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EQUIVALENCE AND SELF-IMPROVEMENT OF
p—FATNESS AND HARDY’S INEQUALITY, AND
ASSOCIATION WITH UNIFORM PERFECTNESS

RIIKKA KORTE AND NAGESWARI SHANMUGALINGAM

ABSTRACT. We present an easy proof that p—Hardy’s inequality implies
uniform p—fatness of the boundary when p = n. The proof works also in
metric space setting and demonstrates the self-improving phenomenon
of the p—fatness. We also explore the relationship between p—fatness, p—
Hardy inequality, and the uniform perfectness for all p > 1, and demon-
strate that in the Ahlfors Q-regular metric measure space setting with
p = @, these three properties are equivalent. When p # 2, our results
are new even in the Euclidean setting.

1. INTRODUCTION

The purpose of this paper is to study the relation between p—Hardy’s in-

equality ()P
u(x
———dr < Pd

/Q dist(z, 0Q)P = C/Q Vu() de

for all u € C§°(2) and C independent of u, the uniform perfectness of 02,
and the uniform p—fatness of X \  in the metric space setting. By p-
fatness we mean a capacitary version of the measure thickness condition.
Rather surprisingly, these analytic, metric and geometric conditions turn
out to be equivalent in certain situations. We also consider self-improving
phenomena related to these conditions. Our results are new even in the
Euclidean setting, when p # 2.

The fact that when p = n, a domain satisfies p—Hardy’s inequality if and
only if the complement is uniformly p—fat, was first proved by Ancona [I]
in R2. Later, these results were generalized for all n = p > 1 by Lewis [14].
Sugawa proved in [19] that for n = p = 2 these conditions are equivalent to
the uniform perfectness of the complement in the Euclidean plane. See also
Buckley-Koskela [3] for studies relevant to Orlicz-Sobolev spaces.

In metric spaces, for all p > 1, it has been shown that uniform p—fatness of
the complement of a domain implies that the domain supports p—Hardy’s
inequality under some conditions, see [2]. See also [9] for similar results
involving a measure thickness condition. In [I3], the equivalence of the p-
fatness and a pointwise Hardy’s inequality has been studied. In this paper,
we prove that if a metric space is Ahlfors QQ-regular and satisfies a weak
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(1, Q)—Poincaré inequality, then the support of a Q—Hardy inequality on a
domain implies uniform ()—fatness of the complement of the domain. Our
proof is rather transparent and it is based on estimating the Hausdorff—
content of the boundary.

We will also prove a self-improvement property for both uniform Q)—fatness
and Q—Hardy’s inequality in the setting of Ahlfors ()—regular metric measure
spaces. That is, if a set satisfies ()—Hardy’s inequality or is uniformly -
fat, then there exists ¢ < () such that the set satisfies g—Hardy’s inequality
or is uniformly g—fat, respectively. The self-improving property of Hardy’s
inequality has been studied in [12] and that of uniform p—fatness in [2] and
n [I6]. Our approach gives a more elementary proof of self-improvement of
uniform p—fatness when p = Q).

2. PRELIMINARIES

We assume that X = (X,d, ) is a metric measure space equipped with a
metric d and a Borel regular outer measure p such that 0 < u(B) < oo for
all balls B = B(z,r) = {y € X : d(z,y) < r}. The measure p is said to
be doubling if there exists a constant ¢p > 1, called the doubling constant,
such that
u(B(z,2r)) < cpp(B(z,r))

for all x € X and r > 0. The measure is QQ—regular if there exists a constant
c4 > 1 such that

1
—r? < w(B(z,r)) < cArQ
cA

for all z € X and 0 < r < diam(X). The n-dimensional Lebesgue measure
on R" is n—regular. The Hausdorff s—content of £ C X is

Hi(E) = inf » 17, (2.1)
el

where the infimum is taken over all countable covers {B(x;,r;)}icr of E,
with each B(z;,7;) N E non-empty. In addition, we may assume that z; € E
for every ¢ € I, because that may increase the Hausdorff content at most by
a multiplicative factor 2°.
A non-negative Borel measurable function g, on X is said to be a p—weak
upper gradient of a function u on X if there is a non-negative Borel measur-
able function p € LP(X) such that for all rectifiable curves v in X, denoting
the end points of v by x and y, we have either

