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�4�����8�Q�C�D�K�K���S�@�4�
��P��
 vTN¡�¢� v£¤PyP�¥�¦§�
 vPQ¨N©QPyª�«K�&ª/¬�T� v¦�ª�¨N�{ª�«

− divA(x, Du) = µ, ­
®/¯�®�°
± £¤PQ²vP A ¦§��³/¨>ª/´�PQ²|³C vª/² ± ¦� v£ p(x) µ  
¢m´�PU¨¤ª�¨N�
 |³�¨N¡N³�²|¡¶�` &²vTN©� &T¤²|³�¬K©�ª/¨4¡�¦� v¦�ª�¨N� ¯¸· TN²R�³�¦�¨t²&P��`TN¬� �¦§�� &£N³� �«¹ª/²g´4ª��`¦� &¦�º/P�»N¼4¨¤¦� vP�½¸³�¡�ª/¨>R�P�³/�&T¤²&P��

µ
»4 &£¤PS²&P�P�¥�¦§�
 |��³�¨

Ap(·) µ�`TN´4PS²&£N³/²&R�ª�¨¤¦�©�«¹T¤¨N©� &¦�ª/¨
u ± £¤¦§©|£¶�v³C v¦��`¼NPS� ­`®/¯�®�° ¦�¨¾ &£NP��`PS¨N�`P�ª�«�¡�¦§�
 v²&¦�¿¤T� v¦�ª�¨N� ¯6À PSP�`P�©� v¦�ª�¨ÂÁ?«¹ª�²� &£¤P>PQ¥¤³/©� Ã¡�PQ¼N¨¤¦� &¦�ª/¨Âª/«� &£N¦��¾©�¬§³/�v��ª/«g«¹TN¨N©� v¦�ª�¨N� ¯ÅÄ ¥¤³�R�´¤¬�PS��ª/«g v£¤Pª/´�PQ²|³C vª/²|�

A
©Qª/¨N�&¦�¡¤PQ²vPS¡Ã£NPQ²vPe³/²&¦§�`P�«¹²vª/RÆºC³/²&¦§³C v¦�ª�¨N³�¬8¦�¨� vPQÇ�²v³/¬��j¬�¦�È�P

∫
|∇u|p(x) dx; ­`®/¯ Á °

 &£¤P Ä T¤¬�PS² µ!É ³/Ç/²|³�¨¤Ç�P�P�Ê�T4³C &¦�ª/¨¶ª�« ­`®/¯ Á ° ¦��� &£¤P p(x) µ$É ³�´¤¬§³/©Q¦�³/¨ËPSÊ�TN³� &¦�ª/¨
div(p(x)|∇u|p(x)−2∇u) = 0, ­
®�¯ Ì�°

± £¤PQ²vP
A(x, ξ) = p(x)|ξ|p(x)−2ξ.O{£¤PQ²vP¸¦§�.³/¨)PQ¥m &PQ¨4�`¦�º/P�¬�¦� vPQ²|³C vT¤²&P�ª/¨�´N³�²& &¦§³�¬4¡�¦�Í8PQ²vPQ¨� v¦�³/¬NPSÊ�TN³� &¦�ª/¨N�.³�¨N¡) v£¤P�©Q³/¬�©QT¤¬�TN�

ª�«jºl³/²&¦§³C v¦�ª�¨N� ± ¦� &£�ºC³�²v¦�ª�TN�g¨¤ª/¨N�` v³/¨N¡¤³/²v¡>Ç�²&ª ±  v£?©�ª�¨N¡�¦� &¦�ª/¨N�S»D�&PQP�«¹ª/²�P�¥¤³�R�´¤¬�P¾Î Ì/Ï »
Ì¤® »�ÁCÐ¤»4Á�» ® »�Ð/Ñ[³�¨N¡¾ &£NPy²&PQ«¹PQ²vPQ¨N©QPS�j¦�¨¶ v£¤P��`TN²&º�PQ¢>Î�Á�ÒlÑ ¯��PÓ�` &TN¡�¢Ô &£N¦��¾´¤²vª/¿¤¬�PQRÕ«¹ª/²Ë  ± ª2²vPS³��`ª�¨N� ¯×Ö ¦�²v�` S»¸�&ª/R�Pt´¤²vª/´�PQ²& &¦�PS�Ëª�« Ap(·)µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©?«¹T¤¨N©� v¦�ª�¨N�>²vPSÊ�T¤¦�²&PØ³�¨Ù³/¡N¡�¦� v¦�ª�¨N³�¬y¦�¨� &PSÇ/²|³�¿¤¦�¬�¦� 
¢M³/�v�&T¤R�´� &¦�ª/¨DÚ��&PQP
«¹ª/²�P�¥¤³�R�´¤¬�P>Î ® Ð¤»�O{£¤PQª�²&PSRÛÐ ¯�Ü Ñ ¯ �ÓP ± ª/TN¬�¡�¬�¦�È�P� &ªt�&£¤ª ±  &£¤PÃPQ¥�¦��` &PS¨N©�PÃª/«

Ap(·) µ�`TN´4PS²&£N³/²&R�ª�¨¤¦�©�«¹T¤¨N©� &¦�ª/¨N��«¹ª/² ± £¤¦§©|£¾ v£¤Pe¦�¨� vPQÇ/²|³�¿N¦�¬�¦� 
¢Ã³��&�&T¤R�´� v¦�ª�¨¶©S³�¨¶¿4Peº/PS²&¦�¼NP�¡ ¯O{£¤Py¨¤PSPS¡¾«¹ª/²�³�¨ÝPQ¥� v²v³)³/�v�&T¤R�´� &¦�ª/¨¶¦���¡�T¤P� &ª� v£¤Pe«�³/©� j v£N³C �Þg³�²v¨N³/©|È�P��
 v¦�R�³� &PS�j«¹ª�²
PSÊ�TN³� &¦�ª/¨N� ± ¦� &£ p(x) µ Ç�²&ª ±  v£Ó³�²vP�¦�¨� v²&¦�¨N�&¦�©�¦�¨� &£¤PÃ�&PQ¨N�&P) &£N³� y &£¤PS¢Ó¡�PS´4PS¨N¡�ª/¨� &£NP�`ª�¬�T¤ &¦�ª/¨¶¦� |�`PS¬�«
»N�&PQP�Î�Ám» Ì » ® ÐCÑ ¯

À P�©�ª/¨4¡G» ± P ± ª/T¤¬§¡�¬�¦�È/P¸ &ªU�&£¤ª ±  &£¤PgP�¥�¦��` &PS¨N©�P�ª�«D�`ª�¬�T¤ &¦�ª/¨N� ± ¦� &£Ë¨¤ª/¨¤²vPQR�ªCºC³�¿N¬�P¦��&ª/¬§³C vPS¡2�&¦�¨NÇ/T¤¬§³�²v¦� v¦�P�� ¯ O{£¤PQ²vPÃ¦§��³>R�PQ &£¤ª�¡ß¡¤T¤PÃ vª À PS²&²v¦�¨ÂÎ�Á�àCÑ� vª?©�ª�¨N�
 v²&T4©� )�&TN©|£�`ª�¬�T¤ &¦�ª/¨N� ¯yá Ç�³/¦�¨?¿4P�©Q³�T4�`P�ª�«6 v£¤P�¦�¨� &²v¦�¨4�`¦§©U¨4³C &TN²&P�ª�«6 v£¤P)Þg³�²v¨N³/©|È¶PS�` &¦�R�³C vPS�S»4 v£¤¦§�R�P� &£Nªm¡�«�³/¦�¬§� ¯ Þ�PQ¨N©QP� &£¤P¾�`P�©�ª/¨4¡Ó´NT¤²&´�ª��&P�ª�«{ v£¤¦�� ± ª�²&È?¦��� &ªÝ¼N¨N¡2³/¨â³�¬� &PS²&¨N³� &¦�º/P &ª À PQ²v²v¦�¨Dã �¸R�PQ &£¤ª�¡ ¯ O{£¤¦§�¸ vT¤²v¨N��ª/T� g &ªË¿�P�Ê�TN¦� vP)�&¦�R�´¤¬�P/»�ä
TN�` y©|£¤ªmª��&¦�¨¤ÇÃ &£¤P�å�¦�²|³/©R�PS³/�&T¤²vPy³/�
µ
¦�¨ ­
®�¯�®l° �`T�æÃ©QPS� ¯

· T¤²¸³/´¤´¤²vª�³/©|£Ë¦��¸³/¨¶³�¡¤³�´¤ v³C v¦�ª�¨¾ª/«[ v£N³C ¸ª/«Kçe¦�¬�´�PQ¬§è�¦�¨¤PQ¨>³/¨N¡¾é?³�¬�êtÎ ®Cë Ñ ¯6Ö ¦�²|�
 �»± P?ª/¿� |³�¦�¨ì³/´¤´¤²vªl¥�¦�R�³C v¦�º�P¶�&ª/¬�T� v¦�ª�¨N� ui
¿m¢Ô³�´N´¤²&ªl¥�¦�R�³C &¦�¨¤Ç

µ ± ¦� v£ÂR)ª�²&P>²vPQÇ�T¤¬§³�²R�PS³/�&T¤²vPS� ¯ O{£¤PS¨ ± P{´¤²vªCº/P�T¤¨¤¦�«¹ª/²vRíPS�` &¦�R�³C &P��K«¹ª/²
ui
³�¨N¡�TN�&Pj &£¤PSRí &ª�¼N¨4¡)³�¬�¦�R�¦� 

u
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³�¨N¡� vª¸´¤²vªCº/P� v£¤P�«�³/©� [ v£N³C D v£¤P.¬�P�«� K£N³�¨4¡y�`¦§¡�P6ª/« ­
®/¯�®�° R�³/È/P��D�`PS¨N�&P.³/�;³�¡�¦��` &²v¦�¿¤T� &¦�ª/¨ ¯
Ö ¦�¨N³/¬�¬�¢ ± Pj�&£¤ª ±  v£N³C K &£N¦�� u

¦§��¦�¨N¡¤PQPS¡)³��`ª�¬�T� v¦�ª�¨Uª/« ­`®/¯�®�°�¯ O{£¤¦§��³�´¤´¤²vª�³�©|£�¦§�;²vPQ¬§³C vPS¡ &ª� v£¤P ± ª�²&È��jª�«��jªm©S©Q³/²v¡�ª�³�¨4¡��e³/¬�¬�ª/T��Q yÎ Ü »NÒlÑ$ÚN�`PSPy³�¬§�`ªÝÎ ë »4Á/Á�»4Á��lÑ ¯O{£¤P{²vPS�&T¤¬� |� ± PjT4�`P�³/�K vªmª/¬§��£¤PQ²vP¸¡�ªe¨¤ª� 6£Nª/¬§¡ ± ¦� &£¤ª�T� .³/¡N¡�¦� v¦�ª�¨N³�¬¤³��&�&T¤R�´� v¦�ª�¨N�ª/¨> v£¤P�«¹T¤¨N©� v¦�ª�¨
p(·) ¯gÄ º�PQ¨> v£¤P)ºl³/²&¦§³�¿N¬�P�PQ¥�´4ª�¨¤PQ¨�  É PQ¿�PS�&Ç/T¤P�³�¨N¡ À ª/¿�ª/¬�PQºÝ�`´N³�©�P��£N³lº/PËº/PQ²v¢t«¹P ± ´¤²vª/´�PQ²& &¦�PS�y«¹ª�²UÇ�PQ¨¤PS²v³/¬@»;«¹ª/²�¦�¨N�` v³/¨N©�P�ä
TN�
 �R�PS³��`T¤²|³�¿N¬�P�»;PQ¥m´�ª/¨NPQ¨� v� ¯O{£¤PQ²vP�¦��¶³2«¹²vPSÊ�T¤PS¨� v¬�¢ÂT4�`P�¡M³/�v�`TNR)´¤ &¦�ª/¨D»�©Q³�¬�¬�PS¡Â¬�ª/Ç�³�²v¦� v£¤R�¦�©ÓÞ��/¬§¡�PS²¶©Qª/¨� &¦�¨mT¤¦� 
¢�»

 &£N³� ��`PSPQR��j &ª�¿�Pe &£NPy²&¦�Ç/£� {ª/¨¤Pe«¹ª�²�ª/T¤²{´¤T¤²v´�ª��&PS� ¯�À PQPy¿�PQ¬�ª ± «¹ª/²�R�ª�²&Py¡�PQ v³�¦�¬§� ¯
�G���e�! #"@�%$â�@�'&¤�l�( *)

á R�PS³/�&T¤²|³�¿¤¬�P6«¹TN¨N©� v¦�ª�¨ p : R
n → (1,∞)

»
n ≥ 2

»�¦§�K©S³�¬�¬�P�¡�³gºC³�²v¦�³/¿¤¬�P�PQ¥m´�ª/¨NPQ¨�  ¯�ÓP�¡¤PQ¨¤ª/ &P
p+

A = sup
x∈A

p(x), p−A = inf
x∈A

p(x), p+ = sup
x∈Rn

p(x), p− = inf
x∈Rn

p(x).

