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Abstract— Despite the fact that time-division multiplexed
switching (TDMS) based multiple-input multiple-output (MIMO)
wireless channel sounders are cost effective implementation
techniques, they may result in significant measurement errors
due to phase noise (PN) in the local oscillators. In this letter,
the impact of PN on the accuracy of measured MIMO channel
capacity is studied by considering its effect on both the spatial
multiplexing gain and on the power gain. We show that in case
of a low rank physical channel matrix the impact of PN is more
pronounced on the spatial multiplexing gain than on the power
gain. Based on that we propose an eigenvalue filtering (EVF)
technique to improve the accuracy of measured channel capacity.

Index Terms— Phase noise, Channel capacity, MIMO systems.

I. INTRODUCTION

ULTIPLE-input multiple-output (MIMO) wireless
technology promises significant channel capacity in-
crease compared to the traditional single antenna transmission
systems [1]. However, accurate MIMO channel capacity esti-
mation based on measurement data is essential for successful
MIMO system design and deployment. Time-division multi-
plexed switching (TDMS) of a single radio frequency chain
systematically between the elements of transmit/recive antenna
array is a widely used practical implementation technique
of MIMO wireless channel measurement sounders [2]. De-
spite being a cost effective implementation technique, channel
matrices measured with this kind of channel sounders are
subject to significant measurement errors. In addition to the
thermal additive white Gaussian noise, addressed in [3], phase
noise (PN) in the local oscillators may result in significant
channel measurement errors [4][5]. It was shown that this
PN can result in deceptive channel capacity increase up to
100% [4]. In related studies the impact of PN on direction
of arrival estimation was investigated in [6] for single-input
multiple-output (SIMO) systems. In context of single antenna
transmission schemes, the impact of measurement impairments
was studied in [7].
This letter investigates the impact of PN on the accuracy of
measured MIMO channel capacity by analyzing the error in
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Fig. 1. Sketch of a TDMS based MIMO channel sounder.

the ergodic channel capacity due to PN impact. The impact of
PN on the two MIMO gain mechanisms [8], namely, spatial
multiplexing gain and power gain is considered. We show
that under spatial multiplexing scheme the impact of PN is
more pronounced on the spatial multiplexing gain than on
the power gain and based on that we propose an eigenvalue
filtering (EVF) technique to improve the accuracy of measured
channel capacity. We support our theoretical observations with
numerical results for known cases.

II. MIMO CHANNEL MEASUREMENT SIGNAL MODEL

We consider a TDMS based MIMO channel sounder with
N,; transmit antennas and N, receive antennas, sketched in
Figure 1. The sounder consists of a single radio frequency
transmission chain with local oscillators at the transmitter and
receiver each having an output signal given by: Oy, () =
exp(j(2mfrot + pix(t))) and O, (t) = exp(j(2nfrot +
orz(t))), respectively, where fro is the desired local fre-
quency, ¢, and .., are the PN in the transmitter and receiver
local oscillators, respectively. The single radio frequency chain
is switched between the different transmit/receive antenna el-
ements systematically during the measurement of one channel
transfer matrix. Considering the case of a narrowband MIMO
wireless system with synchronized frequency at both ends and
assuming that the speed of the PN variations are faster than the
measurement time of one physical channel matrix, the effective
complex channel coefficient connecting j-th transmit antenna
to i-th receive antenna can be written as [4]

h(i,3) = h(i,3) exp(§ (e (i 5) = pralis 1))
= h(i,j) exp(jep(i, 7)) (1
where h(i,7) is the complex physical channel coefficient

and ¢(i,7) is the composite PN due to the transmitter and
receiver local oscillators. In practice the PN depends on the
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characteristics of the phase locked loop, the switching speed
and the number of transmit and receive antennas. However,
the PN is widely modeled as a Gaussian wide sense stationary
process with zero mean and Ji variance [9].