() — u(y)| < / guds,

.
or f7 pds =o00. Let 1 < p < oo. If u is a function that is integrable to power

pin X, let
1
P
el e x) = </ IU\”dquinf/ gﬁdu> :
X u J X

where the infimum is taken over all p—weak upper gradients of u. The
Newtonian space on X is the quotient space

N'P(X) = {u : ||ullyrox) < 00}/ ~,
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where u ~ v if and only if [[u — v[[y1r(x) = 0, see [I7]. We define N, P(9)
to be the set of functions u € N1P(Q2) that can be extended to N1P(X) so
that the extensions are zero on X \ ) p—quasieverywhere.

We say that X supports a weak (1,p)—Poincaré inequality if there exist
constants ¢, > 0 and 7 > 1 such that for all balls B(x,r) of X, all locally
integrable functions © on X and for all p—weak upper gradients g, of u, we

have )
7
fo wunepldi<ar(f gdu) (2.2)
B(z,r) B(z,rr)

1
upg = udu:—/ud,u.
]{B w(B) Jp

We point out here that if X is the Euclidean space R" equipped with the
n—dimensional Lebesgue measure and the Euclidean metric, then N1 (X) =
WLP(R™), the classical Sobolev space. Moreover, R™ supports a weak (1,1)—
Poincaré inequality.

Definition 2.3. Let €2 be an open set in X and E be a closed subset of Q.
The p—capacity of E with respect to € is

cap,(E.9) =it [ gt du
X

where the infimum is taken over all functions v with p—weak upper gradients
gu such that wgp =1 and u;x\g = 0. Should there be no such function u,
then cap,(E,2) = oo.

where

A metric space X is said to be linearly locally connected (LLC) if there is
a constant C' > 1 so that for each x € X and r > 0, the following two
conditions hold:

(1) any pair of points in B(x,r) can be joined in B(xz,Cr),
(2) any pair of points in X \ B(z,r) can be joined in X \ B(z,r/C).

By joining we mean joining by a path. Note that if a complete QQ—regular
space, Q > 1, supports a weak (1,Q)-Poincaré inequality, then it satisfies
the LLC—condition, see for example [6] or [I1].

Definition 2.4. We say that a set £ C X is uniformly perfect if E is not
a singleton set, and there is a constant cyp > 1 so that for each z € F
and r > 0 the set EN B(x,cypr) \ B(x,r) is nonempty whenever the set
E\ B(x,cypr) is nonempty.

For more information about uniform perfectness, see for example [7] and [19].

A set F C X is said to be uniformly p—fat if there exists a constant ¢y > 0
so that for every point z € E and for all 0 < r < oo,

cap,(B(x,r) N\ E, B(x,2r
p,(Br, )N E Bl 2r) 05
cap,(B(z,r), B(z,2r))
This condition is stronger than the Wiener criterion. Uniform p-fatness

is a capacitary version of the uniform measure thickness condition, see for
example [9].
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Definition 2.6. Let 1 < p < oo. The set @ C X satisfies p—Hardy’s
inequality if there exists 0 < ¢y < oo such that for all u € NO1 P(Q),

/Q (%)p dulx) < en /Q gu(@)? dpa(x). (27)

Here g, is a p-weak upper gradient of u. Here we use dist(x, X \ ) instead
of dist(z,0) since in general the latter quantity can be larger than the
former one.

Hardy’s inequality has been studied for example in [4], [5], [14], and [20].
Hardy’s inequality has been used also to characterize Sobolev functions with
zero boundary values, see [10] and [14].

3. MAIN RESULTS

In this section, we show that ()—Hardy’s inequality on € implies uniform
Q—fatness of the complement. Our method also shows that Q)—fatness is
a self-improving property. To simplify notation, we will assume X to be
unbounded throughout this section. However, for our arguments, it is im-
material what happens outside Q, and therefore our arguments work also if
X is bounded, provided we adjust the conditions of uniform perfectness and
uniform fatness to the bounded setting. Notice also that if €2 is a domain,
then X \ © can be replaced by 02 in our arguments.