+-,/.102043657,�8936:<;=,�020?>�@BA<,�C4DFEG0�,H0JI�,2K�E LM,2N18M@BA<.!@O@BA<,H,QP4I<>!:R,�:S@
p(·)

EG0?;=>UT#.!C4EB@VA*5-E%K2.!;B;XW
YHZ�;=N�,�C/K2>!:S@(EB:S3<>!3*028FE%[B,
[\0�.!@JEG0VLM,�0 ­ Á ¯�®l°^] ,�;_>!D`.�:aNb@VA�.�@

1 < p− ≤ p+ < ∞
[

É PQ  Ω ⊂ R
n ¿4PÓ³�¨ìª/´�PQ¨ì¿�ª/T¤¨N¡¤PS¡ì�`PQ  ¯ O{£¤PtºC³�²v¦�³/¿¤¬�P¶PQ¥�´4ª�¨¤PQ¨�  É PS¿4P��`Ç�T¤P�`´4³/©�P

Lp(·)(Ω)
©Qª/¨N�&¦§�
 |��ª/«K³/¬�¬GR�PS³��`TN²v³/¿¤¬�P�«¹T¤¨N©� &¦�ª/¨N�

u
¡�PQ¼N¨¤PS¡¶ª�¨

Ω
«¹ª�² ± £¤¦�©|£¾ &£NP

p(·) µ R�ª�¡�T¤¬§³�²
%p(·)(u) =

∫

Ω

|u(x)|p(x) dx

¦���¼N¨¤¦� &P ¯ O{£NP É T�¥�PQR�¿¤T¤²vÇ�¨Nª/²vRÆª/¨¶ &£N¦����&´N³/©QPe¦��¸¡¤P�¼N¨¤P�¡Ý³/�

‖u‖p(·) = inf
{
λ > 0 :

∫

Ω

∣∣∣∣
u(x)

λ

∣∣∣∣
p(x)

dx ≤ 1
}
.

Ä Ê�T¤¦�´¤´4P�¡ ± ¦� &£y v£¤¦§�D¨¤ª�²&R Lp(·)(Ω)
¦��;³��{³�¨N³�©|£e�&´N³�©�P ¯;Ö ª/²;¿N³/�&¦§©�²&P��`TN¬� |�Gª/¨yºC³�²v¦§³�¿¤¬�PP�¥�´�ª/¨¤PS¨� ¸�&´N³/©QPS� ± P�²vP�«¹PS²{ &ªÝÎ ® àlÑ ¯�c ¨¶´4³�²& &¦§©�T¤¬§³�²�»� &£¤Py¡�TN³/¬Gª�« Lp(·)(Ω)

¦§�j &£¤Py�&´N³/©QP
Lp′(·)(Ω)

ª/¿� |³�¦�¨¤PS¡�¿m¢Ã©Qª/¨Cä
T¤Ç�³C v¦�¨¤ÇU &£¤P�P�¥�´�ª/¨¤PS¨� j´�ª/¦�¨�  ± ¦��&P/»8Î ® à�»�O{£¤PSª/²vPQRÆÁ ¯ ÒCÑ ¯�c  «¹ª/¬�¬�ª ± �j v£N³C  Lp(·)(Ω)
¦��¸²&P�dNP�¥�¦�º/P ¯�Ö TN²` v£¤PQ²vR�ª/²vP/»¤³)º/PS²v�&¦�ª�¨Ëª/«�Þe�/¬§¡�PQ²�ã �j¦�¨¤PSÊ�TN³/¬�¦� 
¢/»

∫

Ω

fg dx ≤ C‖f‖p(·)‖g‖p′(·),

£¤ª/¬§¡¤�{«¹ª�²{«¹T¤¨N©� &¦�ª/¨N�
f ∈ Lp(·)(Ω)

³�¨4¡
g ∈ Lp′(·)(Ω) ¯O{£¤P�ºC³�²v¦§³�¿¤¬�P�P�¥�´4ª�¨¤PQ¨�  À ª�¿4ª�¬�PSºÓ�&´N³/©QP W 1,p(·)(Ω)

©Qª/¨N�&¦��` v�eª/«�«¹TN¨N©� v¦�ª�¨N�
u ∈

Lp(·)(Ω) ± £¤ª��`P�¡�¦§�
 v²&¦�¿¤T� v¦�ª�¨N³�¬�Ç�²v³�¡�¦�PS¨�  ∇u
P�¥�¦§�
 |��³/¨N¡t¿�PQ¬�ª/¨NÇ��g &ª

Lp(·)(Ω) ¯ O{£NPºC³�²v¦�³/¿¤¬�PePQ¥m´�ª/¨NPQ¨�  À ª/¿�ª/¬�PQºË�&´N³�©�P W 1,p(·)(Ω)
¦���³b�{³�¨4³/©|£¾�&´N³�©�P ± ¦� v£¶ &£¤Py¨¤ª�²&R

‖u‖1,p(·) = ‖u‖p(·) + ‖∇u‖p(·).

À R�ªmª� &£Ø«¹TN¨N©� v¦�ª�¨N��³/²&P�¨Nª� �¡�PS¨N�&PÃ¦�¨ W 1,p(·)(Ω) ± ¦� &£Nª/T� �³/¡¤¡�¦� &¦�ª/¨4³�¬.³��&�&T¤R�´� &¦�ª/¨4�ª/¨� v£¤P�PQ¥�´4ª�¨¤PQ¨� 
p(·) ¯ O{£¤¦§� ± ³/�.ª/¿N�&PQ²vº/P�¡)¿�¢gf�£N¦�È�ªCºËÎ Ì/Ï » Ì¤® Ñ�¦�¨� &£NPg©�ª�¨� &P�¥m jª�«G &£NP

É ³lºm²vPQ¨� &¦�PQºt´N£¤PQ¨¤ª�R�PQ¨¤ª�¨ ¯ f�£¤¦�È/ªCº?¦�¨� &²vª�¡�TN©QPS¡Ó &£¤P�¬�ª/Ç�³�²v¦� v£¤R�¦�©�Þe�/¬§¡�PQ²U©Qª/¨� &¦�¨mT¤¦� 
¢©�ª�¨N¡�¦� &¦�ª/¨D»
|p(x) − p(y)| ≤

C

− log(|x − y|)
­ Á ¯�®�°

«¹ª/²)³�¬�¬
x, y ∈ Ω

�&TN©|£Ø &£N³� 
|x − y| ≤ 1/2

»;³��U³t©Q²&¦� &PS²&¦�ª/¨�«¹ª�²� &£NPË³�¿N�&PQ¨4©�PÃª/«j v£¤P
É ³lºm²vPQ¨� &¦�PQºÓ´¤£¤PQ¨Nª/R�PQ¨¤ª�¨ ¯hc «� v£¤PËPQ¥�´4ª�¨¤PQ¨� ��v³C v¦��`¼NPS� ­ Á ¯�®l° »6�&R)ªmª/ &£Ø«¹T¤¨N©� &¦�ª/¨N�)³�²vP¡�PQ¨4�`Py¦�¨Ýºl³/²&¦§³�¿N¬�PeP�¥�´�ª/¨¤PS¨�  À ª/¿�ª/¬�PQºË�&´N³�©�PS��³/¨N¡ ± P�©S³�¨Ý¡�P�¼4¨¤Pe &£¤P À ª/¿�ª/¬�PQºË�&´N³�©�P± ¦� v£jiQPQ²vª)¿4ª�T¤¨N¡¤³/²&¢�ºC³�¬�T¤P��Q»�¡�PS¨¤ª� vPS¡¾¿�¢ W

1,p(·)
0 (Ω)

»N³/�� &£NP�©�ª/R�´¤¬�P� v¦�ª�¨Ëª/«
C∞

0 (Ω)± ¦� v£Ó²vPS�&´�PS©� � &ª¶ v£¤P�¨Nª/²vR ‖ · ‖1,p(·) ¯ ��P)²vP�«¹PS²� &ª�Î ®�Ï Ñ.³�¨N¡ßÎ ® ÒlÑ�«¹ª/²g &£NP�¡¤P� v³/¦�¬§��ª�« &£¤¦§�¸¡�PQ¼N¨¤¦� &¦�ª/¨ ¯



������� �	��
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�
p(x) ������� �	��������� �F� ��� � � � � �

À ¦�¨N©�P ± P)³/�v�`TNR)PU &£¤P�P�¥�´�ª/¨¤PS¨�  p(·)
 &ª¶¿4P)©�ª/¨� v¦�¨mT¤ª�TN�Q»4 &£NP

p(·) � � >!EB:RK2.!C��7EB: �,! �3<.�;XEB@(W
‖u‖p(·) ≤ C‖∇u‖p(·)£¤ª/¬§¡¤�e«¹ª�²�PQº�PQ²v¢

u ∈ W
1,p(·)
0 (Ω)

»��`PSP>Î ®�Ì »�O{£¤PQª�²&PSR Ð ¯�® Ñ ¯gc ¨2´N³/²` v¦�©QT¤¬§³�²�»G &£¤P p(·) µ"�ª/¦�¨N©Q³/²�#¸¦�¨¤P�Ê�T4³�¬�¦� 
¢�¦�R)´N¬�¦�PS�� &£4³C . v£¤P�¨¤ª/²vR��
‖u‖1,p(·)

³�¨N¡
‖∇u‖p(·)

³�²vP�PSÊ�T¤¦�ºC³�¬�PQ¨� 
ª/¨

W
1,p(·)
0 (Ω) ¯��P�T4�`P� &£NPe«¹ª/¬�¬�ª ± ¦�¨¤Ç�©�ª/R�´N³�©� v¨¤PS�v�j´¤²&ª�´4PS²` v¦�P��jª�« W

1,p(·)
0 (Ω)

¦�¨¾ª�T¤²�P�¥�¦§�
 vPQ¨N©QP
´¤²vª�ª/« ¯ O{£¤P�¬�¦�R�¦� �«¹TN¨N©� v¦�ª�¨ v

¿�PQ¬�ª/¨¤Ç��� vª
W

1,p(·)
0 (Ω)

¿m¢tét³�iST¤²�ã ��¬�PQR�R�³¤»8 &£NP�¼4²v�` 
´¤²vª/´�PQ²& 
¢?«¹ª�¬�¬�ª ± �e«¹²vª/R  &£¤P¾²&P�dNP�¥�¦�º�¦� 
¢?ª/«

Lp(·)(Ω)
³�¨N¡Ø v£¤P¾�&PS©Qª/¨N¡Ó«¹²vª/R  &£¤PË«�³/©� 

 &£N³� 
W

1,p(·)
0 (Ω)

PQRU¿�PS¡N�¸©�ª�R)´4³/©� v¬�¢Ë¦�¨� &ª
Lp(·)(Ω)

»��`PSP)Î ® à¤»NO{£¤PQª�²&PSR Ì¤¯�®SÏ Ñ ¯
$&%('	);Z�'+* Á ¯ Á�,.- 0204365b,g@VA�.�@?@BA<,g0�,! �3<,�:RK2,

(uj)
EG0 ] >�36:aN�,2N EB:

