitude model arises also in keyhole propagation with
keyholes [6], and propagation via diffracting street corners [1].
The probability density and distribution functions for the case
(double-Rayleigh) have been given in [1]. However,
of
for general , the distribution functions appear to be absent in
the literature. Consequently, empirical distribution functions
obtained from Monte Carlo simulations have been used in
previous studies. In this paper we derive the exact probability
density and distribution functions of a multiple Rayleigh, or
-Rayleigh, random variable. The functions are derived by
using an inverse Mellin transform technique from statistics and
given in terms of the Meijer G-function. Series forms of the
distribution functions are also provided. Based on the method
of moments we also derive a computationally simple parameter
Manuscript received April 1, 2004; revised May 24, 2005. This work was
supported by the Centre of Excellence program of the Academy of Finland.
The work of J. Salo was supported in part by the Foundation of Commercial
and Technical Sciences, in part by Nokia Foundation, in part by the TKK Foundation, and in part by the Graduate School of Electronics, Telecommunications,
and Automation.
J. Salo and P. Vainikainen are with SMARAD CoE, Radio Laboratory, Helsinki University of Technology, FI-02015 TKK, Finland (e-mail:
jari.salo@tkk.fi; pertti.vainikainen@tkk.fi).
H. M. El-Sallabi was with SMARAD CoE, Radio Laboratory, Helsinki University of Technology, FI-02015 TKK, Finland. He is now with the Information
System Laboratory, Stanford University, Stanford, CT 94305 USA.
Digital Object Identifier 10.1109/TAP.2005.863087

A. Product of Independent Rayleigh Random Variables
Consider a product of

independent random variables
(1)

where
is a Rayleigh distributed random variable with probability density function (pdf)
(2)
is defined we call it an “ -Rayleigh”
Because of the way
random variable.
, is
The th moment of , i.e.,

(3)
where we used the definition of the gamma function
.
B. Meijer G-Function
In the sequel, the density and distribution functions of will
be given in terms of the Meijer G-function, which is a generalization of the generalized hypergeometric function and can be
defined using the contour integral representation [9]
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(4)
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where ,
, and
are, in general, complex-valued.
The contour is chosen so that it separates the poles of the
gamma products in the numerator [9]. The Meijer G-function
has been implemented in some commercial mathematics software packages.
III. EXACT DENSITY AND DISTRIBUTION FUNCTIONS

Note that the pdf (8) gives also the joint pdf of angle and
, of a product of circularly symmetric
amplitude,
zero-mean complex Gaussian random variables as
.
Cumulative distribution function
is obtained by integrating (8) with respect to inside contour integral
by using

In this section we derive the distribution functions of
-Rayleigh random variables. Although the Mellin transform
technique is known from advanced texts on statistics, we shall
outline the key steps in order to convey to the reader the main
idea, which may also be useful in other similar distribution
problems.

setting
, and again using
the definition of the Meijer G-function (4). This results in

A. Distribution Functions Using the Meijer G-Function

(9)

We can find the pdf of as the inverse Mellin transform1 of
, defined by the contour integral [10]
(5)
Denoting

we have from (1) and (3)
(6)

From (6) it is possible to compute central moments and functions of them, like skewness and kurtosis. For example, the mean
, while the variance is given by
is
(7)
gives the variance of Rayleigh distriThe special case
.
bution
in (5), setting
, and using
By substituting
the definition of the Meijer G-function from (4) we obtain the
density of as

B. Distribution Functions in Series Form
As the Meijer G-function is implemented only in few mathematical software packages, in what follows, we provide series
forms of the distribution functions for
, 4, 5 for the convenience of the reader. These expressions are easy to program and
result also in simple approximations for small argument values.
They are also faster to evaluate numerically than the Meijer
G-function. The series forms are derived by evaluating the contour integral in the definition of the Meijer G-function using calculus of residues [11]. This results in an infinite series representation for the densities, since the integrand has th order poles
at zero and at negative integer values of its argument. Since the
procedure is standard, we omit derivation, and simply state the
results. For further details, see [9] or [12].
and
for brevity.
We denote
The distribution functions are as follows:
For

(8)
which is the density function of an -Rayleigh random variable.
Notice that the density depends only on the parameter
. This implies that, in theory, the clusters interacting
in cascade affect the -Rayleigh distribution only through the
product of their “size” parameters, the ’s.
lead to different normalization. We
Different values of
consider two examples.
•
The case
is equivalent to the case where the
underlying real-valued Gaussian variables have variance 1/2. This is the usual definition of “standard”
complex Gaussian variable with zero mean and unit
,
variance. Also with this setting
which is the usual normalization for the radio channel.
results with having unit mean,
•
Setting
i.e.,
.

y

f y dy y >

h 0 1)th
f (y )

1The Mellin transform
( ) ,
0, is just the (
moment of . Here we work the other way round: we solve the density
from its moments using the inverse transform.

Y

(10)

(11)
For

(12)
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TABLE I
COMPARISON OF ANALYTICAL cdf TO MONTE CARLO SIMULATION,  = 2

(13)

To verify the derived analytical expressions, we conducted
Monte Carlo simulations and estimated few points of the empirical cdfs. The results, given in Table I, were computed with
the series forms of the distribution functions. The number of
. The agreement between empirical
samples for each was
values is excellent, which is to be expected, since the derived expressions are not approximations, and can, in principle, be used
to compute numerical values with arbitrary precision.

