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1 . I ntroduc tion

T he purpose of this work is to study re gularity the ory re late d to partial diffe re ntial e q ua-

tions with nonstandard growth c onditions. T he princ ipal prototy pe that we hav e in m ind

is the e q uation

div
(

p(x)
∣

∣∇u(x)
∣

∣

p(x)−2
∇u(x)

)

= 0 , (1.1)

whic h is the E ule r-L agrange e q uation of the v ariational inte gral

∫

∣

∣∇u(x)
∣

∣

p(x)
dx. (1.2)

He re p(·) is a m e asurable func tion satisfy ing

1 < inf
x∈Rn

p(x)≤ p(x)≤ sup
x∈Rn

p(x) <∞. (1.3 )

I f p(·) is a c onstant func tion, the n we hav e the standard p-L aplac e e q uation and p-

D iric hle t inte gral. T his k ind of v ariable e x pone nt p-L aplac e e q uation has fi rst be e n c on-

side re d by Z hik ov [ 1] in c onne c tion with the L av re ntie v phe nom e non for a T he rm istor
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p roblem. By now th ere is an ex tensiv e literature on p artial differential eq uations w it h

nonstandard g row t h c ondit ions; for ex amp le, see [ 2–6].

I t h as turned out th at reg ularity results for w eak solutions of (1.1) do not h old w it h out

addit ional assump tions on th e v ariable ex p onent. In [ 1] Z h ik ov introduc ed a log arit h -

mic c ondition on modulus of c ontinuity. Variants of t h is c ondition h av e been ex p edient

tools in th e study of max imal func t ions, sing ular integ ral op erators, and p art ial differen-

t ial eq uations w it h nonstandard g row t h c ondit ions on v ariable ex p onent sp ac es. U nder

th is assump tion H arnac k ’s ineq uality and loc al H ölder c ontinuity follow from M oser or

D eG iorg i- typ e p roc edure; see [ 7, 8]. S ee also [ 9]. A n interesting feature of t h is t h eory is

t h at est imates are intrinsic in th e sense th at t h ey dep end on th e solution itself. F or ex am-

p le, sup ersolutions are assumed to be loc ally bounded and H arnac k - typ e estimates in [ 7]

dep end on th is bound.

In th is w ork w e are interested in p ossibly unbounded sup ersolutions of (1.1) and h enc e

th e p rev iously obtained estimates are not immediately av ailable for us. T h e main nov -

elty of our ap p roac h is t h at instead of t h e boundedness w e ap p ly summability estimates

for sup ersolutions. R oug h ly sp eak ing w e are able to rep lac e L∞- est imates w it h c ertain

Lp- est imates for small v alues of p. T h e arg ument is a modifi c at ion of M oser’s iteration

sc h eme p resented in [ 7]. H ow ev er, t h e modifi c at ion is not c omp letely straig h t forw ard

and w e h av e c h osen to p resent all details h ere. A s a by- p roduc t, w e obtain refi nements of

results in [ 7, 9].

A fter t h ese tec h nic al adjustments w e are ready for our main results. S olutions are

k now n to be c ontinuous and h enc e it is natural to ask w h et h er sup ersolutions are semi-

c ontinuous. Indeed, using H arnac k - typ e estimates w e sh ow t h at ev ery sup ersolution h as

a low er semic ontinuous rep resentativ e. T h us it is p ossible to study p ointw ise beh av ior of

sup ersolutions. O ur main result states t h at t h e sing ular set of a sup ersolution is of z ero

c ap ac ity. F or th e c ap ac ity t h eory in v ariable ex p onent sp ac es w e refer to [ 10 ]. In fac t w e

study a slig h t ly more g eneral c lass of func t ions th an sup ersolutions w h ic h c orresp onds to

th e c lass of sup erh armonic func t ions in th e c ase w h en p(·) is c onstant; see [ 11, 12].

2. Preliminaries

A measurable func t ion p : Rn→ (1,∞) is c alled a v ariable ex p onent. W e denote

p+
A = sup

x∈A
p(x), p−A = inf

x∈A
p(x), p+ = sup

x∈Rn

p(x), p− = inf
x∈Rn

p(x) (2.1)

and assume th at 1 < p− ≤ p+ <∞.

L et Ω be an op en subset of Rn w it h n ≥ 2. T h e v ariable ex p onent L ebesg ue sp ac e

Lp(·)(Ω) c onsists of all measurable func t ions u defi ned on Ω for w h ic h

∫

Ω

∣

∣u(x)
∣

∣

p(x)
dx <∞. (2.2)

T h e L ux emburg norm on th is sp ac e is defi ned as

‖u‖p(·) = inf

{

λ > 0 :

∫

Ω

∣

∣

∣

∣

u(x)

λ

∣

∣

∣

∣

p(x)

dx ≤ 1

}

. (2.3 )
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E q uip p ed w ith this n orm Lp(·)(Ω) is a B an ac h s p ac e. T he v ariab le ex p on en t L eb es g ue

s p ac e is a s p ec ial c as e of a m ore g en eral O rlic z - M us ielak s p ac e s tudied in [ 13] . F or a

c on s tan t fun c tion p(·) the v ariab le ex p on en t L eb es g ue s p ac e c oin c ides w ith the s tan dard

L eb es g ue s p ac e.

T he v ariab le ex p on en t S ob olev s p ac e W1,p(·)(Ω) c on s is ts of fun c tion s u ∈ Lp(·)(Ω)

w hos e dis trib ution al g radien t ∇u ex is ts alm os t ev ery w here an d b elon g s to Lp(·)(Ω). T he

v ariab le ex p on en t S ob olev s p ac e W1,p(·)(Ω) is a B an ac h s p ac e w ith the n orm

‖u‖1,p(·) = ‖u‖p(·) +‖∇u‖p(·). (2.4 )

F or b as ic res ults on v ariab le ex p on en t s p ac es w e refer to [ 14 ] . S ee als o [ 15 ] .

A s om ew hat un ex p ec ted feature of the v ariab le ex p on en t S ob olev s p ac es is that s m ooth

fun c tion s n eed n ot b e den s e w ithout addition al as s um p tion s on the v ariab le ex p on en t.

T his w as ob s erv ed b y Z hik ov in c on n ec tion w ith the s o- c alled L av ren tiev p hen om en on .