W
1,p(·)
0 (Ω)

[
/RA�,�: @BA<,�CU,\EG0 .�0236:RK�@JE%>!:

v ∈ W
1,p(·)
0 (Ω)

.�:aN7.H043 ] 0�,! �3<,�:aK2, (ujk
)
DFEB@BAg@VA�,10�>!;B;=>�D �EB:#T?IaCU>2I�,�C4@JE%,40�[

­`®�° ∇ujk
→ ∇v

D ,2.32�;XW EB:
Lp(·)(Ω)

[
­ Á ° ujk

→ v
I<>!EB:<@JDFEG0�,7.!;X5b>104@ ,54!,�C4W!D'A<,�CQ,-.�:aNgEB:

Lp(·)(Ω)
[

��P�¨¤PQP�¡¾ &£¤Py«¹ª�¬�¬�ª ± ¦�¨¤ÇÃ³/�v�`TNR)´¤ &¦�ª/¨N�j vªÃ£¤ª/¬§¡¾«¹ª/²� v£¤P�ª�´4PS²v³� &ª/² A : Ω × R
n →

R
n ¯

­`®�° x 7→ A(x, ξ)
¦§��R�PS³��`T¤²|³�¿N¬�Pg«¹ª/²¸³/¬�¬

ξ ∈ R
n »

­ Á ° ξ 7→ A(x, ξ)
¦��e©�ª�¨� &¦�¨�TNª/TN��«¹ª/²e³�¬�¬

x ∈ Ω
³/¨N¡

A(x,−ξ) = −A(x, ξ)
«¹ª/²

³�¬�¬
ξ ∈ R

n »
­@Ì�° A(x, ξ) · ξ ≥ α|ξ|p(x) » ± £¤PS²&P α > 0

¦§�U³t©Qª/¨N�` v³/¨� �»K«¹ª/²�³/¬�¬
x ∈ Ω

³/¨N¡
ξ ∈ R

n »
­ Ð ° |A(x, ξ)| ≤ β|ξ|p(x)−1 » ± £NPQ²vP β ≥ α > 0

¦§�y³>©�ª�¨N�` v³�¨� �»G«¹ª/²U³/¬�¬
x ∈ Ω³�¨N¡

ξ ∈ R
n »

­,Ü/° (A(x, η) −A(x, ξ)) · (η − ξ) > 0
«¹ª/²¸³/¬�¬

x ∈ Ω
³/¨N¡

η 6= ξ ∈ R
n ¯O{£¤PS�&P�³�²vPe©Q³�¬�¬�PS¡Ë &£¤P��` &²vTN©� vT¤²vPe©Qª/¨N¡¤¦� v¦�ª�¨N�{ª�«

A ¯��P��&³l¢� v£N³C �³�«¹T¤¨N©� &¦�ª/¨
u ∈ W

1,p(·)
loc (Ω)

¦��¸³��&T¤¿N�&ª/¬�T� &¦�ª/¨¶ª�«; &£¤PyP�Ê�TN³C v¦�ª�¨
− divA(x,∇u) = 0 ­ Á ¯ Ì�°¦�«

∫

Ω

A(x,∇u) · ∇ϕ dx ≤ 0

«¹ª/²[³/¬�¬/¨¤ª/¨¤¨NPQÇ�³� &¦�º/PK &P��
 [«¹T¤¨N©� v¦�ª�¨N�
ϕ ∈ C∞

0 (Ω) ¯ �ÓP6T4�`P� v£¤P.³/�v�&T¤R�´� &¦�ª/¨ A(x,−ξ) =
−A(x, ξ)

³/¨N¡Ý�&³l¢Ë &£N³� 
u
¦��g³��`TN´4PS²v�&ª/¬�T� &¦�ª/¨Ý¦�«

−u
¦��g³��`T¤¿4�`ª�¬�T� v¦�ª�¨ ¯�Ö T¤²& &£¤PS²S» u ¦§�³¾�&ª/¬�T� v¦�ª�¨?¦�«�¦� �¦§��¿4ª/ &£Ø³¾�&T¤´�PQ² µ ³/¨N¡Ó³¾�`TN¿N�`ª�¬�T¤ &¦�ª/¨ ¯�À ¦�¨N©QP)�&R�ªmª� &£?«¹T¤¨N©� &¦�ª/¨N�e³�²vP¡�PQ¨4�`P�¦�¨

W 1,p(·)(Ω)
» ± P�³�²vPj³/¬�¬�ª ± P�¡y vªyPQR�´¤¬�ªC¢y &P��
 �«¹T¤¨N©� &¦�ª/¨N� ϕ ∈ W

1,p(·)
0 (Ω) ± ¦� v£©�ª�R)´4³/©� ¸�&T¤´¤´�ª/²& ¸¦�¨

Ω
¿�¢Ã &£¤PyTN�&TN³/¬[³�´¤´N²&ªl¥�¦�R�³� &¦�ª/¨Ë³/²&Ç�T¤R�PQ¨�  ¯

É ª�Ç�³/²&¦� &£¤R�¦§©ÃÞ���¬�¡¤PQ²�©�ª�¨� v¦�¨mT¤¦� 
¢Ø´¤¬§³l¢m�)³�¨Ô¦�R�´�ª/²& v³/¨� �²vª/¬�PË¦�¨â &£NPÝ©S³�¬§©�T¤¬�TN��ª�«ºC³�²v¦�³� &¦�ª/¨N��³/¨N¡¾ &£¤PSª/²v¢Ãª�«�´N³/²` v¦�³/¬D¡�¦�Í8PQ²vPQ¨� v¦�³/¬DPSÊ�TN³� &¦�ª/¨N� ± ¦� &£ p(·) µ Ç�²&ª ±  v£ ¯Fc ¨N¡�PSPS¡G»£¤¦�Ç/£¤PS²¸¦�¨� vPQÇ/²|³�¿N¦�¬�¦� 
¢?Î ÌN® Ñ,»�Þ���¬�¡�PS²¸²vPQÇ/TN¬�³/²&¦� 
¢�²&P��`TN¬� |�yÎ ® »S�lÑ$»4³/¨N¡ÝÞ�³�²v¨N³�©|ÈÃPS�` &¦�R�³C &P��Î Á¤» ® Á�» ® ÐCÑUT4�`P2©�ª�¨N¡�¦� &¦�ª/¨ ­ Á ¯�®l°|¯ Þ�³/²&¨4³/©|ÈÂPS�` &¦�R�³C vPS�>³�¨4¡ ¿�ª/TN¨N¡¤³�²v¢Â²vPQÇ/TN¬�³/²&¦� 
¢
 &£¤PSª/²v¢2«¹²vª/R Î Ì Ñ�³/²&PÝTN�&PS¡ß &ª2´¤²vªCº/P¾ &£NP>´¤²&ª�´4PS²` v¦�P��)ª�«y�`T¤´�PQ²|�&ª/¬�T� &¦�ª/¨N��³/¨N¡ Ap(·) µ�`TN´4PS²&£N³/²&R�ª�¨¤¦�©t«¹T¤¨N©� &¦�ª/¨N� ± PÓPSR)´N¬�ªC¢Â£¤PS²&P�»�¦ ¯ P ¯ O{£¤PQª�²&PSR��¶Á ¯ Ü ³�¨N¡ Á ¯ ë ¿�PQ¬�ª ± ¯Þ¸PS¨N©�Pe v£¤Py¬�ª�Ç µ Þ���¬�¡�PS²�³/�v�`T¤R�´� v¦�ª�¨¾¦§��©�²vTN©Q¦�³/¬8 &ª�TN� ¯O{£¤P6²vPS�&T¤¬� v�G¦�¨�Î�Á�» Ì » ® Á�» ® ÐCÑ�³/²&P�Ç�¦�º�PQ¨�«¹ª/² A(x, ξ) = p(x)|ξ|p(x)−2ξ

ª/²
A(x, ξ) =

|ξ|p(x)−2ξ ¯ Þ¸ª ± PQº/PS²S»� &£NPQ¢�£¤ª�¬�¡¶³�¬§�`ªU«¹ª/²j &£NP�Ç�PQ¨¤PS²v³/¬Nª�´4PS²v³� &ª/²|� A ©�ª�¨N�&¦�¡�PS²&P�¡�£¤PS²&P ¯O{£¤¦§��¦���¡¤T¤P{ &ª� &£NP{«�³/©� � v£N³C � v£¤P¸�&³/R�P76j³�©Q©Q¦�ª�´¤´4ª�¬�¦m 
¢m´�P{PS�` &¦�R�³� &P��Q»C v£¤P¸©�ª�R�´N³�²v¦��&ª/¨
´¤²v¦�¨N©Q¦�´N¬�P�³�¨N¡�©Qª/¨mº/PS²&Ç�PQ¨N©QP�²vPS�&T¤¬� v�.³/²&P¸³lºC³/¦�¬§³�¿¤¬�P ¯�c ¨N¡�PSPS¡G»�TN�&¦�¨NÇy &£¤P�PQ¬�¬�¦�´� &¦§©�¦� 
¢�©�ª�¨ µ¡�¦� &¦�ª/¨ ­�Ì�° ³�¨N¡¶ v£¤PyÇ/²vª ±  &£Ý©�ª�¨N¡�¦� &¦�ª/¨ ­ Ð °  &£NP�´¤²vª�ª/«��{ª�«� &£NP86j³/©Q©Q¦�ª�´¤´�ª/¬�¦DPS�` &¦�R�³C &P��Ç/¦�º/PS¨U«¹ª�²�ª/´�PQ²|³C &ª�²v�

A ± ¦� &£�©�ª/¨4�
 |³�¨� �Ç/²vª ±  &£UPQ¥�´4ª�¨¤PQ¨� v��Ç�¦�º�PQ¨D»�«¹ª/²�P�¥¤³/R)´N¬�P�»�¦�¨ÝÎ�Á Ì »



� ���������	��

�
�������
6�£N³�´¤ &PQ².ÁCÑ¤©Q³�¨)¿�P{³�¡¤³�´¤ &PS¡� &ª� &£NP{©S³/�&P ± P{©�ª/¨4�`¦§¡�PQ²�£¤PS²&P�Ú��&PQP É PSR)R�³ Ì¤¯�® ¿�PQ¬�ª ± «¹ª�²³Ë�&¦�R�´¤¬�P�PQ¥�³/R�´¤¬�PUª�«.�&TN©|£t³�¨t³�¡¤³�´� |³C v¦�ª�¨ ¯¸Ö T¤²& &£NPQ²�»�©Qª/R�´N³�²v¦§�`ª�¨Ý³/¨N¡>©�ª�¨mº/PQ²vÇ/PS¨N©�P²&P��`TN¬� |�.³�²vP¸³y©�ª�¨N�&PSÊ�T¤PQ¨4©�P�ª�«8 v£¤P¸R�ª/¨¤ª/ &ª�¨¤¦�©Q¦� 
¢)³/�v�`TNR)´¤ &¦�ª/¨ ­@Ü�° ³�¨4¡) &£¤P�©Qª/¨� &¦�¨mT¤¦� 
¢³/�v�`TNR)´¤ &¦�ª/¨ ­ Á ° »�²vPQ´N¬�³�©�¦�¨¤Ç� v£¤P�©Qª/¨N�` v³/¨� �P�¥�´�ª/¨¤PS¨� {Þe�/¬§¡�PQ²�ã ��¦�¨¤PSÊ�TN³/¬�¦� 
¢�¿�¢Ã³�´�ª/¦�¨�  µ± ¦��&Py³�´¤´N¬�¦§©Q³� &¦�ª/¨¶ª�«��6ª�T¤¨¤Ç4ã �{¦�¨¤PSÊ�TN³/¬�¦� 
¢ ± £¤PS²&Pe¨¤P�©�PS�v�v³�²v¢�Úm�&PQP/»�P ¯ Ç ¯ »m v£¤P�³�²vÇ/TNR)PS¨� v�Ç/¦�º/PS¨¾¦�¨ØÎ ®lÜ » 6�£N³/´� &PS² Ì Ñ ¯