Theorem 3.1. Let (X,d,n) be a complete Q—regular metric measure space
supporting a weak (1,Q)—Poincaré inequality, and Q@ C X be an open subset.
If Q satisfies Q—Hardy’s inequality, then X \ Q is uniformly (Q — e)—fat for
some € > 0.

We split the proof into two parts. First in Lemma [3.2], we show that Hardy’s
inequality implies uniform perfectness of the complement. Then in Theo-
rem [3.6] we show that uniform perfectness implies (Q —&)—fatness with some
€ > 0. Recall that we assume X to be unbounded.

Lemma 3.2. Let X be as in Theorem [Tl If Q C X satisfies Q-Hardy’s
inequality, then X \ Q is uniformly perfect and unbounded.

Proof. Fix m > 4 and suppose that 2 satisfies Hardy’s inequality (27) and
that X \ 2 is not uniformly perfect with respect to the constant m or that
X \ © is bounded. In both cases, there exists zo € X \ © and r9 > 0 such
that B(xo,mro) \ B(zo,70) C Q2. We will deduce an upper bound for such
m independent of zy and rp, and hence conclude that X \ © is uniformly
perfect for any constant larger than this upper bound and that X \ {2 cannot
be bounded.

Define u : X — [0,00) so that

(M - 1)+, d(xg, ) < 2o,

To

(@) =41, 2ro < d(wo, ) < "2,
(2-2een) | mp < d(g, 0).
J’_

mro
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Now the minimal upper gradient of u satisfies

/ng;? dp < <%>QN(B($0727°0)) + <L>QM(B(azo,mro)) < e 2971

mro
(3.3)
Next, we show that

u\xr Q@
/Q dist(a:,( X) \ Q)@ dp(x) = clog(m/4), (3.4)

where ¢ > 0 is a constant that depends only on c4 and (. For x € X and
0 < r < R, we denote the annulus A(x,r, R) = B(z, R) \ B(z,r). Let n € N
be the unique number such that 2" < m < 2"+, Since m > 4, we have
n > 2. Then

n—1
A(zg, 219, mro/2) D U A(a;o,rio,ZkHro).
k=1
As X is quasiconvex (which follows from the Poincaré inequality, see for
example [I1]) and hence path-connected, and as X \ B(zq, 2" 'rg) is non-

_2k.

empty, there is a point y, € A(zg, 28rg, 25 1r) such that d(zo,yx) = 5

hence the ball B(yy, 2¥~1ry) C A(zg, 28rg, 2¥+1ry). Thus
u(z)? / 1
. dp > ———5 du
/Q dlSt(.’E, X \ Q)Q A(zo,2rg,mro) d(x(b x)Q

ZZ/( #du

A(zo,2k10,2k%1rg) d(x07 )Q

k=1
n—1 1
> dp
; B(yg,2k1rp) 1‘0, )Q
n—1
> (2“17, @ 1( By, 25 o))
k=1
SN 1
—4Q CA.
Since n > M, we see that n — 1 > M. Thus,
log(2) log(2)
u(x)? log(m/4)
d — 7 _=cl 4).
/ dist(z, X \ Q)¢ H= 8 ca log(2) ¢ log(m/4)

By combining (33]) and ([3.4]), and the fact that u satisfies Hardy’s inequal-
ity ([271), it follows that
clog(m/4) < 29 ey cq.

Hence m < 4exp(29tlcy ca/c), and therefore X \ Q is uniformly perfect
with constant cpp = 4exp(29tleyeq/c) and X \ Q is unbounded. a

The following example shows that p—Hardy’s inequality with p # @Q does
not imply uniform perfectness.
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Example 3.5. If X = R", 1 < p < n, and Q = B(0,1) \ {0}, then
supports p—Hardy’s inequality even though X\ is neither uniformly perfect
nor uniformly p—fat, see [14, p. 179]. When p > n, even single points have
positive p—capacity and hence X \ € is uniformly p—fat and supports p—
Hardy’s inequality but X \ € is not uniformly perfect.

The uniform perfectness of the boundary implies uniform g—fatness of the
complement for all ¢ > () —e. We get a quantitative estimate for € > 0 that
depends only on cyp.