I n [ 1] he in troduc ed a log arithm ic c on dition on m odulus of c on tin uity of the v ariab le

ex p on en t. N ex t w e b riefl y rec all a v ers ion of this c on dition . T he v ariab le ex p on en t p is

s aid to s atis fy a log arithm ic Hölder c on tin uity p rop erty , or b riefl y log - Hölder, if there is

a c on s tan t C > 0 s uc h that

∣

∣p(x)− p(y)
∣

∣≤
C

− log
(

|x− y|
) (2.5 )

for all x, y ∈Ω s uc h that |x− y| ≤ 1/2. U n der this c on dition s m ooth fun c tion s are den s e

in v ariab le ex p on en t S ob olev s p ac es an d there is n o c on fus ion to defi n e the S ob olev s p ac e

w ith z ero b oun dary v alues W
1,p(·)
0 (Ω) as the c om p letion of C∞0 (Ω) w ith res p ec t to the

n orm ‖u‖1,p(·). W e refer to [ 16 , 17 ] for the details .

I n this w ork w e do n ot n eed an y deep p rop erties of v ariab le ex p on en t s p ac es . F or

our p urp os es , on e of the m os t im p ortan t fac ts ab out the v ariab le ex p on en t L eb es g ue

s p ac es is the follow in g . I f E is a m eas urab le s et w ith a fi n ite m eas ure, an d p an d q are

v ariab le ex p on en ts s atis fy in g q(x) ≤ p(x) for alm os t ev ery x ∈ E, then Lp(·)(E) em b eds

c on tin uous ly in to Lq(·)(E). I n p artic ular this im p lies that ev ery fun c tion u ∈W1,p(·)(Ω)

als o b elon g s to W
1,p−Ω
loc (Ω) an d to W1,p−B (B), w here B ⊂Ω is a b all. F or all thes e fac ts w e

refer to [ 15 , 14 ] .

W e s ay that a fun c tion u∈W
1,p(·)
loc (Ω) is a w eak s olution (s up ers olution ) of (1.1), if

∫

Ω

p(x)
∣

∣∇u
∣

∣

p(x)−2
∇u ·∇ϕdx = (≥)0 (2.6 )

for ev ery tes t fun c tion ϕ ∈ C∞0 (Ω) (ϕ ≥ 0). W hen 1 < p− ≤ p+ <∞ the dual of Lp(·)(Ω)

is the s p ac e Lp′(·)(Ω) ob tain ed b y c on jug atin g the ex p on en t p oin tw is e, s ee [ 14 ] . T his to-

g ether w ith our defi n ition W
1,p(·)
0 (Ω) as the c om p letion of C∞0 (Ω) im p lies that w e c an

als o tes t w ith fun c tion s ϕ∈W
1,p(·)
0 (Ω).

O ur n otation is rather s tan dard. V arious c on s tan ts are den oted b y C an d the v alue

of the c on s tan t m ay differ ev en on the s am e lin e. T he q uan tities on w hic h the c on s tan ts

dep en d are g iv en in the s tatem en ts of the theorem s an d lem m as . A dep en den c e on p
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inc ludes dep endenc e on th e log - H ölder- c onstant of p. N ote also th at due to th e loc al

nature of t h e estimates, t h e c onstants dep end only on th e v alues of p in some ball.

3. Harnack estimates

In th is sec t ion w e p rov e a w eak H arnac k ineq uality for sup ersolutions. T h roug h out t h is

sec t ion w e w rite

vα = u+Rα, (3 .1)

w h ere u is a nonneg ativ e sup ersolution.

W e deriv e a suitable C ac c iop p oli- typ e estimate w it h v ariable ex p onents. O ur aim is

to c ombine th is est imate w it h t h e standard S obolev ineq uality. T h us w e need a suitable

p assag e betw een c onstant and v ariable ex p onents. T h is is ac c omp lish ed in th e follow ing

lemma.

Lemma 3 .1. Let E b e a m ea s u r a b le s u b s et o f Rn. F o r a ll n o n n eg a tiv e m ea s u r a b le fu n c tio n s

f a n d g d efi n ed o n E,

∫

E
f g p

−
E dx ≤

∫

E
f dx+

∫

E
f g p(x) dx. (3 .2 )

P r o o f. T h e c laim follow s from an integ ration of t h e p ointw ise ineq uality

f (x)g(x)p
−
E ≤ f (x) + f (x)g(x)p(x). (3 .3 )

I f p(x)= p−E t h is is immediate. O t h erw ise w e ap p ly Y oung ’s ineq uality w it h t h e ex p onent

p(x)/p−E > 1. �

Lemma 3 .2 (C ac c iop p oli est imate). S u p p o s e th a t u is a n o n n eg a tiv e s u p er s o lu tio n in B4R.

Let E b e a m ea s u r a b le s u b s et o f B4R a n d η ∈ C∞0 (B4R) s u c h th a t 0 ≤ η ≤ 1. T h en fo r ev er y

γ0 < 0 th er e is a c o n s ta n t C d ep en d in g o n p a n d γ0 s u c h th a t th e in eq u a lity

∫

E
v
γ−1
α |∇u|p

−
E ηp+

B4R dx ≤ C

∫

B4R

(

ηp+
B4R v

γ−1
α + v

γ+p(x)−1
α |∇η|p(x)

)

dx (3 .4)

h o ld s fo r ev er y γ < γ0 < 0 a n d α∈R.

P r o o f. L et s = p+
B4R

. W e w ant to test w it h t h e func t ion ψ = v
γ
αηs. T o th is end w e sh ow

t h at ψ ∈W
1,p(·)
0 (B4R). S inc e η h as a c omp ac t sup p ort in B4R, it is enoug h to sh ow t h at

ψ ∈W1,p(·)(Ω). W e observ e t h at ψ ∈ Lp(·)(Ω) sinc e |v
γ
α|ηs ≤ Rαγ. F urth ermore, w e h av e

|∇ψ| ≤
∣

∣γv
γ−1
α ηs∇u+ v

γ
αsηs−1∇η

∣

∣≤ |γ|Rα(γ−1)|∇u|+ sRαγ|∇η|, (3 .5 )

from w h ic h w e c onc lude th at |∇ψ| ∈ Lp(·)(Ω).



Petteri Harjulehto et al. 5

U s in g the fac ts that u is a s up ers olution an d ψ is a n on n eg ativ e tes t fun c tion w e fi n d

that

0≤

∫

B4R

p(x)
∣

∣∇u(x)
∣

∣

p(x)−2
∇u(x)·∇ψ(x)dx

=

∫

B4R

p(x)γ|∇u|p(x)ηsv
γ−1
α dx+

∫

B4R

p(x)s|∇u|p(x)−2v
γ
αηs−1∇u·∇ηdx.