For
C. Special Cases

(14)

We now show that, for
and
, the G-function form
(8) reduces to the well-known cases of Rayleigh and doubleRayleigh distribution.
1)
: From the identity
[13, (Eq.
§07.34.03.0228.01)] we obtain the Rayleigh distribution.
: From identity
2)
, where
is a modified Bessel function of the second kind
[13,
(Eq.
§07.34.03.0605.01)],
it
follows
. This is the
that
double-Rayleigh distribution [1].
D. Numerical Examples and Discussion

(15)
We have denoted
The function
, for

and
, is given by

where
the th polygamma function. Similarly, we have denoted

.

is

The series forms of the distribution functions are very fast to
compute, since the difference of polygamma functions
is given by a finite sum [9].

are shown. As
In Fig. 1 densities for varying and
increases the probability mass concentrates close to the origin.
On the other hand both tails of density become heavier as increases. This is better illustrated in Fig. 2 where the cumulative
is
distribution function for different values of with
appears as a straight line in
shown. The Rayleigh cdf
both subplots, and curvature from straight line indicates deviation from the Rayleigh distribution. It can be seen that the slope
of the left tail of the cdf deviates from the Rayleigh cdf only
slightly. In fact, from the series forms given in the previous section we note, that the small- slopes are not equal to that of the
Rayleigh distribution, i.e., they are not straight lines in the probability plot of Fig. 2, although for small and they may well
be approximated as such. The right tail of the -Rayleigh cdf
becomes heavier than that of the Rayleigh cdf for increasing .
For practical measurement data analysis this means that difference between two -Rayleigh distributions with different is
mostly contained in the tails of the empirical cdf. Hence, a relatively large number of stationary amplitude samples may need
to be recorded in order to reliably detect a difference between
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Probability density functions (8) for different values of n with  =

A larger number indicates more severe fading, which translates
to greater degradation in communication system performance.
For -Rayleigh distributed amplitude we obtain the simple ex, i.e., the amplitude fading is more sepression
vere than for any other classical small-scale fading distribution, including Nagakami-m and Rice pdfs, whose AF values
and
, respectively.3 This obserare
vation is not only of great philosophical importance, but also
lends some motivation for the study of multiple scattering in
mobile radio channels. The key question remains: under which
environmental conditions does such severe fading occur in nature? Approaching the problem by blindly measuring and analyzing radio channels may lead to false conclusions, since great
care should be put to considerations of sufficient receiver dynamics, measurement SNR, effect of signal nonstationarity, and
estimation of the amplitude pdf parameters from a measured
data record of limited length. The results in this paper present
necessary groundwork to facilitate such measurement studies.
IV. A MOMENT-BASED ESTIMATOR FOR

Fig. 2. Rayleigh probability plots of the cdfs (9) for different values of n with
 = 2 . The Rayleigh distribution (n = 1) appears a straight line in both
plots. Left: the left tail of the cdfs. Right: the right tails of the cdfs.

two -Rayleigh distributions when compared to an empirical
data sample.
It is evident that multiple scattering increases the dynamic
range of the fading signal. This fact will also have to be taken
into account in design of measurements to ensure that the measurement system has sufficient linear dynamic range. For ex, the required linear dynamic
ample, assuming that
range required for undistorted signal reception 99% of time2 is
, 2, 3, 4, 5, respec20.1, 41.8, 50.7, 58.3, and 65 dB for
tively. A receiver with a smaller linear dynamic range will distort the observed amplitude. Obviously, detecting a subtle phenomenon such as multiple scattering in radio channels requires
paying some attention to the characteristics of the measurement
device.
A simple figure characterizing the severity of fading is the
“amount of fading” defined as [14]

2In this case, by dynamic range we mean the ratio t
=t , given in dB.
) = 0:005 and Pr(Y <
The thresholds are obtained from Pr(Y < t
t ) = 0:995.

As already mentioned, the -Rayleigh distribution is fully
characterized by the parameter . A typical problem in radio
from measurement
propagation research is how to estimate
a maximum-likelihood estimator may be used.
data. For
However, for general the optimization of the likelihood function becomes awkward due to the G-function appearing in the
density. Therefore, it is desirable to seek alternative estimators.
In the following, we present a computationally simple estimator
based on the method of moments [15].
for
A moment-based estimator is obtained by solving
from
(6) and replacing the theoretical th moment with its sample
. Here
is the number of indepenestimator
dent, identically distributed samples from -Rayleigh distribution. In this paper we choose so that the resulting estimator of
is unbiased. It is easily shown that for an unbiased estimator
is required. Hence, a moment-based based estimator of
is given by
(16)
the moment-based estiWe remark that (at least) for
mator coincides with the maximum-likelihood estimator.
,
The variance of (16) is
where the second term is just , and the first term can be evaluated as

where we used the independence of the samples. Substituting
and
it can be shown that
from (6)

3Here m denotes the parameter of the Nagakami-m pdf and
Rician K factor.

K denotes the
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Hence, the variance of (16) is

Therefore, the moment-based estimator (16) also has the desirable property that its variance decreases inversely proportional to also in the small-sample regime.
Note that there remains the fundamental question of how to
select the best for a given set of measurement data. This is, in
general, a difficult statistical modeling problem. Here we merely
remark that the derived distribution functions can also be used
in construction of statistical hypothesis tests for fading model
selection purposes.
V. CONCLUSION
We have derived the exact probability density and distribution
functions for a product of Rayleigh distributed random variables. The functions were given in terms of the Meijer G-function, for which numerical values can be computed using easily.
Series forms of the distribution functions were also supplied for
small values of . A computationally simple unbiased parameter estimator for the distribution was also derived and its variance was evaluated. The results of the paper are expected to be
useful for researchers studying fading models for multiple scattering radio propagation scenarios that may occur, for example,
in forests and urban microcells via diffracting street corners.
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