Theorem 3.6. Let (X, d, u) be a complete Q-regular metric measure space.
Suppose that X supports a weak (1,Q)—Poincaré inequality. Let Q@ C X be
an open subset. If X \ Q is uniformly perfect and unbounded, then there
exists a constant € > 0 such that X \ Q is uniformly (Q — &)—fat.

We begin the proof with an elementary inequality.

Lemma 3.7. For every C' > 0 there exists 0 < ec < 1 such that for all
0<e<ec and a,b >0,

a®+b° > (a+b+ Cmin{a, b})".

Proof. We may assume that a > b = 1. Therefore, it is enough to prove that
(a+C+1)F-a"<1

when 0 < £ < 1 is sufficiently small and a > 1. As f(a) = (a+C + 1) —a®
is a decreasing function, and hence for every a > 1

(a+C+1)°—a"<(1+C+1)°—1°,
it is enough to choose € so that

log 2

< =
FSEC T 10g(C 1 2)

In the proof of Theorem [B.6] we first obtain an estimate for the Hausdorff—
content of the boundary. Then the following result is needed to get capaci-
tary estimates. For a proof, see Theorem 5.9 in [6].

Lemma 3.8. Suppose that (X,d, ) is a Q-regular space. Suppose further
that X admits a weak (1,p)—Poincaré inequality for some 1 < p < Q. Let
E C B(x,r) be a compact set. If

H(E) = Ar®
for some s > @Q —p and A > 0, then
cap,(E, B(z,2r)) > cAcap,(B(z,7), B(z,2r)).

The constant ¢ depends only on s and on the data associated with X .
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Proof of Theorem[3.0. Let Q C X be open, X \ Q uniformly perfect with
constant cyp > 1, and o > 1. Fix 29 € X \ Q and 19 > 0. Let A =

B(z0,70) \ ©, and 0 < € < €qa¢,p, Where eq¢p,p 18 as in Lemma B.7] First we
estimate the Hausdorff e—content of A. Let F be a family of balls covering
A. Because A is compact, we may assume that F consists of a finite number
of balls. We may also assume that all the balls in F are centered at A.

If there exists balls B(x;,7;) and B(xj,7;) in F such that
ri < orj (3.9)
and
B(z;,cupri) N B(xj,r;) # 0, (3.10)
then (when r; <)
(B(z,73) UB(xj,75)) C B (24,7 + 1 + acyp min{r;,r;})
or (when r; <r;)
(B(zj,7;) U B(xj,7j)) C B(xj,ri +rj + acypmin{r,r;}),
and by Lemma B.7]
i + 715 > (ri + 7 + acyp min{r;, 75 })°.
Thus, we may replace balls B(x;,7;) and B(xj,7;) with
B(z;,r; + 1; + acypmin{r;,r;}) or B(z;,r; +r; + acyp min{r;,r;})
in the covering F so that the sum
> -
B(z,r)eF

does not increase. We continue this process until there is no pair of balls
satisfying (3.I0) and (3.9). Because the number of balls in F decreases in
each step and F consists of a finite number of balls, the process ends after
a finite number of replacements.

Let B(x1,71) € F be the ball containing x. Because X \ Q is uniformly
perfect and unbounded, the set

(B(z1,cupri) \ B(z1,7m1)) N (X \ Q)

is nonempty. Now there are two possibilities: either
(B(z1,cupr) \ B(z1,71)) N (X \E(mo,ro)) # ()

or

(B(z1,cupr) \ B(x1,r1)) N A #0D,
because (X \ ) € AU (X \ B(zo,70)). In the latter case, there exists
B(xa,r2) € F such that B(x1,71) # B(x2,72) and

B(x2,7m2) N B(x1,cypry) # 0,

because F covers A. Now the balls B(x1,71) and B(xg,72) satisfy condi-
tion (3I0). Hence (39 fails, that is, o < 11 /au.

We continue inductively in the same way: For a ball B(z;,r;) € F, either

B(zi,cupri) N (X \ B(zo,7m0)) # 0
7



or there exists a ball B(x;y1,7i+1) € F such that r;y; < r;/a and B(x;,1;)
and B(x;1,7i+1) satisfy the condition (B.I0I).