(3 .6 )

S in c e γ is a n eg ativ e n um b er, this im p lies

∣

∣γ0

∣

∣p−B4R

∫

B4R

|∇u|p(x)ηsv
γ−1
α dx ≤ s

∫

B4R

p(x)|∇u|p(x)−2v
γ
αηs−1∇u·∇ηdx. (3 .7 )

W e den ote the rig ht- han d s ide of (3 .7 ) b y I . S in c e the left- han d s ide of (3 .7 ) is n on n eg a-

tiv e, s o is I . U s in g the ε- v ers ion of Y oun g ’s in eq uality w e ob tain

I ≤ s

∫

B4R

p(x)|∇u|p(x)−1v
γ
αηs−1|∇η|dx

≤ s

∫

B4R

(

1

ε

)p(x)−1

p(x)

(

v
(γ+p(x)−1)/p(x)
α |∇η|ηs−s/p

′(x)−1
)p(x)

p(x)

+ εp(x)

(

|∇u|p(x)−1ηs/p
′(x)v

γ−(γ+p(x)−1)/p(x)
α

)p′(x)

p′(x)
dx

≤ s

(

1

ε

)s−1∫

B4R

v
γ+p(x)−1
α |∇η|p(x)ηs−p(x) dx

+ s(s− 1)ε

∫

B4R

|∇u|p(x)ηsv
γ−1
α dx.

(3 .8 )

B y c om b in in g this w ith (3 .7 ) w e arriv e at

∣

∣γ0

∣

∣p−B4R

∫

B4R

|∇u|p(x)ηsv
γ−1
α dx

≤ s

(

1

ε

)s−1∫

B4R

v
γ+p(x)−1
α |∇η|p(x)ηs−p(x) dx+ s(s− 1)ε

∫

B4R

|∇u|p(x)ηsv
γ−1
α dx.

(3 .9 )
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By c h oosing

ε =min

{

1,

∣

∣γ0

∣

∣p−B4R

2s(s− 1)

}

(3 .10)

w e c an absorb th e last term in (3 .9 ) to th e left - h and side and obtain

∫

B4R

|∇u|p(x)ηsv
γ−1
α dx ≤ s

(

2s(s− 1)
∣

∣γ0

∣

∣p−B4R

+ 1

)s−1
2

|γ0|p
−
B4R

∫

B4R

v
γ+p(x)−1
α |∇η|p(x) dx. (3 .11)

T ak ing f = v
γ−1
α ηs and g = |∇u| in L emma 3 .1 and using ineq uality (3 .11) w e h av e t h e

desired estimate. �

In th e p roof of t h e C ac c iop p oli est imate w e did not use any oth er assump tion on th e

v ariable ex p onent p ex c ep t t h at 1 < p− ≤ p+ <∞. F rom now on w e assume th e log arit h -

mic H ölder c ontinuity. T h is is eq uiv alent to th e follow ing est imate:

∣

∣B
∣

∣

−(p+
B−p

−
B )
≤ C, (3 .12)

w h ere B�Ω is any ball; see for ex amp le [ 18 ] .

T h e nex t t w o lemmas w ill be used to h andle th e rig h t - h and side of t h e C ac c iop p oli

est imate.

Lemma 3 .3 . If the exponent p(·) is log - H öld er c ontinu ou s ,

r−p(x) ≤ Cr−p
−
E (3 .13 )

pr ov id ed x ∈ E ⊂ Br .

P r oof. F or r ≥ 1 w e h av e r−p(x) ≤ r−p
−
E . S up p ose th en th at 0 < r < 1. S inc e E ⊂ Br imp lies

osc E p ≤ osc Br p, w e obtain

r−p(x) ≤ r−p
+
E ≤ r−(osc E p)r−p

−
E ≤ r−(osc Br p)r−p

−
E ≤ Cr−p

−
E , (3 .14)

w h ere w e used log arit h mic H ölder c ontinuity in th e last ineq uality. �

In th e follow ing lemma th e barred integ ral sig n denotes th e integ ral av erag e.

Lemma 3 .4. L et f b e a pos itiv e m ea s u r a b le fu nc tion a nd a s s u m e tha t the exponent p(·) is

log - H öld er c ontinu ou s . T hen

−

∫

Br

f p
+
Br−p

−
Br dx ≤ C‖ f ‖

p+
Br−p

−
Br

Ls(Br )
(3 .15 )

for a ny s > p+
Br
− p−Br

.
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Proof. L et q = p+
Br
− p−Br

. Hölder’s in eq uality im p lies

−

∫

Br

f p
+
Br−p

−
Br dx ≤

C

rn

(
∫

Br

1dx

)1−q/s(∫

Br

f s dx

)q/s

≤
C

rn
rn(1−q/s)‖ f ‖

q
Ls(Br )

≤ C‖ f ‖
q
Ls(Br )

.

(3.16 )

A g ain w e us ed the log arithm ic Hölder c on tin uity in the las t in eq uality . �

L ater w e ap p ly L em m a 3.4 w ith f = uq
′

. I n this c as e the up p er b oun d w ritten in term s

of u is

C‖u‖
q′(p+

Br−p
−
Br )

Lq
′s(Br )

. (3.17)

N ow w e hav e ev ery thin g ready for the iteration . W e w rite

Φ( f ,q,Br)=

(

−

∫

Br

f q dx

)1/q

(3.18 )

for a n on n eg ativ e m eas urab le fun c tion f .

Lemma 3.5 . A s s u m e th a t u is a n on n e g a t iv e s u p e rsolu t ion in B4R a n d le t R ≤ ρ < r ≤ 3R.

T h e n th e in e q u a lit y

Φ
(

v1,qβ,Br

)

≤ C1/|β|
(

1 + |β|
)p+

B4R
/|β|
(

r

r− ρ

)p+
B4R

/|β|

Φ

(

v1,
βn

n− 1
,Bρ

)

(3.19 )

h old s for e v e ry β < 0 a n d 1 < q < n/(n− 1). T h e c on s ta n t C d e p e n d s on n, p, a n d th e

Lq
′s(B4R)- n orm of u w ith s > p+

B4R
− p−B4R

.