Using the measured effective channel matrix for link level
studies, the received signal at each receive antenna can be
written as

y = [Hoexp(j®)]x+n
= Hx+n )

where y € CN*! is the received signal vector, [H]; ; =
h(i,j) is the narrowband physical channel matrix normalized
such that | H ||2= N,N, where || . ||r denotes matrix
Frobenius norm, o denotes Hadamard product, [®]; ; = ¢(¢, j)
is the composite phase noise matrix due to the transmitter
and receiver local oscillators, x € CNt*1 is the transmitted
signal vector, n € CN7*! is zero mean complex Gaussian
receiver noise vector with covariance matrix E[nnf] = 021y,
where F[.] denotes expectation, o2 is the noise power at
each receive antenna, ()7 denotes Hermitian transposition and
H];; = h(i,j) is the effective channel matrix including the
impact of PN.

III. MIMO CHANNEL CAPACITY

Channel capacity is one of the useful MIMO system per-
formance measures. It maps a channel realization to a non
negative scalar whose relative magnitude indicates channel
quality. Under high data rate spatial multiplexing scheme
and with the assumption of zero mean circularly symmetric
complex Gaussian (ZMCSCG) trQansmitted signal vector with
covariance matrix E[xx] = %IM, where o2 is the total
transmitted signal power, the ergodic capacity of the effective
measured MIMO channel can be written as [1]

r(R)
p A~
Cmeas = F E log(l + ﬁt)\l (R)) (3)
=1

where p = Z—E
(SNR), R= ﬂfIH is the effective channel correlation matrix
, Ai(R) and r(R) are the i-th eigenvalue and the rank of the
effective channel correlation matrix, respectively. The channel
capacity in (3) reveals useful information about the MIMO

system performance. It tells us that there are 7(R) spatial
parallel channels each has a SNR N% and a power gain of

is the average receive signal to noise ratio

/\1(R) Relative to single antenna transmission systems, the
number of spatial parallel channels is usually referred to as
spatial multiplexing gain and the power increase in each spatial
channel is usually considered as power gain. These are the two
mechanisms providing gain in MIMO wireless systems.

Similarly, in the absence of PN effect, the ergodic capacity
of the physical MIMO channel can be written as

r(R)
cohy = E Zlog(lJrNit)\i(R)) )
=1

where R = HHY is the physical channel correlation matrix,
Ai(R) and r(R) are the i-th eigenvalue and the rank of

the physical channel correlation matrix, respectively. In the
absence of PN effect there are (R) spatial parallel channels
each has a power gain of \;(R).

IV. CHANNEL CAPACITY ERROR

In this section we analyze the channel capacity error due
to the impact of PN. The purpose is to figure out how the
PN affects the two MIMO gain mechanisms. The error in the
ergodic channel capacity due to PN impact can be written as

r(R) p .
> log(1 + N(R)

i=1

r(R) 0
- ; log(1 + NtAi(R))] (5)

€ =  Cmeas — Cphy = E

With a low rank physical channel matrix, the presence of phase
noise results in effective channel matrix with rank higher than
that of the physical channel matrix [4], ie. 7(R) > 7(R),
therefore, the channel capacity error in (5) can be decomposed

as follows

& 1 2NR)
e = FE log(— D"t~
; (1 + &M (R)
ey
r(R) )
+ > log(l+ E)\i(R)) (6)
i=r(R)+1

€2

The first term in (6), e1, represents the channel capacity error
due to errors in the eigenvalues characteristics of the physical
channel matrix. One can think of this error as the changes in
the power gain of each spatial channel due to the impact of PN.
On the other hand, the second term, e, represents the channel
capacity error due to the newly introduced eigenvalues. In
other words it represents the error in the spatial multiplexing
gain. Instead of having r(R) spatial parallel channels, the
presence of PN deceptively results in r(f{) spatial parallel
channels.