Thus we obtain a chain of distinct balls {B(z;,7;)}; C F such that r; <
al=iry, (since 7; < 11 /a, we have B(x;,1;) # B(zj,rj) if i # j).
B(zi,cupri) N B(@it1,ri41) # 0
foreveryi=1,...,n—1, and
B(@n, cupry) N (X \ B(wo,r0)) # 0.
It follows that

«
a—1

n
ro < Z(CUP + 1)7’1‘ < (CUP + 1) T
i=1
and we have a lower bound for rq:
a—1
T >

—T0.
“alepp+1) "

We may choose o« = 2 and thus

1
Z r¢>ri > ———%.
- - €
B(z,r)eF (ZCUP + 2)
By [8], there exists ¢ > 0 such that X satisfies a weak (1,Q — ¢)—Poincaré
inequality. Fix such an ¢ < €4¢,p. Now by Lemma B.8]

cap,(B(zo,70) \ ©, B(zo,2r0)) > ccap,(B(xo,70), B(zo,210))

for every Q —e < p < @, where ¢ depends on € and cyp, but is independent
of xg and 7. |

It is known that uniform p—fatness is a self-improving phenomenon, see [2].

Theorem 3.11. Let X be a proper linearly locally convexr metric space
endowed with a doubling Borel regular measure supporting a weak (1,qo)—
Poincaré inequality for some qy with 1 < gg < co. Let p > qo and suppose
that E C X 1is uniformly p—fat. Then there exists ¢ < p so that E is uni-

formly q—fat.

Remark 3.12. The proof of Theorem [3.6] gives a new and easier proof for the
self-improvement when p = Q.

Remark 3.13. To complete the picture, note that uniform p—fatness for any
p < @ implies uniform perfectness. To see this, suppose that X supports a
(1, p)—Poincaré inequality for some 1 < p < @, and that X \ Q is uniformly
p—fat. We will show that X \ Q is uniformly perfect. Fix 2y € 9 and
0 < r < 1. Suppose that B(xg,r) \ B(xzg,r/m) C Q for some m > 1. We
will demonstrate that m has an upper bound that is independent of g and
r. Indeed,

cap,(B(zo,7), B(zo,2r)) >

Also, as the function
1 1

() = {027 Aworm) Blom\Beop)
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is an upper gradient of the function
log(d(zo,x)/p) }}

u(z) = min {1, max {0, Tog(r /)
with u = 0 on B(zo,p) and u =1 on X \ B(z,); hence
cap,(B(zo,7) \ Q, B(zo,2r)) < cap,(B(xo,r/m), B(zo,2r))
<_ ¢
~ log(m)P
The last estimate can be proved in the same way as in the proof of Lemmal[3.8l
We have by uniform p-fatness of X \ Q that

rQ=P,

Tog(m)? rQ-P > cap,(B(zo,7) \ Q, B(xo,2r))

1 1
> —cap, (B(zg,r), B(zg,2r)) > — r9P,
= p,(B(20,7), B(zo ))_C()C
where ¢ is the uniform fatness constant, and therefore m < e“. Thus X \ Q
is uniformly perfect.

Remark 3.14. In the proof of Theorem [3.6] we need to assume that the space
supports a weak (1,(Q — ¢)-Poincaré inequality. This follows by [8] for some
positive ¢ if the space supports a (1,Q)-Poincaré inequality. However, if
we assume a priori the stronger Poincaré inequality, then our proof gives a
quantitative estimate for €. More precisely, if

log(2)

max — 1 <p<

(- i} <r<@

and X supports a (1, p)-Poincaré inequality, then there exists ¢, > 1 such
that whenever X \  is uniformly perfect for some uniform perfectness con-

stant 1 < cyp < ¢p, then X \ Q is uniformly p-fat and hence €2 supports a
p-Hardy inequality by Theorem [3171 The proof of Theorem implies the

claim if
log(2)
log(acyp +2)

p>Q —

1
with some a > 1. So it is enough to have cyp < ¢, = 29-»r — 2. By the
assumption on p, it is clear that ¢, > 1.