Proof. I n L em m a 3.2 w e tak e E = B4R an d γ = β− p−B4R
+ 1. T hen γ < 1− p−B4R

an d thus

∫

B4R

v
β−p−B4R
1 |∇u|p

−
B4Rηp+

B4R dx ≤ C

∫

B4R

(

ηp+
4Rv

β−p−B4R
1 + v

β−p−B4R
+p(x)

1 |∇η|p(x)
)

dx. (3.2 0)

N ex t w e tak e a c utoff fun c tion η ∈ C∞0 (Br) w ith 0≤ η ≤ 1, η = 1 in Bρ, an d

∣

∣∇η
∣

∣≤
Cr

R(r− ρ)
. (3.2 1)

B y L em m a 3.3 w e hav e

∣

∣∇η
∣

∣

−p(x)
≤ CR−p(x)

(

r

r− ρ

)p+
B4R

≤ CR−p
−
B4R

(

r

r− ρ

)p+
B4R

. (3.2 2 )
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U sing ineq uality (3 .2 0 ) w it h t h is c h oic e of η w e h av e

−

∫

Br

∣

∣

∣

∣

∇

(

v
β/p−B4R
1 ηp+

B4R
/p−B4R

)
∣

∣

∣

∣

p−B4R

dx

≤ C−

∫

Br

|β|p
−
B4R v

β−p−B4R
1 |∇u|p

−
B4Rηp+

B4R dx+C−

∫

Br

v
β
1η

p+
B4R
−p−B4R |∇η|p

−
B4R dx

≤ C|β|p
−
B4R−

∫

Br

(

ηp+
B4R v

β−p−B4R
1 + v

β−p−B4R
+p(x)

1 |∇η|p(x)
)

dx+C−

∫

Br

v
β
1η

p+
B4R
−p−B4R |∇η|p

−
B4R dx

≤ C
(

1 + |β|
)p+

B4R

(

−

∫

Br

ηp+
B4R v

β−p−B4R
1 dx+−

∫

Br

v
β−p−B4R

+p(x)

1 |∇η|p(x) dx+−

∫

Br

v
β
1 |∇η|

p−B4R dx

)

.

(3 .2 3 )

N ow t h e g oal is to estimate eac h integ ral in th e p arenth eses by

(

−

∫

Br

v
qβ
1 dx

)1/q

. (3 .2 4)

T h e fi rst integ ral c an be estimated w it h H ölder’s ineq uality. S inc e v
−p−B4R
1 ≤ R−p

−
B4R , w e h av e

−

∫

Br

ηp+
B4R v

β−p−B4R
1 dx ≤

(

−

∫

Br

v
q(β−p−B4R

)

1 dx

)1/q

≤ R−p
−
B4R

(

−

∫

Br

v
qβ
1 dx

)1/q

. (3 .2 5 )

By (3 .2 2 ), H ölder’s ineq uality, and L emma 3 .4 for th e sec ond integ ral w e h av e

−

∫

Br

v
β−p−B4R

+p(x)

1 |∇η|p(x) dx

≤ CR−p
−
B4R

(

r

r− ρ

)p+
B4R

−

∫

Br

v
β−p−B4R

+p(x)

1 dx

≤ CR−p
−
B4R

(

r

r− ρ

)p+
B4R
(

−

∫

Br

v
q′(p(x)−p−B4R

)

1 dx

)1/q′(

−

∫

Br

v
qβ
1 dx

)1/q

≤ CR−p
−
B4R

(

r

r− ρ

)p+
B4R
(

1 +
∥

∥v1

∥

∥

q′(p+
B4R
−p−B4R

)

Lq
′s(B4R)

)1/q′(

−

∫

Br

v
qβ
1 dx

)1/q

.

(3 .2 6 )

F inally, for th e t h ird integ ral w e h av e by H ölder’s ineq uality,

−

∫

Br

v
β
1

∣

∣∇η
∣

∣

p−B4R dx ≤ CR−p
−
B4R

(

r

r− ρ

)p−B4R
(

−

∫

Br

v
qβ
1 dx

)1/q

. (3 .2 7 )



Petteri Harjulehto et al. 9

N ow w e hav e arriv ed at the in eq uality

−

∫

Br

∣

∣

∣∇
(

v
β/p−B4R
1 ηp+

B4R
/p−B4R

)
∣

∣

∣

p−B4R
dx

≤ C
(

1 +
∣

∣β
∣

∣

)p+
B4R

(

1 +‖v1‖
q′(p+

B4R
−p−B4R

)

Lq
′s(B4R)

)1/q′

R−p
−
B4R

(

r

r− ρ

)p+
B4R
(

−

∫

Br

v
qβ
1 dx

)1/q

.

(3.28 )

B y the S ob olev in eq uality

(

−

∫

Br

|u|na/(n−1) dx

)(n−1)/na

≤ CR

(

−

∫

Br

|∇u|a dx

)1/a

, (3.29)

w here u∈W1,a
0 (Br) an d a= p−B4R

, an d (3.28 ) w e ob tain

(

−

∫

Bρ

v
βn/(n−1)
1 dx

)(n−1)/n

≤

(

C−

∫

Br

(

v
β/p−B4R
1 ηp+

B4R
/p−B4R

)np−B4R
/(n−1)

dx

)(n−1)/n

≤ CRp−B4R−

∫

Br

∣

∣

∣∇
(

v
β/p−B4R
1 ηp+

B4R
/p−B4R

)
∣

∣

∣

p−B4R
dx

≤ C
(

1 + |β|
)p+

B4R

(

r

r− ρ

)p+
B4R
(

−

∫

Br

v
qβ
1 dx

)1/q

.

(3.30)

T he c laim follow s from this s in c e β is a n eg ativ e n um b er. �

T he n ex t lem m a is the c ruc ial p as s ag e from p os itiv e ex p on en ts to n eg ativ e ex p on en ts

in the M os er iteration s c hem e.

Lemma 3.6 . Assume that u is a n o n n eg ativ e sup er so lutio n in B4R an d s > p+
B4R
− p−B4R

. T hen

ther e ex ist c o n stan ts q0 > 0 an d C d ep en d in g o n n, p, an d Ls(B4R)- n o r m o f u suc h that

Φ
(

v1,q0,B3R

)

≤ CΦ
(

v1,−q0,B3R

)

. (3.31)

P r o o f. C hoos e a b all B2r ⊂ B4R an d a c utoff fun c tion η ∈ C∞0 (B2r) s uc h that η = 1 in Br

an d |∇η| ≤ C/r. T ak in g E = Br an d γ = 1− p−Br
in L em m a 3.2 w e hav e

−

∫

Br

∣

∣∇ log v1

∣

∣

p−Br dx ≤ C

(

−

∫

B2r

v
−p−Br
1 +−

∫

B2r

v
p(x)−p−Br
1 r−p(x) dx

)

. (3.32)
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U sing L emmas 3.3 and 3.4 and th e estimate v
−p−Br
1 ≤ R−p

−
Br ≤ r−p

−
Br w e h av e

−

∫

Br

∣

∣∇ log v1

∣

∣

p−Br dx ≤ C

(

r−p
−
Br + r−p

−
B2r−

∫

B2r

v
p(x)−p−Br
1 dx

)

≤ C
(

r−p
−
Br + r−p

−
B2r

(

1 +‖v1‖
p+
B4R
−p−B4R

Ls(B4R)

))

.