� '��m\��D\	�G\�)�� Á ¯ Ð , �ÓPâ�v³l¢Â v£N³C Ó³ «¹TN¨N©� v¦�ª�¨
u : Ω → (−∞,∞]

¦§�
Ap(·) µ�`TN´4PS²&£N³/²&R�ª�¨¤¦�©�¦�¨

Ω
»4¡�PQ¨¤ª/ &P�¡

u ∈ S(Ω)
»¤¦�«

­`®�° u
¦��{¬�ª ± PQ²��`PSR�¦�©Qª/¨� &¦�¨mT¤ª/TN�S»

­ Á ° u
¦��j¼4¨¤¦� vPU³�¬�R�ª��` jPSº/PS²&¢ ± £¤PS²&Pe³�¨N¡

­@Ì�° O{£¤PU©Qª/R�´N³�²v¦§�`ª�¨¶´N²&¦�¨N©�¦�´¤¬�P�£¤ª�¬�¡¤��
 É P�  D b Ω
¿�P�³�¨>ª�´4PS¨t�`PQ  ¯ c « h

¦���³
�`ª�¬�T¤ &¦�ª/¨¶¦�¨

D
»¤©Qª/¨� &¦�¨mT¤ª/TN�{¦�¨

D
³/¨N¡

u ≥ h
ª�¨

∂D
»m v£¤PQ¨

u ≥ h
¦�¨

D ¯
Ö TN²` v£¤PQ²�» ± PÃ�v³l¢t &£4³C  u

¦§�
Ap(·) µ £m¢m´4PS²&£4³�²vR)ª�¨¤¦§©�¦�« u

£N³��e &£¤PË´¤²&ª�´4PS²` v¦�P�� ­
®l°³�¨N¡ ­@Ì�° ª�«�å�PQ¼N¨¤¦� &¦�ª/¨tÁ ¯ Ð ¯O{£¤P�´¤²&ª�´4PS²` v¦�P��[ª/«4�&T¤´4PS²v�&ª/¬�T� v¦�ª�¨N�[³/¨N¡
Ap(·) µ �&T¤´4PS²&£4³�²vR)ª�¨¤¦§©�«¹T¤¨N©� &¦�ª/¨N� ± P.¨¤PSPS¡¿4PS¬�ª ± ³�²vP�©Qª/¬�¬�P�©� &P�¡?¦�¨Ó &£¤P�¨¤PQ¥� � &£NPQª/²vPQR ¯)Ö ª/²� v£¤P)¼N²v�` e´¤²&ª�´4PS²` 
¢�»D�`PSP¾Î ® Á�»[O{£¤PQª µ²&PSR Ò ¯�® Ñ[³�¨N¡�Î ® Ð¤»NO{£NPQª/²vPQR Ð ¯�® Ñ ¯ O{£¤P��&PS©�ª�¨N¡¾´¤²&ª�´4PS²` 
¢Ë¦��¸³/¨¾P�³/�&¢Ë©�ª�¨N�&PSÊ�T¤PQ¨4©�Peª�« &£¤PÃ¡¤P�¼N¨¤¦� &¦�ª/¨[»[³/�e¦§�� &£¤P)«�³�©� y &£4³C e &²vT¤¨N©S³C &¦�ª/¨4�gª/«

Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©y«¹T¤¨4©� &¦�ª/¨4�³�²vP
Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§© ¯ �jª/T¤¨N¡¤PS¡ Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©y«¹TN¨N©� v¦�ª�¨N��³�²vP��`T¤´�PQ²|�&ª µ¬�T¤ &¦�ª/¨N��¿m¢ÓÎ ® Ám» 6�ª/²vª/¬�¬§³�²v¢ÃÒ ¯ ÒCÑ$»¤³�¨N¡¶£¤PS¨N©�Pe v£¤Pe«¹T¤¨N©� &¦�ª/¨N� min(u, λ)

³�²vPy³�¬§�`ª��&T¤´�PQ² µ�`ª�¬�T¤ &¦�ª/¨N� ¯ O{£¤P¾¬§³/�` U  ± ª?´N²&ª�´4PS²` v¦�P���«¹ª�¬�¬�ª ± ¦�¨ß &£¤PÝ�v³�R�P ± ³l¢2³/��¦�¨ß &£¤PÝ©�ª�¨N�
 |³�¨� P�¥�´�ª/¨¤PS¨� �©S³/�&P/»��&PQP�Î ®�Ü »�6�ª�²&ª�¬�¬§³�²v¢ ëm¯ Á Ì ³�¨N¡¶O{£¤PSª/²vPQR ë�¯ Á ë Ñ ¯
$&%('	);Z�'+* Á ¯�Ü , ­
®l°
� 0 u

EG0 .j043�I<,�C20�>!; 36@(E%>�:�8e@VA�,�: @VA�,b;_>!D ,�C70�,�5-E%KQ>�: �@(EB:S3<>!3*0 CU, T�36;_.!C4E���.!@JE%>!: > 0
u
8MN�,(L9:R,QN .10

ũ(x) = ess liminf
y→x

u(y),

EG0H.!:
Ap(·) �

023�I<,�CUA�.!C45b>!:SE%K�0236:aK�@(E%>�: .!:RNg,! �3<.�; 0
u(x)

.�[B,�[
­ Á °�� 0 (uk)

EG0 .�: EB:RK�CQ,Q.!04EB:#T 0�,! �3<,�:aK2, > 0
Ap(·) �

023�I<,�CUA�.!C45b>!:SE%K 0236:aK�@JE%>!:�028
@BA<,�:h@BA<,^;XEB5-EB@ 0236:aK�@(E%>�:hEG0

Ap(·) �
A*WQI<,�CUA�.!C45b>!:SE%K
[

­@Ì�°�� 0 u
EG0
Ap(·) �

043�I�,�CUA�.�C457>�:<E%K�8�0�>-EG0\@BA<, 0236:aK�@(E%>�:
min(u, λ)

0�>!C?.!;B;
λ ∈ R

[
/RA�,H@(C436:RKQ.�@(E%>�:�0

min(u, λ)
.!CU,-.!;X0�> 043�I�,�C20�>!;X36@JE%>!:<0�[

­ Ð °�� 0 u
.!:RN

v
.�CU,

Ap(·) �
043�I�,�CUA�.�C457>�:<E%K?.!:RN

u = v
.!;X5b>104@9,54!,�C4W!D'A�,�CU,48�@VA�,�:

u = v
,54!,�C4W!D'A�,�CU,
[

­,Ü/°�� ,�EB:#T Ap(·) �
043�I<,�CUA<.!C45b>!:SE%K^EG0H.g;=>
K2.�;*IaCU>2I�,�C4@JW�[

Ö ª�²�³�¨ Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©�«¹T¤¨4©� &¦�ª/¨ u ± Pe¡�PQ¼N¨¤Py³�¡¤PQ²v¦�ºC³C v¦�º�P Du
´�ª/¦�¨�  ± ¦��&P³/�

Du = lim
k→∞

∇min(u, k).

�¸ª/ &Pe &£4³C 
Du

¦§�{¨¤ª� ¸¨NPS©�P��&�v³�²v¦�¬�¢� v£¤PyÇ/²|³/¡�¦�PQ¨� {ª�«
u
¦�¨>³/¨�¢¾�`PS¨N�`P ¯��PU²vPS©Q³/¬�¬; &£NPU«¹ª�¬�¬�ª ± ¦�¨NÇÃ¦�¨� vPQÇ/²|³�¿N¦�¬�¦� 
¢¶¬�PQR�R�³ ¯yÀ PQP¾Î ®Cë » É PSR)R�³ ®/¯�®/® Ñ$»�ª/²UÎ ®�Ü »

É PSR)R�³ ë�¯ Ð Ì Ñ$»�«¹ª�²{ &£¤Py´N²&ªmª�«
»¤³/¨N¡ÓÎ ®lÜ » À P�©� &¦�ª/¨ ®�¯ ÒN»�´ ¯ ÒCÑD«¹ª�²{ &£¤P�©|£¤ª�¦�©QPgª/« κ ¯
V '	* *¸Y Á ¯ Ò�,��',�@

Ω ] , ] >!36:RN�,2N18 1 < p < ∞
.!:aN ;_,�@

u ] , . :R>!:S:a, T .�@(E 4!,
0236:aK�@(E%>�:hD'A6E%KQA EG09L9:<EB@�,-.!;X5b>104@ ,54!,�C4W!D'A<,�CQ,
[�� ,�@

κ =

{
n

n−p ,
E 0

p < n,
.!:aN

2,
E 0

p ≥ n.
�S3�I I�>!0�,H@VA�.!@ 0�>!C-.!;B;

k ∈ N

min(u, k) ∈ W 1,p
0 (Ω)



������� �	��
 �
�
p(x) ������� �	��������� �F� ��� � � � � �

.!:RN
∫

Ω

|∇min(u, k)|p dx ≤ Mk

0�>!C/. K2>!:�04@�.!:S@
M

EB:aN , I<,�:RN�,�:<@�> 0
k
[ � 0 1 ≤ q < κp/(κ(p− 1) + 1)

89@VA�,�:
∫

Ω

|∇min(u, k)|q(p−1) dx ≤ C,

D'A�,�CU,
C = C(n, p, q, M, diamΩ)

8O.!:RNbE 0
0 < s < κ(p − 1)

89@VA�,�:
∫

Ω

us dx ≤ C,

D'A�,�CU,
C = C(n, p, s, M, diamΩ)

[
O{£¤P�´¤²vPQºm¦�ª�TN�j¬�PSR�R�³�¦§��T4�`P�¡Ã vª�´¤²vªCº/P� &£¤P�«¹ª�¬�¬�ª ± ¦�¨NÇ�²vPS�&T¤¬� SÚ��`PSP�Î ® Á�»¤O{£¤PQª�²&PSR

ëm¯�Ü ÑN³/¨N¡¶Î Á ® »�O{£¤PSª/²vPQRíÐ ¯ Ò�Ñ ¯ O{£¤P{P�¥m v²v³e³/�v�&T¤R�´� &¦�ª/¨�R�PQ¨� &¦�ª/¨NPS¡�¦�¨� v£¤P�¦�¨� v²&ª�¡�TN©� &¦�ª/¨¦��� &£¤Py²vPSÊ�T¤¦�²&PSR�PQ¨� � v£N³C 
u ∈ Lt

loc(Ω) ¯
$&%('	);Z�'+*ÙÁ ¯ ë , - 0204365b,e@VA�.�@

u
EG0
Ap(·) �

023�I<,�CUA�.!C45b>!:SE%K EB:
Ω
[ � 0 u ∈ Lt

loc(Ω)0�>!CH0�>�57,
t > 0

8 @VA�,�CU,^EG0/. :<365 ] ,�C q > 1
043<KQA @BA<.!@

|u|q(p(x)−1) .�:aN
|Du|q(p(x)−1).!CU,H;=>�K2.!;B;XW EB:<@�,JT�CU. ] ;=,�[O{£¤PSª/²vPQRÛÁ ¯ ë �`PSPQR���¦�¨N�&T�æÃ©�¦�PQ¨� e &ªÝ¿�ª/T¤¨4¡? v£¤P�Ç/²|³/¡�¦�PQ¨� |��ª/«j³�´N´¤²&ªl¥�¦�R�³C &P)�`ª µ¬�T¤ &¦�ª/¨N�)¦�¨â &£NPË´¤²vªmª�«¸ª�«gª/T¤²)R�³�¦�¨2 &£¤PSª/²vPQR ¯ �ÓP¾¼¤¥Ø &£¤¦§�)¿m¢�T4�`¦�¨¤ÇÓ &£¤PË«¹ª/¬�¬�ª ± ¦�¨¤Ç¬�PSR�R�³ ¯�c ¨> v£¤PU¬�PQR�R�³¤» ± PU¨¤PQP�¡Ý &£¤P)�`£4³�²v´Ý«¹ª/²vR ª/«K v£¤P ± PS³/È¶Þg³�²v¨N³/©|È¾¦�¨NPSÊ�TN³�¬�¦� 
¢Î ® Ð¤»NO{£¤PSª/²vPQR ÌN¯�ë Ñ