The worst case scenario in terms of channel capacity
estimation accuracy happens when the physical channel matrix
is a rank one matrix, (R) = 1, and the presence of PN results
in a full rank effective channel matrix, 7(R) = min(N,., N;).
Under this scenario the error in the ergodic channel capacity
can be written as

1+ 4 M(R)
e = E|log(—Y— =
1+ [ H|%
min(N,,Ny)
+ > 1og(1+]€)\i(R))] %
i=2 t

In a high SNR scenario, (7) can be approximated as

>

~ min(N,,N
(R,

e ~ FE IOg(NNtH_ Z 10%(]<),t>\i(ﬁ))] ®)

=2
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The maximum effect of PN on the rank one physical channel
matrix is to convert it to a diagonal mQatrix with equal eigen-
values each with power gain of mill‘(l;l\/'li Ny = miHIE[ ]\,ﬁ N For
a MIMO system with equal number of transmit and receive
antennas, N,, = N; = N, the power gain of each eigenvalue
is just the total power in the channel matrix divided by the
MIMO system size, i.e. A\; = N, ¢ = 1,2, ..., N. Substituting
into (8) we get

—log(N) + (N — 1) log(p) )

It is clear that the maximum error in the ergodic capacity due
to the errors in the power gain is a function of the MIMO
system size and is independent on the SNR. On the other
hand, the maximum error in the ergodic capacity due to the
errors in the spatial multiplexing gain is a function of both
the MIMO system size and the SNR. In a high SNR scenario
(N —1)log(p) > log(N) which implies that the maximum
ergodic capacity error is dominated by the errors in the spatial
multiplexing gain.

On the other side, the presence of PN results in minimum
error in the ergodic capacity when the physical channel matrix
is a full rank matrix, 7(R) = min(N,, N;). Similarly, for
a MIMO system with equal number of transmit and receive
antennas and diagonal physical channel matrix it can be easily
shown that the minimum ergodic capacity error is zero.

~
Emazx ~

V. EIGENVALUES FILTERING
A. Spectrum of channel correlation matrix

A close look to the spectrum of the physical and effec-
tive channel correlation matrices reveals valuable information
about the impact of PN. In order to gain deep understanding of
the PN impact and also to motivate our later proposed solution
we consider some numerical examples. We examine 8 X 8
MIMO wireless physical channel matrices with different ranks
subject to PN effect. The elements of these physical channels
are assumed to be zero mean complex Gaussian with unit
variance. Following [4] we consider two PN cases, typical
case with o, = 3.5° and worst case with o, = 7°.

Figure 2 shows the spectrum of the 8 x 8 physical MIMO
channel correlation matrices subject to typical and worst PN.
With rank one, four and eight physical channel matrices there
are one, four and eight spatial parallel channels available, re-
spectively. The presence of PN results in eight spatial parallel
channels regardless of the spatial multiplexing gain available
from the physical channels in both typical and worst PN
cases. The power gains of the newly introduced eigenvalues
are small compared to the eigenvalues of the physical channel
correlation matrix. For instance, in case of rank one physical
channel matrix the first introduced eigenvalue, Ao, is about 30
dB below the power gain of the physical channel correlation
matrix in the typical PN case. In the worst PN case the
power gain of the first introduced spatial channel is about 22
dB below the power gain of the physical channel correlation
matrix.

It can be noticed that with low rank physical channel
matrix the presence of PN effect turns the low rank physical
channel matrix to a full rank one. On the other hand, in

0 I ﬂ HH ’_\ﬂ 1 Il o

. (R-1 U
-20F | [ Ir(R)=4
[ Ir(R)=8

E[\] [dB]

Eigenvalue index

Fig. 2. Spectrum of 8 x 8 MIMO physical channel correlation matrix with
different ranks subject to PN impact.

the case of full rank physical channel correlation matrix the
impact of PN is not noticeable. This is simply because the
presence of PN can not introduce more randomness to the
physical channel matrix if it is already a full rank one. One
general observation we can make is that the newly introduced
spatial channels due to PN effect are in general small. These
newly introduced spatial channels come as a price of small
degradation in the power gain of the spatial channels of the
physical channel correlation matrix. The impact of the newly
created eigenvalues on the accuracy of the measured channel
capacity will become significant only at a high SNR scenario.