(3.33)

L et f = log v1. By th e Poinc aré ineq uality and th e abov e estimate w e obtain

−

∫

Br

∣

∣ f − fBr

∣

∣dx ≤

(

r p
−
Br−

∫

Br

∣

∣∇ f
∣

∣dx

)1/p−Br

≤ C
(

1 + r p
−
Br−p

−
B2r

(

1 +‖v1‖
p+
B4R
−p−B4R

Ls(B4R)

))1/p−Br
.

(3.34)

N ote th at p−Br
≥ p−B2r

sinc e Br ⊂ B2r , so th at t h e rig h t - h and side of (3.34) is bounded.

T h e rest of t h e p roof is standard. S inc e (3.34) h olds for all balls B2r ⊂ B4R, by th e Joh n-

N irenberg lemma th ere ex ist p osit iv e c onstants C1 and C2 dep ending on th e rig h t - h and

side of (3.34) suc h t h at

−

∫

B3R

eC1| f− fB3R |dx ≤ C2. (3.35 )

U sing (3.35 ) w e c an c onc lude th at

(−

∫

B3R

eC1 f dx

)(

−

∫

B3R

e−C1 f dx

)

=

(

−

∫

B3R

eC1( f− fB3R ) dx

)(

−

∫

B3R

e−C1( f− fB3R ) dx

)

≤

(

−

∫

B3R

eC1| f− fB3R |dx

)2

≤ C2
2 ,

(3.36 )

w h ic h imp lies t h at

(

−

∫

B3R

vC1
1 dx

)1/C1

=

(

−

∫

B3R

eC1 f dx

)1/C1

≤ C2/C1
2

(

−

∫

B3R

e−C1 f dx

)−1/C1

= C2/C1
2

(

−

∫

B3R

v−C1
1 dx

)−1/C1

,

(3.37 )

so th at w e c an tak e q0 = C1. �

N ote t h at t h e ex p onent q0 in L emma 3.6 also dep ends on th e Ls(B4R)- norm of u.

M ore p rec isely, t h e c onstant C1 obtained from th e Joh n- N irenberg lemma is a univ ersal
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c on s tan t div ided b y the rig ht- han d s ide of (3.34). T hus w e hav e

q0 =
C

C′ +‖u‖
p+
B4R
−p−B4R

Ls(B4R)

. (3.38 )

T he follow in g w eak Harn ac k in eq uality is the m ain res ult of this s ec tion . I t ap p lies als o

for un b oun ded s up ers olution s .

Theorem 3.7 (w eak Harn ac k in eq uality ). Assume that u is a n o n n eg ativ e sup er so lutio n in

B4R, 1 < q < n/(n− 1) an d s > p+
B4R
− p−B4R

. T hen

(

−

∫

B2R

uq0 dx
)1/q0

≤ C
(

es s in f
BR

u(x) +R
)

, (3.39)

w her e q0 is the ex p o n en t fr o m L emma 3 .6 an d C d ep en d s o n n, p, q, an d Lq
′s(B4R)- n o r m

o f u.

R emar k 3 .8 . (1) T he m ain differen c e c om p ared to A lk hutov ’s res ult in [ 7, 9] is that the

c on s tan t an d the ex p on en t dep en d on the Lq
′s(B4R)- n orm of u in s tead of the es s en tial

s up rem um of u in B4R. T his is a c ruc ial adv an tag e for us s in c e w e are in teres ted in s up er-

s olution s w hic h m ay b e un b oun ded.

(2) S in c e the ex p on en t p(·) is un iform ly c on tin uous , w e c an tak e for ex am p le q′s =
p−Ω b y c hoos in g R s m all en oug h. T hus the c on s tan ts in the es tim ates are fi n ite for all

s up ers olution s u in a s c ale that dep en ds on ly on p(·).

P r o o f. L et R≤ ρ < r ≤ 3R, r j = ρ+ 2− j(r− ρ), an d

ξ j =−
(

n

(n− 1)q

) j

q0 (3.40)

for j = 0,1,2, . . .. B y L em m a 3.5 w e hav e

Φ
(

v1,ξ j ,Br j

)

≤ C1/|ξ j |
(

1 +
∣

∣ξ j
∣

∣

)p+
B4R

/|ξ j |
(

r j
r j − r j+1

)p+
B4R

/|ξ j |

Φ
(

v1,ξ j+1,Br j+1

)

. (3.41)

A n iteration of this in eq uality y ields

Φ
(

v1,−q0,Br
)

≤

∞
∏

j=0

C1/|ξ j |
(

1 +
∣

∣ξ j
∣

∣

)p+
B4R

/|ξ j |
(

r j
r j − r j+1

)p+
B4R

/|ξ j |

es s in f
x∈Bρ

v1(x)

≤ C
∑∞

j=0 1/|ξ j |2
∑∞

j=0 j p
+
B4R

/|ξ j |
(

r

r− ρ

)

∑∞
j=0 p

+
B4R

/|ξ j |

×

∞
∏

j=0

(

1 +
∣

∣ξ j
∣

∣

)p+
B4R

/|ξ j | es s in f
x∈Bρ

v1(x).

(3.42)
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W e estimate th e remaining p roduc t by using t h e fac t t h at |ξ j| > 1 w h en j > j0 and |ξ j| ≤ 1

w h en j ≤ j0 for some j0. T h is imp lies t h at

∞
∏

j=0

(

1 +
∣

∣ξ j
∣

∣

)p+
B4R

/|ξ j |
≤ 2

∑ j0
j=0 p

+
B4R

/|ξ j |2
∑∞

j= j0+1 p
+
B4R

/|ξ j |
(

n

(n− 1)q

)p+
B4R

q0

∑∞
j= j0+1 j((n−1)q/n) j

≤ 2
∑∞

j=0 p
+
B4R

/|ξ j |
(

n

(n− 1)q

)p+
B4R

q0

∑∞
j=0 j((n−1)q/n) j

.

(3.43)

A ll t h e series in th e abov e estimates are c onv erg ent by th e root test, so w e obtain

Φ
(

v1,−q0,Br
)

≤ C ess inf
x∈Bρ

v1(x). (3.44)

N ex t w e c h oose ρ = R and r = 3R and use L emma 3.6 to g et

Φ
(

v1,q0,B3R
)

≤ C ess inf
x∈BR

v1(x). (3.45 )

F inally w e observ e th at

Φ
(

v1,q0,B2R
)

≤ CΦ
(

v1,q0,B3R
)

. (3.46 )

T h is c omp letes t h e p roof. �

L emma 3.4 c an be used in th e p roof of t h e sup remum estimate in [ 7] in th e same w ay

as in th e p roof of L emma 3.5 . C ombining t h is w it h t h e w eak H arnac k ineq uality abov e

one obtains th e full H arnac k ineq uality w it h t h e c onstant dep ending on th e Lq
′s(B4R)-

norm of th e solution instead of t h e sup remum. T h is imp lies t h e loc al H ölder c ontinuity

of solutions by th e standard tec h niq ue; see [ 19 ] . S umming up , w e h av e t h e follow ing

t h eorem.