(
−

∫

B2R

uγ dx

)1/γ

≤ C( inf
x∈BR

u(x) + R). ­ Á ¯ � °
é>ª/²vP¸´¤²vPS©Q¦��&PQ¬�¢/» ± Pg¨¤PQP�¡�³�¨ÃPQ¥�´4ª�¨¤PQ¨�  γ > p−B2R

− 1
ª�¨� &£¤Pg¬�PQ«� �£N³/¨N¡Ã�&¦�¡�Pgª�« ­ Á ¯ � °|¯�ÓP�©S³�¨¾PS�` v³�¿N¬�¦§�`£Ë &£¤¦§�{¿m¢ÃR�ª�¡�¦�«¹¢m¦�¨¤Ç) &£¤Pe¦� &PS²v³� &¦�ª/¨¾³/²&Ç�T¤R�PQ¨� {ª�«.Î Ì » É PQR�R�³�Ò ¯ Ì Ñ� vªTN�&P�Î ® Ð¤» É PSR�R�³ Ì¤¯ Ð�Ñ�¦�¨�³{«�³��`£¤¦�ª/¨��&¦�R)¦�¬§³�²D vª�Î ® Ð¤» É PSR�R�³ Ì¤¯�Ü Ñ ¯ O{£¤¦§� ± ³l¢/» ± P��`PSP� &£N³�  &£¤P ± PS³/ÈËÞ�³/²&¨4³/©|È�¦�¨NPSÊ�TN³�¬�¦� 
¢ ­ Á ¯ � ° £¤ª/¬§¡¤�j«¹ª�²¸³�¨m¢�P�¥�´�ª/¨¤PS¨�  0 < γ < κ(p−B2R

− 1)
»

± £¤PQ²vP κ = k(p−B2R
)
¦��� &£NP À ª�¿4ª�¬�PSº¾¦�¨¤PSÊ�TN³/¬�¦� 
¢¶´N³�²|³�R�P� vPQ²�©�ª/²v²vPS�&´4ª�¨N¡�¦�¨¤Ç) &ª p−B2R

»
³/�{Ç�¦�º�PQ¨¶¦�¨ É PSR�R�³�Á ¯ Ò ¯V '	* *¸Y>Á ¯ à , � ,�@

u ] ,�. :R>!:<:R, T .�@(E 4!, Ap(·) �
043�I<,�CUA<.!C45b>!:<E%K 0236:aK�@(E%>�:7043<KQA/@VA�.�@

u ∈ Lt
loc(Ω)

0�>!C70�>!5b,
t > 0

[ /aA<,�: @BA<,�CU, ,UP EG04@�:S365 ] ,�C20 q > 1
.!:RN

ε > 0
8	023<K2A

@BA<.!@
∫

BR

|Du|q(p(x)−1) dx ≤CR
n−p−

B2R

(
inf

x∈BR

u(x) + R

)p−

B2R
−1−ε

+ CRn

(
inf

x∈BR

u(x) + R

)(1+ε)/((p+
B2R

)′/q−1)

+ CRn

0�>!C .!;B;O043�� K�E%,�:<@J;XW 045b.!;B; ] .!;B; 0 BR = B(x0, R)
[ /aA<, K2>!:<02@�.!:S@^N�,�I�,�:aN!0�>!:

p(·)
8

n
8

q
8

ε
8b@VA�,h04@(C43<K�@(36CQ.!;eK2>!:<02@�.!:S@%0

β
.!:RN

α
8 .!:RN @VA�,

Lq′s(B6R) � :a>!C45 > 0
u
0�>!C

s > p+
B6R

− p−B6R

89D'A�,�CU,
q′

EG0?@VA�, YHZ!;_N�,�CHKQ>�:��43�T#.!@�,/> 0
q
[

��Z )1)�� , É P� KTN�G¼4²v�` D´¤¦§©|È�³�¨mT¤R�¿4PS² λ > 1
�`T4©|£e &£N³� D &£¤P.P�¥�´4ª�¨¤PQ¨� 

λ(p−B2R
−1)¦���³/¡�R�¦§�&�&¦�¿N¬�Pe¦�¨¾ v£¤P ± PS³�ÈÃÞg³�²v¨N³/©|È�¦�¨¤P�Ê�T4³�¬�¦� 
¢8Úm«¹ª/²�¦�¨N�` v³/¨N©�P�»� &£¤P�©|£Nª/¦§©�P

λ = min

{
n

n − 1
,
3

2

}

± ¦�¬�¬[¡�ª ¯6Ö T¤²& &£NPQ²�» ± Pe¬�P�  q > 1
¿4P�³)¨mT¤R�¿4PS²��`T4©|£Ë v£N³C 
q < min{(p+)′, λ}



� ���������	��

�
�������
³�¨N¡Ý�&P� 

ε = min

{
1

2
(p− − 1),

λ

1 + 2δ
− 1

}
,

± £¤PQ²vP δ = (λ − 1)/4 ¯
á �v�&T¤R�P�¼N²|�
 G v£N³C  u

¦��;³��`TN´4PS²v�&ª/¬�T� &¦�ª/¨[»�³/¨N¡e´¤¦§©|È�³�©QT� &ª/ÍU«¹T¤¨N©� &¦�ª/¨
η
©�ª�R)´4³/©� v¬�¢

�`TN´¤´4ª�²` vPS¡Ý¦�¨
B2R

�&TN©|£Ý &£N³� 
0 ≤ η ≤ 1

»
η = 1

ª�¨
BR

³�¨N¡
|∇η| ≤ C/R ¯ �ÓP�TN�&P�6ª/T¤¨NÇNã �{¦�¨¤P�Ê�TN³�¬�¦� 
¢¶³�¨N¡Ë &£NP86j³/©Q©Q¦�ª�´¤´�ª/¬�¦GPS�` &¦�R�³� &P�«¹ª/²¸�&T¤´�PQ²|�`ª�¬�T¤ &¦�ª/¨N�eÎ ® Ð¤» É PQR�R�³Ð ¯ Ì Ñ$»¤³�¨N¡¶Ç�P� { &£N³� 

∫

BR

|∇u|q(p(x)−1) dx =

∫

BR

|∇u|q(p(x)−1)u−q(1+ε) p(x)−1
p(x) uq(1+ε) p(x)−1

p(x) dx

≤C

∫

B2R

|∇u|p(x)u−1−εη
p+

B2R dx

+ C

∫

B2R

u(1+ε)/(p′(x)/q−1) dx

≤C

∫

B2R

up(x)−1−ε|∇η|p(x) dx

+ C

∫

B2R

u(1+ε)/(p′(x)/q−1) dx.

��PtPS�` &¦�R�³C &P? &£¤Pt¼N²v�` Ë¦�¨� &PQÇ�²v³/¬�¿m¢
log µ Þe�/¬§¡�PQ²¾©�ª/¨� v¦�¨mT¤¦� 
¢ ­ �`PSPâÎ ® Ð¤» É PQR�R�³

Ì¤¯ Ì Ñ ° »DÞe�/¬§¡�PQ²�ã �g¦�¨¤PSÊ�TN³/¬�¦� 
¢/»� &£NP ± PS³/È>Þ�³�²v¨N³�©|È¾¦�¨¤PSÊ�TN³/¬�¦� 
¢>³�¨N¡ É PSR)R�³ Ì¤¯ ÐËª/«�Î ® ÐCÑ$»³�¨N¡¶ª�¿� v³/¦�¨
∫

B2R

up(x)−1−ε|∇η|p(x) dx

≤CR
n−p−

B2R

(
−

∫

B2R

u
q′(p(x)−p−

B2R
)
dx

)1/q′ (
−

∫

B2R

u
q(p−

B2R
−1−ε)

dx

)1/q

≤CR
n−p−

B2R

(
−

∫

B2R

1 + u
q′(p+

B2R
−p−

B2R
)
dx

)1/q′ (
inf

x∈BR

u(x) + R

)p−

B2R
−1−ε

≤CR
n−p−

B2R (1 + ‖u‖
(p+

B2R
−p−

B2R
)

Lq′s(B6R)
)

(
inf

x∈BR

u(x) + R

)p−

B2R
−1−ε

.

Ö ª�²{ &£¤P��&PS©Qª/¨N¡Ë &PS²&RÝ» ± P�¼N²v�` ¸PS�` &¦�R�³C vP
∫

B2R

u(1+ε)/(p′(x)/q−1) dx ≤ CRn + CRn−

∫

B2R

u
(1+ε)/((p+

B2R
)′/q−1)

dx. ­ Á ¯�®�Ï�°
�¸PQ¥�  ± PÃ©Q¬�³/¦�RÛ &£N³�  ± P�©S³�¨2©|£¤ªmª��&P q > 1

�&TN©|£� &£4³C � v£¤P�P�¥�´�ª/¨¤PS¨� �ª�¨� &£¤PÃ²v¦�Ç/£� 
£N³�¨4¡2�`¦§¡�P�ª�« ­ Á ¯�®SÏ�° ¦���³�¡�R�¦��v�&¦�¿¤¬�P�¦�¨Ø &£¤P ± PS³/È?Þ�³/²&¨4³/©|Èt¦�¨¤PSÊ�TN³/¬�¦� 
¢ ¯¶á �&T�æÃ©�¦�PQ¨� 
©�ª�¨N¡�¦� &¦�ª/¨¶«¹ª/²¸³�¡�R�¦��v�`¦�¿¤¦�¬�¦� 
¢Ã¦§�

q(p+
B2R

− 1)(1 + ε)

p+
B2R

− q(p+
B2R

− 1)
< λ(p−B2R

− 1). ­ Á ¯�®/®l°
�j¢Ã &£NP�©�ª/¨� v¦�¨mT¤¦� 
¢Ãª�«

p(·)
» ± Py©Q³/¨>³/�v�`T¤R�Pg &£N³� 

p+
B2R

− 1

p−B2R
− 1

≤ 1 + δ

¿m¢Ý©Qª/¨N�&¦§¡�PQ²v¦�¨NÇË�`R�³/¬�¬;PQ¨¤ª�T¤Ç/£t¿4³�¬�¬��
B2R ¯ �Â£¤PS¨¤PQº�PQ² B2R

¦����&TN©|£t³Ã¿N³/¬�¬,» ­ Á ¯�®/®l° ¦§��&³� &¦§�
¼4PS¡¾¦�«
q(1 + ε)

p+ − q(p+ − 1)
<

λ

1 + δ
. ­ Á ¯�® Á °



������� �	��
 �
�
p(x) ������� �	��������� �F� ��� � � � � �

Þ¸PS²&P ± P�TN�`P�¡� v£¤P{«�³/©� � &£N³� � &£¤P{«¹T¤¨4©� &¦�ª/¨ t 7→ t−q(t−1)
¦§�6¡�P�©�²vPS³��`¦�¨¤Çe³�¨N¡�´4ª��`¦� &¦�º/P

ª/¨Ë &£¤Pg¦�¨� &PS²&ºC³/¬
[0, p+]

»m�&¦�¨N©�P
1 < q < (p+)′ ¯ O{£¤Pg¬�PQ«� {£4³�¨N¡Ã�&¦§¡�P�ª/« ­ Á ¯�® Á °  &PQ¨4¡¤�6 vª

1 + ε
³/�

q
 vPQ¨N¡¤�� &ª¾ª/¨¤P ¯gÀ ¦�¨N©�P 1 + ε ≤ λ/(1 + 2δ) < λ/(1 + δ)