B. Eigenvalue filtering technique

It is clear that while the error due to the newly introduced
spatial channels can be treated using some sort of filtering
technique, the error due to changes in the power gain is more
difficult to deal with. Fortunately, as we have seen that the PN
impact is more pronounced on the spatial multiplexing gain
than on the power gain. Bearing this in mind, one possible
solution for more accurate MIMO channel capacity estimation
in presence of PN is to use EVF technique. Eigenvalues with
power gain less than predefined threshold are filtered out and
are not used for the channel capacity calculations. Therefore,
the ergodic channel capacity with the EVF can be written as

m p .
log(1 4+ —M\;
Zz:; og(1l+ Nt)\b)]

where \; is the i-th filtered eigenvalue of the effective channel
correlation matrix that can be obtained as

cpvrp = FE (10)

S M(R), ¥V MNR) > M,
LoV ONR) < A

where )\, is the threshold value and m is the number of
eigenvalues of the effective channel correlation matrix passing
the EVE. An immediate question one may ask is that how to
choose the threshold value. In order to answer this question
we study the percentage of relative ergodic capacity error,
100 x W, in presence of PN with EVF at different
thresholds. We choose to relate the threshold value to the

an
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Fig. 3. Percentage of relative ergodic capacity error with EVF at different
threshold of 8 x 8 MIMO system subject to PN.

MIMO system size to make the threshold value sensible as
follows

Aen =z || H [|7 (12)

where x is a percentage ranging from 0 % to 100%. With
this choice we sacrifice a fraction of the power in the channel
matrix for sake of more accurate channel capacity estimation.
Figure 3 shows the percentage of relative ergodic capacity
error with EVF at different threshold for the 8 x 8 MIMO
system described above at 40 dB SNR. A threshold ranging
from 1% to 5% of the power in the channel matrix is
considered. We can clearly see that sacrificing 1% of the
physical channel power and keeping 99% of the power is a
good choice to reduce the channel capacity error significantly.
In the case of low rank physical channel matrix filtering out up
to 5% of the channel power still results in very small channel
capacity error. However, in the case of full rank physical
channel matrix the EVF results in channel capacity errors that
grow with the threshold value. At Ay, = 0.05 | H ||% the
error in the ergodic channel capacity is up to -30%.

In a real measurement scenario we do not know whether
the measured channel matrix is a low or a full rank matrix.
Therefore, sacrificing 1% of the physical channel power and
keeping 99% of the power seems to be a good choice for
unknown rank measured channel matrix in order to reduce
any possible PN impact significantly. Figure 4 shows the
percentage of relative ergodic capacity error for the 8 x 8
MIMO system without and with EVF at Ay, = 0.01 || H ||3..
With the full rank physical channel matrix the presence of
PN has no impact on the estimated ergodic channel capacity
regardless of the SNR. On the other hand, with the rank
one physical channel matrix the presence of PN results in
150% and 220% deceptive channel capacity increase at 40
dB SNR for the typical and worst PN cases, respectively.
With the rank four physical channel matrix the error in the
channel capacity is about 25% and 35% for the typical and
worst PN cases, respectively, at the same SNR. Using the
EVF reduces the channel capacity error dramatically. In the
case of full rank physical channel matrix, the EVF results in
slight underestimation of the channel capacity. However, this
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Fig. 4. Percentage of relative ergodic capacity error without and with EVF
Atp, = 0.01 || H ||% of 8 x 8 MIMO system.

underestimation is less than 10% regardless of the amount of
PN and the SNR.

VI. CONCLUSIONS

The impact of PN on the accuracy of measured MIMO
channel capacity is significant in a high SNR and with a low
rank physical channel matrix. However, we have shown that
in presence of PN more accurate ergodic channel capacity
estimation can be obtained by filtering the eigenvalues of the
measured channel matrix. One possible choice for the filter
threshold is to sacrifice a fraction of the power in the channel
matrix for sake of more accurate channel capacity estimation.
For unknown rank measured channel matrix, filtering out 1%
of the power of the channel matrix has shown to be a good
choice in terms of channel capacity accuracy.
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