Theorem 3.9 (t h e H arnac k ineq uality). Let u b e a n o n n eg a tiv e s o lu tio n in B4R, 1 < q <
n/(n− 1), a n d s > p+

B4R
− p−B4R

. T h en

esssup
x∈BR

u(x)≤ C
(

ess inf
x∈BR

u(x) +R
)

, (3.47)

w h er e th e c o n s ta n t C d ep en d s o n n, p, a n d th e Lq
′s(B4R)- n o r m o f u.

T h e main differenc e c omp ared to earlier results is t h at t h e c onstant dep ends on th e

Lq
′s- norm instead of t h e essential sup remum. T h e follow ing ex amp le sh ow s t h at t h e c on-

stant in th e H arnac k ineq uality c annot be indep endent of u ev en if t h e ex p onent is L ip s-

c h it z c ontinuous.
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Example 3.10. L et p : (0,1)→ (1,∞) b e defi n ed b y

p(x)=



















3 for 0 < x ≤ 1

2
,

3− 2

(

x− 1

2

)

for
1

2
< x < 1.

(3.48)

S up p os e that ua ∈W1,p(·)(0,1) is the m in im iz er of the D iric hlet en erg y in teg ral w ith the

b oun dary v alues 0 an d a > 0. T hen ua is a s olution w ith the s am e b oun dary v alues b y [ 20,

T heorem 5.7] .

T heorem 3.2 of [ 21] g iv es

ua(x)=
∫ x

0

(

Ca

p(y)

)1/(p(y)−1)

dy, (3.49)

w here Ca is a c on s tan t ob tain ed from the eq uation

∫ 1

0

(

Ca

p(y)

)1/(p(y)−1)

dy = a. (3.50)

N ote that if a→∞, then Ca→∞. I n (0,1/2) the m in im iz er is lin ear, ua(x)=
√

(Ca/3)x. I n

(1/2,3/5) the g radien t of ua in c reas es from
√

Ca/3 to (5Ca/14)5/9. I n 11/20, the m idp oin t

of (1/2,3/5), the g radien t of ua is (10Ca/29)10/19. Hen c e w e fi n d that

ua

(

3

5

)

≥
√

Ca

3

1

2
+

1

20

(

10Ca

29

)10/19

. (3.51)

L et B = B(1/2,1/10)= (2/5,3/5). T hen w e ob tain

es s s up x∈B
∣

∣ua(x)
∣

∣

es s in f x∈B
∣

∣ua(x)
∣

∣

≥
√

(Ca/3)(1/2) + (1/20)(10Ca/29)10/19

√

(Ca/3)(2/5)

= 5

4
+

1

8

1√
3

(

10

29

)10/19

C1/38
a −→∞

(3.52)

as a→∞.

T his ex am p le c an b e ex ten ded to the p lan ar c as e b y s tudy in g fun c tion s fa(x, y)= ua(x)

in {(x, y) : 0 < x < 1, 0 < y < 1} w ith the ex p on en t q(x, y)= p(x).

4. The singular set of a supersolution

F irs t w e p rov e that ev ery s up ers olution has a low er s em ic on tin uous rep res en tativ e if the

ex p on en t p(·) is log - Hölder. F or this p urp os e, w e n eed the fac t that s up ers olution s are

loc ally b oun ded from b elow . T his is true b ec aus e s ub s olution s are loc ally b oun ded ab ov e,

w hic h c an b e s een from the p roof of T heorem 1 in [ 7] .

W e s et

u∗(x)= es s lim in f
y→x

u(y)= lim
r→0

es s in f
y∈B(x,r)

u(y). (4.1)
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Theorem 4.1. Let u b e a fu n c tio n d efi n ed o n Ω s u c h th a t

(1) u is fi n ite a lm o s t ev er y w h er e, a n d

(2) min{u,λ} is a s u p er s o lu tio n fo r ev er y λ > 0.

T h en u∗ is lo w er s em ic o n tin u o u s a n d

u∗(x)= u(x) fo r a lm o s t ev er y x ∈Ω. (4.2)

R em a r k 4 .2 . O bserv e t h at all sup ersolutions satisfy t h e assump tions of t h e p rev ious th e-

orem. W e p resent t h e result in a slig h t ly more g eneral c ase, sinc e w e w ould lik e to inc lude

func t ions w h ic h are inc reasing limits of sup ersolutions. F or bounded sup ersolutions th e

t h eorem h as been studied in [ 9] .

P r o o f. L et Ω′
�Ω and fi rst assume th at u is bounded abov e. Pic k a p oint x ∈Ω′, c h oose

R suc h t h at B(x,2R)⊂Ω′ and let

M = esssup
Ω′

u + 1. (4.3 )

F or 0 < r ≤ 2R denote m(r) = ess inf y∈B(x,r)u(y). S inc e sup ersolutions are loc ally

bounded below , w e h av e m(r) >−∞ for 0 < r ≤ 2R.

T h e func t ion u∗ is low er semic ontinuous sinc e u∗r (x) = ess inf y∈B(x,r)u(y) is low er

semic ontinuous and u∗ is an inc reasing limit of t h e func t ions u∗r .

W e w ill c omp lete t h e p roof for bounded func t ions u by sh ow ing t h at

u∗(x)= lim
r→0
−

∫

B(x,r)
u(y)dy. (4.4)

F or ev ery 0 < 5r ≤ R t h e func t ion u−m(5r) is a nonneg ativ e sup ersolution in B(x,4r).

T h us th e w eak H arnac k ineq uality imp lies t h at

m(r)−m(5r)≥ C

((

−

∫

B2r

(

u−m(5r)
)q0 dx

)1/q0

− r

)

≥ C

(

(

M−m(5r)
)(q0−1)/q0

(

−

∫

B2r

(

u−m(5r)
)

dx

)1/q0

− r

)

,

(4.5)

w h ere w e assumed th at q0 < 1. T h is imp lies t h at

0≤−

∫

B(x,2r)
udy−m(5r)

≤ C
(

M−m(5r)
)1−q0

(

m(r)−m(5r) + Cr
)q0 .

(4.6 )

S inc e m(r)−m(5r) + Cr tends to z ero as r → 0, t h e abov e estimate imp lies (4.4).