»8¦� �¦��g´4ª��&�&¦�¿¤¬�P� &ª
©|£¤ªmª��&P¸³y¨mT¤RU¿�PQ²

q > 1
�`T4©|£� &£N³�  ­ Á ¯�® Á ° £¤ª�¬�¡N� ¯ �¸ª ±ì± P¸©Q³�¨�P��
 v¦�R�³� &P� v£¤P�¦�¨� &PQÇ�²v³/¬³lº/PS²v³/Ç/Pyª/¨t &£¤P)²&¦�Ç/£� �£4³�¨N¡Ó�`¦§¡�PUª/« ­ Á ¯�®SÏ�° ¿�¢Ý v£¤P ± PS³/È>Þ�³�²v¨N³�©|È¾¦�¨¤PSÊ�TN³/¬�¦� 
¢ ¯ O{£¤¦§�´¤²vªCº/PS�� v£¤P�©�¬§³�¦�RÆ¦�¨¾ v£¤P�©Q³��`Peª/«K�&T¤´4PS²v�&ª/¬�T� v¦�ª�¨N� ¯

Ö ª�²�³ÓÇ�PQ¨¤PS²v³/¬ Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©Ë«¹T¤¨N©� v¦�ª�¨ u
» ± PÝ³�´¤´N¬�¢2 v£¤P>PS�` &¦�R�³C vP¾«¹ª�²�`TN´4PS²v�&ª/¬�T� &¦�ª/¨4�e &ª

uk = min(u, k)
³�¨4¡Ó¨Nª� &P� v£N³C  ± PÃ©S³�¨ØPS�` &¦�R�³C &PÃ &£¤PÃ¨Nª/²vR��eª/«

uk
³�´¤´�PS³/²&¦�¨¤Ç)¦�¨Ë &£¤Py©Qª/¨N�` v³/¨� |�j¿�¢� v£¤Pe¨¤ª/²vR��jª�«

u ¯�É P� & &¦�¨¤Ç k → ∞
©�ª/R�´¤¬�P� vPS�� &£NP

´¤²vª�ª/« ¯ ���P¸TN�&P� &£¤P�¨¤P�¥m .P��
 v¦�R�³C vP¸¦�¨Ã´¤²vªCº�¦�¨¤Ç� &£4³C 6 v£¤P
Ap(·) µ �&T¤´4PS²&£4³�²vR)ª�¨¤¦§©j�&ª/¬�T� v¦�ª�¨N�ª�« ­`®/¯�®�° ± P�¼N¨N¡â¿4PS¬�ª ± ³�²vPÃ�&ª/¬�T� &¦�ª/¨N��ª/T� |�`¦§¡�P� v£¤PË�&T¤´¤´�ª/²& Uª�«{ &£NPËR�PS³��`T¤²vP

µ ¯>á�`¦�R�´¤¬�¦�¼NP�¡?º�PQ²|�`¦�ª/¨>ª/«6 &£NP)³/²&Ç�T¤R�PQ¨� v��¬�P�³/¡�¦�¨¤ÇÃ vª É PQR�R�³ ÌN¯�ë ¦�¨ÔÎ Á ® Ñ$» ± ¦� &£Ó &£NP)³/´ µ´¤²vª/´¤²v¦�³� &P�R�ª�¡�¦�¼�©Q³C v¦�ª�¨N�e vªÝ v³�È�PÃ©Q³/²&P�ª�«j &£NPÃ´¤²vPS�&PQ¨N©QP)ª/«
A
»;P��
 |³�¿¤¬�¦��&£¤P��e &£¤PÃ©S³/�&P

q0 > p− − 1 ¯ O{£¤P�©S³/�&P q0 > 0
 v£¤PQ¨Ã«¹ª/¬�¬�ª ± �.¿�¢�³��
 |³�¨N¡¤³/²v¡�¦� &PS²v³� &¦�ª/¨Ã³/²&Ç�T¤R�PQ¨� S»m�`PSP«¹ª/²�PQ¥�³/R�´¤¬�P�Î ®�Ü » É PQR�R�³ Ì¤¯ Ì ��Ñ ¯V '	* *¸Y Á ¯�®SÌ , � ,�@

u ≥ 0 ] ,H. 0�>!;X36@JE%>!: > 0 ­ Á ¯ Ì�° EB: B6R
[ /RA�,�:

ess sup
x∈BR

u(x) ≤ C

[(
−

∫

B2R

uq0 dx

)1/q0

+ R

]
,

D'A�,�CU,
q0 > 0

[ /RA�, KQ>�:�04@�.!:<@eN , I<,�:aN10b>!:
n
8
q0
8
p(·)

.!:RN�@BA<,
Lq′r(B6R) � :a>�C45 > 0

u
8�D'A�,�CU,

1 < q < n/(n−1)
8
q′
EG0\@BA<,OY/Z!;=N ,�C K2>!:��43�T#.!@�, > 0

q
.!:RN

r > p+
B6R

−p−B6R

[
�D�����S$���&¤�/�S�� #)�))���

Ap(·) �
)��	�  ���
�&��!$â�4�K�����$�;�K���������')

c ¨� &£¤¦§�[�&PS©� &¦�ª/¨ ± P�´¤²&ªCº�PK³ ± PS³/Èg©Qª/R�´N³/©� &¨¤P��&�8´N²&ª�´4PS²` 
¢¸ª/« Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©«¹T¤¨N©� &¦�ª/¨N�S»NO{£¤PSª/²vPQR ÌN¯ Ð ¯�c  ¸¦§�{ª/TN²�R�³/¦�¨¶ vª�ª�¬8«¹ª/²{ v£¤Py¨¤P�¥m ��&PS©� &¦�ª/¨ ¯V '	* *¸Y ÌN¯�® , - 0202365b,/@BA<.!@
u
EG0-.�:R>!:S:a, T .�@(E 4!,/043 ] 0�>�;X36@(E%>�: .!:aN

η ∈ C∞
0 (Ω)EG0 023<K2Aj@VA�.�@

0 ≤ η ≤ 1
[ /RA<,�:

∫

Ω

|∇u|p(x)ηp+

dx ≤ C

∫

Ω

up(x)|∇η|p(x) dx.

��Z )1)�� ,Ù��PyTN�&P
uηp+ ³���³� &PS�` �«¹T¤¨N©� &¦�ª/¨>³�¨4¡¾ª�¿� v³/¦�¨

0 ≥

∫

Ω

A(x,∇u) · ∇uηp+

dx +

∫

Ω

A(x,∇u) · ∇ηp+ηp+−1u dx.

Ö ²vª/R  v£¤¦§� ± Pyª�¿� v³/¦�¨¾ &£4³C 
∫

Ω

A(x,∇u) · ∇uηp+

dx ≤ p+

∫

Ω

|A(x,∇u)||∇η|ηp+−1u dx. ­@Ì¤¯ Á °
�¸PQ¥�  ± PeTN�&P��
 v²&TN©� &T¤²vP/» ­@Ì¤¯ Á ° ³�¨4¡ �6ª�T¤¨¤Ç4ã �{¦�¨¤PSÊ�TN³/¬�¦� 
¢Ë³/¨N¡¾©Qª/¨N©Q¬�T4¡�P� &£N³� 

∫

Ω

ηp+

|∇u|p(x) dx ≤C

∫

Ω

A(x,∇u) · ∇uηp+

dx

≤C

∫

Ω

|A(x,∇u)||∇η|ηp+−1u dx

≤C

∫

Ω

|∇u|p(x)−1|∇η|ηp+−1u dx

≤
1

2

∫

Ω

|∇u|p(x)η
p+

p′(x)
p′(x)

dx

+ C

∫

Ω

up(x)|∇η|p(x)η
(p+−1− p+

p′(x)
)p(x)

dx,

«¹²&ª�R ± £¤¦§©|£¾ &£¤P�©Q¬�³/¦�R «¹ª�¬�¬�ª ± � ¯ �



� ���������	��

�
�������

c  .«¹ª�¬�¬�ª ± ��«¹²vª/RI &£NP�¦�¨¤PSÊ�TN³/¬�¦� &¦�PS�.¿4PQ  ± PSPQ¨� &£NP É T¤¥mPSRU¿¤TN²&Ç�¨Nª/²vRI³/¨N¡) &£¤P�R�ª�¡ µT¤¬§³�²yÎ à¤»¤O{£¤PSª/²vPQR ®�¯ Ì ÑG &£N³� 
‖|u|p(·)−1‖p′(·) ≤ max{‖u‖p+−1

p(·) , ‖u‖p−−1
p(·) }. ­@Ì¤¯ Ì�°�Â£¤PQ¨¶TN�&¦�¨NÇ�¦�¨¤PSÊ�TN³/¬�¦� 
¢ ­@Ì¤¯ Ì�° ¦�¨¾ &£¤Pe�&PSÊ�T¤PQ¬,» ± Pg´¤²vPS�&PQ²vº/P¸ &£¤Pe¬�P� ` vPQ² s

«¹ª/²j v£¤PeP�¥�´4ª µ¨¤PQ¨� �³�  ± £¤¦�©|£¾ &£NPyR�³�¥�¦�R�T¤RÆª/¨¶ v£¤Py²&¦�Ç/£� {£N³�¨4¡¶�&¦§¡�Pe¦��¸³� ` |³�¦�¨¤PS¡ ¯
$&%('	);Z�'+* ÌN¯ Ð , � ,�@

(uj) ] ,�. 0�,! �3<,�:aK2, > 0 I<>104EB@JE 41, Ap(·) �
043�I�,�CUA�.�C457>�:<E%K(0236:RK �@(E%>�:�0�[8/RA<,�: @VA�,�CU,\,UP EG04@'. 043 ] 0�,! �3<,�:RK2, (ujk

)
.!:aNH.!:

Ap(·) �
A6WQI�,�CUA�.�C457>�:<E%K 0236:aK�@(E%>�:

u
023<K2A @BA<.!@

ujk
→ u

.�;X5b>104@9,54!,�C4W!D'A<,�CQ, EB:
Ω
.�:aN

Dujk
→ Du

.!;X5b>104@ ,�41,�C4W!D'A�,�CU,
EB:h@VA�,^0�,�@

{u < ∞}
[

��Z )1)�� , á �v�&T¤R�P6¼N²|�
 ; &£N³�  uj ≤ M < ∞
» ± £NPQ²vP M ≥ 1 ¯ O{£¤PQ¨y v£¤P�«¹T¤¨N©� v¦�ª�¨N�

uj
³�²vPj�&T¤´�PQ²|�`ª�¬�T� v¦�ª�¨N�S»�Î ® Á�» 6�ª/²vª/¬�¬�³/²&¢eÒ ¯ ÒCÑ ¯;É P�  U b U ′ b Ω′ b Ω

¿4P{ª�´4PS¨��&P� v��³/¨N¡
©|£¤ªmª��&P�©�T� vª�Íâ«¹T¤¨4©� &¦�ª/¨4�

η ∈ C∞
0 (U ′)

³�¨N¡
ϕ ∈ C∞

0 (Ω′)
�`TN©|£Ó &£4³C 

0 ≤ ϕ, η ≤ 1
»

η = 1
¦�¨

U
³�¨N¡

ϕ = 1
¦�¨

U ′ ¯ �ÓP ± ³�¨� � &ª2�&£¤ª ±  v£N³C � &£NPt�`P�Ê�TNPQ¨N©QP
(ηuj)

¦§�
¿4ª�T¤¨N¡�P�¡¶¦�¨

W
1,p(·)
0 (U ′) ¯ O;ª� &£¤¦§�{PQ¨4¡G» ± P�P��
 v¦�R�³� &P

∫

U ′

|∇(ηuj)|
p(x) dx ≤C(

∫

U ′

u
p(x)
j |∇η|p(x) dx +

∫

U ′

|∇uj |
p(x)ηp(x) dx)

≤CMp+

∫

U ′

|∇η|p(x) dx + C

∫

U ′

|∇uj |
p(x)ηp(x) dx.

À ¦�¨N©�P M −uj
¦§�.³y¨Nª/¨¤¨¤PSÇ�³� &¦�º/P��`TN¿N�`ª�¬�T¤ &¦�ª/¨D» ± P�ª�¿� v³/¦�¨�«¹ª�²� &£NPg�&PS©�ª�¨N¡� &PS²&RI¿m¢U v£¤P

6j³/©S©�¦�ª/´¤´�ª/¬�¦GPS�` &¦�R�³C &P ­@É PQR�R�³ Ì¤¯�®�°  v£N³C 
∫

U ′

|∇uj |
p(x)ηp(x) dx ≤

∫

U ′

|∇uj |
p(x) dx

≤

∫

Ω′

|∇(M − uj)|
p(x)ϕp+

dx

≤C

∫

Ω′

|uj − M |p(x)|∇ϕ|p(x) dx

≤CMp+

∫

Ω′

|∇ϕ|p(x) dx.