The following examples illustrate the sharpness of Remark 3141

Example 3.15. If 1 < p < @Q, there is a Cantor set £, C R" such that
cap,(Ep) = 0, see [0, p. 40]. Thus the domain R™\ E, has uniformly perfect
complement, which is not uniformly p—fat.

Example 3.16. If 1 < p < (Q—1, then any rectifiable curve v in X is of zero
p—capacity. In this case, with Q = X \ v, we have that X \ 2 is uniformly
perfect with constant cyp = 1, but it is not uniformly p—fat.

The following theorem shows that Hardy’s inequality follows from uniform
fatness for all 1 < p < @, see Corollary 6.1 in [2]. Note that the LLC-
condition is not a serious restriction in our case, since it follows from the
(1, @Q)-Poincaré inequality, see for example [11].

9



Theorem 3.17. Let X be a proper LLC metric space endowed with a dou-
bling Borel regular measure supporting a weak (1,p)—Poincaré inequality,
and suppose that Q is a bounded open set in X with X \ Q uniformly p—fat.
Then Q satisfies p—Hardy’s inequality.

The converse of Theorem [3.17]is not true in general, see Example As a
corollary of Lemma [3:2] and Theorems [3.6] and B.I7], we obtain the following
result. Note that uniform p—fatness implies uniform g—fatness for all g > p.

Theorem 3.18. Let (X, d, ) be a complete Q-regular metric measure space
with @ > 1. Suppose that X supports a weak (1,Q)—Poincaré inequality.
Let Q C X be a bounded open subset. Then the following conditions are
quantitatively equivalent.

(1) Q satisfies Q—Hardy’s inequality.

(2) X\ Q is uniformly perfect.

(3) X\ Q is uniformly Q—fat.

(4) X\ Q is uniformly (Q — &)—fat for some € > 0.

Theorem B.I7is stated only for bounded sets but the proof works also in the
unbounded setting. Hence Theorem [B.I8 holds also when €2 is unbounded if
we require additionally that X \  is unbounded in conditions (2) and (3).

4. MAZ'YA TYPE CHARACTERIZATION

In this section, we present one more characterization of open sets that is
equivalent with the Hardy’s inequality. For more information about this
kind of characterizations, see Chapter 2.3 in [I5].

Theorem 4.1. Let X be a complete metric space endowed with a doubling
measure and supporting a weak (1,p)—Poincaré inequality. Let 1 < p < Q.
Then Q) C X satisfies p—Hardy’s inequality if and only if for every K CC Q,
we have

/Kdist(m,X \ Q)P du(z) < ccap, (K, Q). (4.2)

Proof. First assume that ) satisfies p—Hardy’s inequality. Let u € N& P(Q)
such that v =1 in K. Then

, _ |u(z)[?
/Kdlst(.’L‘,X \ Q) Pdu(z) < /Q mdﬂ(w) < CH/QQQ dp.

By taking infimum over all such functions u, we obtain (4.2]).

Now assume that equation (£2]) is satisfied. We will first prove the claim
for Lipschitz—functions that have compact support in 2. By Theorems 2.12
and 4.8 in [I8], such functions form a dense subclass of Ny”(Q), and thus
we get the result for all functions in N& P(Q).

Let u € N& P(Q2) be compactly supported Lipschitz function, and denote

Er={zecQ:|ux)>2", k=12,....
10



Thus by ([£2]), we have

oo

|u(z)? » 1
/Qm du(z) <y 20+ /Ek\Ek+1 T X\ Op du(z)

Let

k=—o00

<c Y 2Pcap (Bpiq,Q)

k=—o00
o0
<c Z 2(k+1)pcapp(Ek+1,Ek).
k=—o00
1, when |u| > 2F+1,
up = % —1, when 2% < |u| < 2FF1,
0, when |u| < 2.

Then up =1 in Ek+1 and up = 0 in X \ Ej. Therefore,

g dp <277 / gh dp.

cap,(Ery1, Bg) < / s
k k+1

Ex\Eri1

Consequently,

[e.e]

[o¢]
e Y W e, BBy < Y [ g
k=—o0 ke —oo Y Ek\Ek+1

=c2P / gy dp,
Q

and the claim follows with cg = 2Pc. |
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