F or th e g eneral c ase, denote ui =min{u, i} for i= 1,2, . . . and observ e th at

u∗(x)= lim
i→∞

u∗i (x). (4.7 )



Petteri Harjulehto et al. 15

T o s ee that u= u∗ alm os t ev ery w here, c on s ider the s ets

E =
{

x ∈Ω : u(x) <∞,u∗(x) 
= u(x)
}

,

F =
{

x ∈Ω : u(x)=∞, u∗(x) 
= u(x)
}

.
(4.8 )

T hen |F| = 0 s in c e u is as s um ed to b e fi n ite alm os t ev ery w here. F or the s et E w e hav e

E ⊂∪iEi, w here

Ei =
{

x ∈Ω : u∗i (x) 
= ui(x)
}

, (4.9 )

|Ei| = 0 b y the fi rs t p art of the theorem , an d the c laim follow s . �

O ur n ex t g oal is to ob tain es tim ates for the s in g ular s et of a s up ers olution . T o this en d,

w e deriv e tw o C ac c iop p oli- ty p e es tim ates for a s up ers olution .

Lemma 4.3 . Let u b e a n o n n eg a tiv e s u p er s o lu tio n in B4R, η ∈ C∞0 (B4R) s u c h th a t 0≤ η ≤ 1

a n d γ < γ0 < 0. T h en th er e is a c o n s ta n t C d ep en d in g o n p a n d γ0 s u c h th a t

∫

B4R

∣

∣∇u
∣

∣

p(x)
ηp+

B4Ruγ−1 dx ≤ C

∫

B4R

uγ+p(x)−1
∣

∣∇η
∣

∣

p(x)
dx. (4.10)

P r o o f. D en ote uk = u+ 1/k. T es tin g w ith ηp+
B4Ru

γ
k g iv es

∫

B4R

∣

∣∇u
∣

∣

p(x)
ηp+

B4Ru
γ−1
k dx ≤ C

∫

B4R

u
γ+p(x)−1
k

∣

∣∇η
∣

∣

p(x)
dx (4.11)

as in the p roof of in eq uality (3 .11) in L em m a 3 .2. u
γ−1
k → uγ−1 m on oton ic ally as k→∞,

an d s im ilarly u
γ−1+p(x)
k → uγ−1+p(x) m on oton ic ally w hen γ− 1 + p(x) < 0. I f γ− 1 + p(x)≥

0, w e hav e

u
γ−1+p(x)
k

∣

∣∇η
∣

∣

p(x)
≤ C

(

1 +uγ−1+p(x)
)
∣

∣∇η
∣

∣

p(x)

≤ C
(

2 +up(x)
)
∣

∣∇η
∣

∣

p(x)
.

(4.12)

s in c e γ is n eg ativ e. N ow w e c an let k→∞ in the ab ov e in eq uality , ob tain in g the c laim b y

the m on oton e c on v erg e theorem an d the dom in ated c on v erg e theorem . �

I n the follow in g tw o theorem s , q is an ex p on en t s uc h that 1 < q < n/(n− 1), s> p+
B4R
−

p−B4R
, an d q0 > 0 is an ex p on en t for w hic h the w eak Harn ac k in eq uality holds for the

fun c tion un der c on s ideration .

T h eo r em 4.4. Let u b e a n o n n eg a tiv e s u p er s o lu tio n in B4R, B2r ⊂ B4R, γ < γ0 < 0, η ∈

C∞0 (B4R) s u c h th a t 0≤ η ≤ 1 a n d |∇η| ≤ C/r. T h en

∫

Br∩{u≤λ}

∣

∣∇u
∣

∣

p(x)
ηp+

B4R dx ≤ Cλ1−γrn−p
−
B2r

(

es s in f
Br

u+ r
)(γ−1+p−B2r

)
, (4.13 )
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where γ is c ho sen s o tha t q0 ≥ q(γ− 1 + p−B2r
) > 0 a n d the c o n s ta n t C d ep en d s o n n, p, γ0,

a n d the Lq
′s(B4R)- n o rm o f u.

P ro o f. W e h av e u/λ ≤ 1 w h enev er u ≤ λ. U sing t h is fac t , L emmas 3 .3 , 3 .4, and 4.3 , t h e

Hölder ineq uality, and th e w eak Harnac k ineq uality w e obtain

∫

Br∩{u≤λ}
|∇u|p(x)ηp+

B4R dx

≤

∫

Br∩{u≤λ}

(u

λ

)γ−1
∣

∣∇u
∣

∣

p(x)
ηp+

B4R dx

≤ Cλ1−γ

∫

B2r

uγ+p(x)−1
∣

∣∇η
∣

∣

p(x)
dx

≤ Cλ1−γr−p
−
B2r

∫

B2r

uγ−1+p(x) dx

≤ Cλ1−γrn−p
−
B2r

(

−

∫

B2r

uq
′(p(x)−p−B2r

) dx

)1/q′(

−

∫

B2r

uq(γ−1+p−B2r
) dx

)1/q

≤ Cλ1−γrn−p
−
B2r

(

1 +‖u‖
q′(p+

B4R
−p+

B4R
)

Lq
′s(B4R)

)1/q′(

−

∫

B2r

uq(γ−1+p−B2r
) dx

)1/q

≤ Cλ1−γrn−p
−
B2r

(

ess inf
Br

u+ r
)(γ−1+p−B2r

)
.

(4.14)

�

T h e S obolev p(·)- c ap ac ity of a set E ⊂Rn is defi ned as

Cp(·)(E)= inf

∫

Rn

(

∣

∣u(x)
∣

∣

p(x)
+
∣

∣∇u(x)
∣

∣

p(x)
)

dx, (4.15 )

w h ere th e infi mum is tak en ov er th e set of admissible func t ions

Sp(·)(E)=
{

u∈W1,p(·)(Rn) : u≥ 1 in an op en set c ontaining E
}

. (4.16)

T h is defi nit ion g iv es a C h oq uet c ap ac ity; for th is and oth er p rop erties of Cp(·), see [ 10] .

T h e follow ing t h eorem is our main result .

Theorem 4.5 . L et u b e a n o n n eg a t iv e fu n c t io n s u c h tha t

(1) u is lo wer sem ic o n t in u o u s ,

(2) min{u,λ} is a s u p ers o lu t io n fo r ea c h λ > 0, a n d

(3 ) u∈ Ltloc (Ω) fo r s o m e t > 0.

D en o te

Eλ =
{

x ∈ B
(

x0,r
)

: u(x) > λ
}

, (4.17 )
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where B(x0,r) is a b a ll with B4r = B(x0,4r)�Ω. T hen

Cp(·)

(

Eλ
)

≤ Crn−p
−
B2r λ−q0/q

(

in f
Br

u+ r
)q0/q

, (4.18 )

where the c o n s ta n t C d ep en d s o n p, n, a n d the Lt(B4r)- n o rm o f u.