O{£¤P
p(·) µ "�ª/¦�¨N©Q³/²�#¶¦�¨¤PSÊ�TN³/¬�¦� 
¢â¨¤ª ± ¦�R�´¤¬�¦�P��) &£N³� ) v£¤P>�`P�Ê�T¤PQ¨N©QP

(ηuj)
¦§��¿�ª/T¤¨N¡¤PS¡

¦�¨
W

1,p(·)
0 (U ′) ¯ O{£mTN�¸¿m¢ÝO{£¤PQª�²&PSR Á ¯ Á� &£¤PS²&P�¦§��³�«¹T¤¨N©� v¦�ª�¨ u ∈ W

1,p(·)
0 (U ′)

³/¨N¡t³
�`TN¿N�`P�Ê�T¤PQ¨N©QP/»C�` &¦�¬�¬m¡�PQ¨Nª� &P�¡e¿m¢

(ηuj)
»��&TN©|£e v£N³C 

ηuj → u
¦�¨

Lp(·)(U ′)
³�¨N¡e´�ª/¦�¨�  ± ¦��&P³�¬�R�ª��` �PSº/PQ²v¢ ± £¤PQ²vP�¦�¨ U ′ »[³/¨N¡>¼4¨N³�¬�¬�¢ ∇(ηuj) → ∇u ± PS³/È�¬�¢Ý¦�¨ Lp(·)(U ′) ¯�À ¦�¨N©QP

η = 1
¦�¨

U
»¤¦� �«¹ª/¬�¬�ª ± �j v£N³C  uj → u

¦�¨
Lp(·)(U)

³�¨4¡Ë´�ª/¦�¨�  ± ¦��&Py³�¬�R)ª��
 �PSº/PQ²v¢ ± £¤PQ²vP¦�¨
U
»4³�¨N¡

∇uj → ∇u ± P�³�Èm¬�¢Ë¦�¨ Lp(·)(U) ¯�¸PQ¥m  ± Pt©Q¬�³/¦�R  &£N³� 
u
£N³/�Ë³Ø²&PS´¤²&P��`PS¨� v³C v¦�º�P ± £N¦�©|£ì¦§� Ap(·) µ �`T¤´�PQ²v£N³/²&R�ª/¨N¦�©¦�¨

U ¯ O;ªÓ´N²&ªCº�P� &£¤¦§�S».�`PQ  vi = inf i≤j uj
³�¨N¡â«¹ª/²�³>¼¤¥�P�¡

i
»
wk = mini≤j≤k uj ¯O{£¤PQ¨

wk
¦��>³ì�&T¤´�PQ²|�`ª�¬�T� v¦�ª�¨ ¿m¢íÎ ® Á�»�O{£¤PQª�²&PSR Ì¤¯ Ì ÑU³�¨4¡M v£¤Pâ�`P�Ê�T¤PQ¨N©QP (wk)

¦§�
¡�PS©Q²&P�³/�&¦�¨NÇ�³/¨N¡â¿�ª/T¤¨4¡�PS¡Ô¿4PS¬�ª ± ¯ �j¢ÂÎ ® Ám»{O{£¤PQª�²&PSR Ü�¯ ÁlÑ{ &£¤¦§��¦�R)´N¬�¦�PS�) v£N³C  vi =
limk→∞ wk

¦§�e³Ë�&T¤´�PQ²|�`ª�¬�T� v¦�ª�¨ ¯ O{£mTN�� &£NPU«¹T¤¨4©� &¦�ª/¨ ṽi(x) = ess liminfy→x vi(y)
¦��

Ap(·) µ �`TN´4PS²&£N³/²&R�ª�¨¤¦�©g¦�¨ U ¯.É PQ  ṽ = limi→∞ ṽi ¯ ��ª ± ṽ
¦§�{ v£¤P�¡�PS�&¦�²&P�¡Ë²vPQ´¤²vPS�&PQ¨� |³ µ &¦�º/P¸�&¦�¨4©�P{¦� 6¦§�

Ap(·) µ �&T¤´4PS²&£4³�²vR)ª�¨¤¦§©�³���³�¨)¦�¨N©Q²&P�³/�&¦�¨NÇg¬�¦�R�¦� 6ª�« Ap(·) µ �`T¤´�PQ²v£N³/²&R�ª/¨N¦�©«¹T¤¨N©� &¦�ª/¨N�¸³/¨N¡
u(x) = lim

j→∞
uj(x) = lim

i→∞
vi(x) = ṽ(x)

«¹ª/²¸³/¬�R�ª��` �PQº�PQ²v¢
x ∈ U ¯��P)£4³lº/P)´¤²&ªCº�PS¡t &£N³� e¦�«j &£¤PÃ�&PSÊ�T¤PS¨N©�P

(uj)
¦��e¿�ª/TN¨N¡�PS¡�³�¨4¡

U b Ω
» ± P�©S³�¨¼N¨N¡ ³?�&T¤¿N�&PSÊ�T¤PS¨N©�P¾ &£N³� �©Qª/¨mº/PS²&Ç�PS�y´�ª/¦�¨�  ± ¦��&PÝ³ ¯ P ¯ ¦�¨ U

 vª�³t«¹T¤¨N©� &¦�ª/¨
u ± £¤¦§©|£¦��

Ap(·) µ �&T¤´4PS²&£4³�²vR)ª�¨¤¦§©�¦�¨ U ¯ O;ª>¼N¨4¡ß³t¬�¦�R)¦�  ± £¤¦�©|£ß¦�� Ap(·) µ �`TN´4PS²&£N³/²&R�ª�¨¤¦�©�¦�¨



������� �	��
 �
�
p(x) ������� �	��������� �F� ��� � � � � �

Ω
»j©|£Nª�ª��`P¶ª/´�PQ¨Â�&P� |�

Uk
»

k = 1, 2, . . .
»j�&TN©|£Ô &£N³� 

Uk b Uk+1
³�¨4¡

Ω = ∪kUk ¯O{£¤PQ¨ ± P¶©Q³/¨â´¤¦§©|ÈØ³Ó�`TN¿N�`P�Ê�T¤PQ¨N©QP (u1
j )
³�¨4¡ß³t¬�¦�R)¦� )«¹T¤¨N©� v¦�ª�¨

u1 ± £¤¦§©|£â¦§� Ap(·) µ�`TN´4PS²&£N³/²&R�ª�¨¤¦�©�¦�¨
U1 ¯ ��PË´¤²vª�©�PQP�¡Ø¦�¨4¡�TN©� v¦�º�PQ¬�¢�³/¨N¡Ø´¤¦§©|È�³?�`T¤¿4�`P�Ê�TNPQ¨N©QP (uk+1

j )ª�«
(uk

j )
 v£N³C y©�ª�¨mº/PQ²vÇ/P��� vª¶³Ã«¹T¤¨N©� v¦�ª�¨

uk+1 ∈ S(Uk+1) ¯ O{£¤PS¨ uk = uk+1 ³/¬�R�ª��` PQº�PQ²v¢ ± £NPQ²vPU¦�¨ Uk
»D³�¨N¡?¿�¢

Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©�¦� 
¢Ë v£¤¦§�e£¤ª/¬§¡¤��PQº�PQ²v¢ ± £NPQ²vP ¯ O{£mTN�± P¶©Q³/¨ß¡�P�¼4¨¤PÃ v£¤P¾¡�P��`¦�²vPS¡2¬�¦�R�¦� U«¹T¤¨4©� &¦�ª/¨ ³/� u = uk ¦�¨ Uk ¯ O{£¤¦��U«¹T¤¨N©� &¦�ª/¨ u
¦§�

Ap(·) µ �`TN´4PS²&£N³/²&R�ª�¨¤¦�©�¦�¨ Ω
�&¦�¨N©QPË¿�PQ¦�¨¤Ç

Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©�¦���³>¬�ªm©S³�¬�´¤²&ª�´4PS²` 
¢ ¯Ö T¤²& &£NPQ²�» u ≤ M
¿m¢Ë v£¤P�¿�ª/T¤¨4¡�PS¡�¨NPS�v��ª�«� &£NP�ª/²v¦�Ç�¦�¨4³�¬D�&PSÊ�T¤PQ¨4©�P/»�³�¨N¡Ý¦�¨>´N³/²` v¦�©QT¤¬�³/²

u
¦§��³)�&T¤´�PQ²|�`ª�¬�T¤ &¦�ª/¨¶¦�¨

Ω ¯O{£¤P{¨¤PQ¥� .�` &PS´�¦§�K &ªe´¤²vªCº/P� &£4³C  ± P�©S³�¨�³/�v�`T¤R�P ∇uj → ∇u
³�¬�R�ª��` KPSº/PQ²v¢ ± £¤PQ²vP¦�¨

Uk
«¹ª/²�³/¨m¢

k = 1, 2, . . .
¿m¢¶´N³/�v�&¦�¨¤Ç� vªË³)«¹T¤²& &£¤PS²g�&T¤¿N�&PSÊ�T¤PS¨N©�P ¯ O;ª� &£N¦���PQ¨N¡G»N¼¤¥³�¨mT¤RU¿�PQ²

ε > 0
³�¨N¡¶¬�P� 

Ej ={x ∈ Uk : A(x,∇u) −A(x,∇uj) · (∇u −∇uj) ≥ ε},

E1
j ={x ∈ Ej : |u − uj | ≥ ε2}

³�¨N¡
E2

j = Ej \ E1
j ¯ |E1

j | → 0
³��

j → ∞
�`¦�¨N©�P

uj → u
¦�¨

Lp(·)(Uk) ¯ O[ª�P��
 v¦�R�³C vP
|E2

j |
» ± P�¨Nª� &P� v£N³C 

|E2
j | ≤

1

ε

∫

E2
j

(A(x,∇u) −A(x,∇uj)) · (∇u −∇uj) dx,

´¤¦§©|È¾³�©�T� vª�Ít«¹TN¨N©� v¦�ª�¨
η ∈ C∞

0 (Uk+1)
�&TN©|£¾ &£N³� 

0 ≤ η ≤ 1
»
η = 1

¦�¨
Uk

³�¨N¡Ý�&P� 
vj = min((uj − u + ε2)+, 2ε2).�ÓPyT4�`P

ηvj
³/��³� &P��
 �«¹T¤¨4©� &¦�ª/¨>³/¨N¡Ëª�¿� v³/¦�¨

0 ≤

∫

Uk+1

A(x,∇u) · vj∇η dx +

∫

Uk+1∩{|u−uj |<ε2}

A(x,∇u) · η(∇uj −∇u) dx.

­@Ì¤¯�Ü/°�ÓP)´¤¦§©|È¶³/¨¤ª� v£¤PQ²�©�T� vª�Í�«¹T¤¨N©� &¦�ª/¨
ϕ ∈ C∞

0 (Uk+2)
�`TN©|£Ý v£N³C 

0 ≤ ϕ ≤ 1
»
ϕ = 1

¦�¨
Uk+1 ¯ ���&¦�¨¤Ç¾ &£NP 6j³�©Q©Q¦�ª�´¤´4ª�¬�¦�P��
 v¦�R�³C vP ­@É PSR)R�³ Ì¤¯�®�° ³/�g¦�¨? v£¤P�¿4PSÇ/¦�¨¤¨¤¦�¨¤Ç¾ª/«. v£¤P´¤²vª�ª/«
» ± Pyª�¿� v³/¦�¨

∫

Uk+1

|∇uj |
p(x) dx ≤

∫

Uk+2

|∇(M − uj)|
p(x)ϕp+

dx

≤C

∫

Uk+2

|M − uj |
p(x)|∇ϕ|p(x) dx

≤CMp+

∫

Uk+2

|∇ϕ|p(x) dx.