R em a rk 4 .6 . (1) O b s erv e that all s up ers olution s s atis fy the as s um p tion s of the p rev ious

theorem .

(2) F or c on s tan t p(·), the c las s of fun c tion s w hic h s atis fy (1)– (3 ) is c alled p-

s up erharm on ic fun c tion s . T his is a s tric tly b ig g er c las s of fun c tion s than s up ers olution s .

I n deed, the n on lin ear c oun terp art of a fun dam en tal s olution is the p rim e ex am p le of s uc h

a fun c tion .

P ro o f. D en ote uλ = m in {u,λ} an d c hoos e ϕ ∈ C∞0 (B(x0,2r)) s uc h that 0 ≤ ϕ ≤ 1, ϕ = 1

in B(x0,r), an d |∇ϕ|≤ C/r. F or s uffic ien tly s m all radii r, w e c an c hoos e

q0 =
C

C+‖u‖
p+
B4R
−p−B4R

Lt(B4R)

(4.19 )

s in c e w e c an tak e q′s= t w ith a s uitab le c hoic e of s > p+
B4r
− p−B4r

. T hen the w eak Harn ac k

in eq uality holds for uλ w ith an ex p on en t an d a c on s tan t in dep en den t of λ. F urther, w e

c hoos e the p aram eter γ in T heorem 4.4 s o that q0/q = γ− 1 + p−B2r
. T his is alw ay s p os s ib le,

s in c e w e c an tak e a s m aller q0 if n ec es s ary .

S in c e u is low er s em ic on tin uous , the s et Eλ is op en . F urther, uλϕ/λ= 1 in Eλ, s o w e c an

tes t the c ap ac ity of Eλ w ith uλϕ/λ. T his g iv es

Cp(·)(Eλ)≤

∫

B(x0,2r)

(
∣

∣

∣

∣

uλϕ

λ

∣

∣

∣

∣

p(x)

+

∣

∣

∣

∣

∇
(

uλϕ
)

λ

∣

∣

∣

∣

p(x))

dx

≤ λ−p
−
B2r

∫

B(x0,2r)

(

∣

∣uλϕ
∣

∣

p(x)
+
∣

∣∇
(

uλϕ
)
∣

∣

p(x)
)

dx.

(4.20)

F or the fi rs t term in the in teg ral ab ov e w e hav e b y the Hölder in eq uality , L em m a 3 .4, an d

the w eak Harn ac k in eq uality that

∫

B(x0,2r)

∣

∣uλ
∣

∣

p(x)
dx = Crn−

∫

B(x0,2r)

∣

∣uλ
∣

∣

p(x)−p−B2r
∣

∣uλ
∣

∣

p−B2r dx

≤ Crn
(

−

∫

B(x0,2r)

∣

∣uλ
∣

∣

q′(p(x)−p−B2r
)
)1/q′(

−

∫

B(x0,2r)

∣

∣uλ
∣

∣

qp−B2r dx

)1/q

≤ Crn
(

1 +‖u‖
q′(p+

B4r
−p−B4r

)

Lq
′s(B4r )

)(

−

∫

B(x0,2r)

∣

∣uλ
∣

∣

qp−B2r dx

)1/q

≤ Crnλp
−
B2r
−q0/q

(

−

∫

B(x0,2r)

∣

∣uλ
∣

∣

q0 dx

)1/q

≤ Crnλp
−
B2r
−q0/q

(

in f
B(x0,r)

u+ r

)q0/q

.

(4.21)
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F or th e sec ond term, w e g et by th e p roduc t rule

∣

∣∇
(

uλϕ
)
∣

∣

p(x)
≤ C

(

∣

∣ϕ∇uλ
∣

∣

p(x)
+
∣

∣uλ∇ϕ
∣

∣

p(x)
)

. (4.22)

U sing L emma 3.3 and estimating t h e av erag e of |uλ|p(x) as abov e w e h av e

∫

B(x0,2r)

∣

∣uλ∇ϕ
∣

∣

p(x)
dx ≤ Crn−p

−
B2r

(

−

∫

B(x0,2r)

∣

∣uλ
∣

∣

p(x)
dx

)

≤ Crn−p
−
B2r λp

−
B2r
−q0/q

(

inf
B(x0,r)

u+ r

)q0/q

.

(4.23)

W e estimate th e remaining term by using T h eorem 4.4. T o th is end, c h oose a func t ion

η ∈ C∞0 (B3r) suc h t h at 0≤ η ≤ 1, η = 1 in B(x0,2r), and |∇η| ≤ C/r. T h en

∫

B(x0,2r)

∣

∣ϕ∇uλ
∣

∣

p(x)
dx ≤

∫

B(x0,2r)

∣

∣∇uλ
∣

∣

p(x)
dx

=

∫

B(x0,2r)

∣

∣∇uλ
∣

∣

p(x)
ηp+

B4r dx

≤ Cλ1−γrn−p
−
B2r

(

inf
Br

u+ r
)q(γ−1+p−B2r

)
.

(4.24)

C ombining t h e abov e estimates w e h av e

Cp(·)(Eλ)≤ Crn−p
−
B2r

(

λ−q0/q + λ1−γ−p−B2r

)

(

inf
Br

u+ r
)q0/q

. (4.25 )

N ow our c h oic e of γ g iv es t h e c laim. �

T h e p rev ious result imp lies t h at t h e sing ularity set of a sup ersolution is of z ero c ap ac -

ity.

Corollary 4.7 . For functions u sa tisfy ing th e a ssum p tions of T h e ore m 4 .5 ,

Cp(·)({x ∈Ω : u(x)=∞})= 0. (4.26 )

P roof. F ix a ball B(x0,r) as in T h eorem 4.5 and let

Ei =
{

x ∈ B
(

x0,r
)

: u(x) > i
}

, i= 1,2, . . . ,

E =
{

x ∈ B
(

x0,r
)

: u(x)=∞
}

.
(4.27 )
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S in c e E = ∩iEi an d E1 ⊃ E2 ⊃ ··· , w e g et b y the m on oton ic ity of the c ap ac ity an d

T heorem 4 .5 that

Cp(·)(E)≤ lim
i→∞

Cp(·)

(

Ei
)

= 0. (4 .28 )

S in c e Ω c an b e c ov ered b y a c oun tab le n um b er of b alls for w hic h (4 .28 ) hold s , the s ub -

ad d itiv ity of the c ap ac ity im p lies the c laim . �
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