O{£¤PÓ�v³�R�P?©Qª/R�´¤T� |³C v¦�ª�¨M©Q³�¨Â¿�PÓ©S³�²v²&¦�PS¡ ª�T� Ã«¹ª/²
u
»¸�&¦�¨N©�P ± PtÈm¨¤ª ±  v£N³C 

u
¦��¶³

�`TN´4PS²v�&ª/¬�T� &¦�ª/¨¶¦�¨
Ω ¯ O{£mTN� ± Py©Q³/¨Ë¼N¨4¡¶³�©Qª/¨N�` v³/¨�  C

�`TN©|£¶ v£N³C 
‖∇u‖p(·),Uk+1

≤ C
³/¨N¡

‖∇uj‖p(·),Uk+1
≤ C. ­�ÌN¯ Ò °�ÓPeTN�&P ­�Ì¤¯�Ü/° »��
 v²&TN©� &T¤²vP�ª�« A »m v£¤PyÞ��/¬§¡�PS²j¦�¨¤P�Ê�T4³�¬�¦� 
¢�» ­@Ì¤¯ Ì�° ³�¨N¡ ­�ÌN¯ Ò ° ³/¨N¡ÃÇ�P� j &£N³� 

∫

Uk+1∩{|u−uj |<ε2}

A(x,∇u) · η(∇u −∇uj) dx ≤

∫

Uk+1

A(x,∇u) · vj∇η dx

≤Cε2

∫

Uk+1

|∇u|p(x)−1|∇η| dx

≤Cε2‖∇u‖s
p(·),Uk+1

‖∇η‖p(·),Uk+1

≤Cε2.



��� ���������	��

�
�������
½�PQ´N¬�³�©�¦�¨¤Ç

vj
± ¦� v£ ṽj = min((u−uj + ε2)+, 2ε2)

³�¬�¬�ª ± ��TN�� &ª)²vPQº/PS²v�&P{ &£NP�²vª/¬�PS�.ª�«
uj
³�¨4¡

u
¦�¨¶ &£¤P�³/¿4ªCº�P�©Qª/R�´¤T� |³C &¦�ª/¨ ¯ O{£�T4� ± Py©�ª�¨N©�¬�TN¡�P� v£N³C 
|E2

j | ≤
1

ε

∫

E2
j

(A(x,∇u) −A(x,∇uj)) · (∇u −∇uj) dx ≤ Cε.

c  �«¹ª/¬�¬�ª ± �j v£N³C 
|Ej | = |E1

j | + |E2
j | ≤ (C + 1)ε ­�Ì¤¯ ë�°«¹ª/²

j ≥ jε ¯Ä �` &¦�R�³C &P ­�Ì¤¯ ë�° ¦�R�´¤¬�¦�P��� v£N³C  ∇uj → ∇u
¦�¨>R�P�³/�&T¤²&Py¦�¨

Uk
ÚN v£¤¦§�g³/¬�¬�ª ± �{TN�� vª´¤¦§©|È� v£¤Pe¡�PS�&¦�²vPS¡�´�ª/¦�¨�  ± ¦��&Pg³/¬�R�ª��
 jPQº/PS²&¢ ± £¤PS²&P¸©Qª/¨mº/PS²&Ç�PQ¨� .�&T¤¿N�&PSÊ�T¤PQ¨4©�P ¯ O;ªU´¤²vªCº/P &£¤P�©�ª/¨mº�PQ²vÇ/PQ¨4©�Pe¦�¨>R�P�³/�&T¤²&P�» ± P�³/�v�`T¤R�Pe v£¤P�ª/´N´4ª��`¦� &P�³/¨N¡¶¼N¨N¡Ý´�ª��&¦� v¦�º�Py¨mT¤RU¿�PQ²|�

δ
³/¨N¡

a
�`T4©|£Ë v£N³C 

|{x ∈ Uk : |∇uj −∇u| ≥ δ}| ≥ a > 0.
"6¦§©|È¾³�¨m¢Ë�&PSÊ�T¤PS¨N©�P

(εi)
�`T4©|£¾ v£N³C 

εi → 0
³/�

i → ∞ ¯ ��Py¨¤ª/ &P� &£N³� 
|{x ∈ Uk : (A(x,∇u) −A(x,∇uj)) · (∇u −∇uj) ≥ εi}|

≥ |{x ∈ Uk : (A(x,∇u) −A(x,∇uj)) · (∇u −∇uj) ≥ εi, |∇uj −∇u| ≥ δ}|.�j¢âR�PS³/�&T¤²vPË v£¤PQª�²&¢�»6 v£¤Pt�
 v²&T4©� &TN²&PÝª�«
A
³/¨N¡ß &£¤P>©�ª�T¤¨� &PS²v³��&�&T¤R�´� &¦�ª/¨[»� &£¤P>²v¦�Ç/£� 

£N³�¨4¡¾�&¦�¡¤P� vPQ¨N¡¤�j vª)³�¬�¦�R�¦� 
L ≥ a

³/�
i → ∞ ¯ O{£�T4�j &£¤PS²&P�¦��{³�¨mT¤RU¿�PQ² ε0 > 0

�&TN©|£
 &£N³� 

|{x ∈ Uk : (A(x,∇u) −A(x,∇uj)) · (∇u −∇uj) ≥ ε}| ≥ a/2 > 0
± £¤PQ¨NPQº/PS² ε ≤ ε0

»N³�¨4¡Ã v£¤¦���©�ª/¨� v²v³�¡�¦�©� v� ­�ÌN¯�ë/°�¯��P.©Q³/¨y¨¤ª ± ³��&�&T¤R�P� &£4³C  ∇uj → ∇u
´�ª/¦�¨�  ± ¦��&P.³/¬�R�ª��` DPQº�PQ²v¢ ± £¤PQ²vP�¦�¨ Ω ¯ O{£¤¦��«¹ª/¬�¬�ª ± �g«¹²vª/R  v£¤P�´�ª/¦�¨�  ± ¦§�&P)³/¬�R�ª��` yPQº�PQ²v¢ ± £NPQ²vP�©�ª�¨mº/PQ²vÇ/PS¨N©�PU¦�¨ Uk

´¤²vªCº/PS¡Ó³�¿�ªCº/P
¿m¢)³/¨)¦�¨N¡�T4©� &¦�º/P�´¤²&ª�©QPS�v���`¦�R�¦�¬§³�²� vªe &£¤P�ª/¨¤P¸¿m¢ ± £¤¦�©|£ ± P{«¹ª/TN¨N¡) &£¤Pg�`T¤´�PQ²v£N³/²&R�ª/¨N¦�©¬�¦�R�¦� 

u
¦�¨

Ω ¯
á �. &£NP�¼N¨4³�¬8�
 vPQ´ ± P�²vPQR�ªCº/P{ v£¤P�¿4ª�T¤¨N¡�P�¡�¨¤PS�v�j³/�v�`T¤R�´� v¦�ª�¨Ã¿m¢�³�¨¤ª/ &£¤PS²�¡�¦§³�Ç�ª µ¨N³�¬�¦_iS³C v¦�ª�¨)³/²&Ç�T¤R�PQ¨�  ¯ �j¢y &£¤P{¼4²v�` �´N³�²& Kª/«4 v£¤Pj &£¤PSª/²vPQRÝ» ± P�©Q³�¨�¼N¨N¡�³e�&T¤¿N�&PSÊ�T¤PQ¨4©�P

(u1
j )
³/¨N¡Ý³�¨

Ap(·) µ �&T¤´�PQ²v£N³�²vR�ª/¨¤¦§©�«¹T¤¨N©� v¦�ª�¨ u1
�&TN©|£¾ &£N³� 

min(u1
j , 1) → u1

³/¨N¡
∇min(u1

j , 1) → ∇u1³�¬�R�ª��` .PQº�PQ²v¢ ± £NPQ²vP�¦�¨ Ω ¯ ��P�´¤²vª�©�PSPS¡�¦�¨N¡�TN©� &¦�º/PQ¬�¢�³�¨N¡�´N¦�©|È�³U�&T¤¿N�&PSÊ�T¤PS¨N©�P (uk
j )
ª�«

(uk−1
j )

�&TN©|£Ë v£N³C 
min(uk

j , k) → uk
³/¨N¡

∇min(uk
j , k) → ∇uk³�¬�R�ª��` �PSº/PS²&¢ ± £¤PS²&P¶¦�¨ Ω ¯ ��P¶ª�¿N�&PQ²vº/P¾ &£N³� Ã¦�« l ≥ k

³/¨N¡
uk(x) < k

» ± P¶£4³lº/P
ul(x) = uk(x) ¯ O{£mTN�Ã &£¤P?�&PSÊ�T¤PS¨N©�P

(uk)
¦§�Ã¦�¨N©�²vPS³��`¦�¨¤ÇN»{³�¨4¡ ± P?©Qª/¨N©Q¬�T4¡�PÝ &£N³�  &£¤PÓ¬�¦�R�¦� 

u = limk→∞ uk
P�¥�¦§�
 |�Ã³�¨4¡Â¡�P�¼N¨NPS�� v£¤PÓ¡¤PS�&¦�²vPS¡

Ap(·) µ £m¢�´�PQ²v£N³/²&R�ª/¨N¦�©«¹T¤¨N©� &¦�ª/¨ß¦�¨
Ω ¯ ��PË¨¤ª/ &PÃ v£N³C �¿m¢2©�ª/¨4�
 v²&TN©� &¦�ª/¨ min(u, k) = uk

»6�`ª? &£N³� U«¹ª�²U v£¤P
¡�¦§³�Ç/ª�¨N³�¬��&PSÊ�T¤PS¨N©�P

(uk
k)
¦� �£¤ª/¬§¡¤�� v£N³C 

∇uk
k → Du

³�¬�R�ª��` ePSº/PS²&¢ ± £¤PS²&P)¦�¨Ó &£NPÃ�`PQ 
{u < ∞} ¯ �

�[�����D�()Q�� m�;�  >���
Ap(·) �

)��	�  ���
�&��!$â�4�K��� )S�a"��;�S�@�4��)
c ¨¶ &£¤¦§�¸�&PS©� &¦�ª/¨ ± Py´N²&ªCº�Pgª�T¤²�R�³�¦�¨¶PQ¥�¦��` &PS¨N©�Py²vPS�&T¤¬� S»NO{£¤PSª/²vPQRÆÐ ¯�ë�¯ O{£¤²vª/T¤Ç�£ µª/T� �» ± P�T4�`P T

 &ªÃ¡�PS¨¤ª� vPg v£¤PyR�³�´>¡�PQ¼N¨¤PS¡¾¿m¢
(Tu, ϕ) =

∫

Ω

A(x, Du) · ∇ϕ dx, ­ Ð ¯�®l°
± £¤PQ²vP ϕ ∈ C∞

0 (Ω) ¯ �j¢MO{£¤PQª�²&PSR Á ¯�ë ³�¨N¡M &£¤PØ�` &²vTN©� vT¤²&PÓª�« A » Tu
¡�P�¼N¨NPS�Ý³

¡�¦§�
 v²&¦�¿¤T� v¦�ª�¨�«¹ª�²
Ap(·) µ �`TN´4PS²&£N³/²&R�ª�¨¤¦�©.«¹T¤¨N©� &¦�ª/¨N� u

 &£N³� 6¿4PS¬�ª�¨¤Çe &ª
Lt

loc(Ω)
«¹ª/²6�&ª/R�P

t > 0
»¤³/¨N¡

Tu ∈ (W 1,p(·)(Ω))∗
¦�«

u ∈ W 1,p(·)(Ω) ¯



������� �	��
 �
�
p(x) ������� �	��������� �F� ��� � � � � � �

$&%('	);Z�'+* Ð ¯ Á	,��',�@
u ] ,h.!:

Ap(·) �
043�I�,�CUA�.�C457>�:<E%K 0236:aK�@(E%>�: 043<K2A @BA<.!@

u ∈

Lt
loc(Ω)

0�>�C?0�>!5b,
t > 0

[ /RA<,�: @BA<,�CU,HEG0H. I<>104EB@JE 41,��e. N�>�:h5b,Q.!0436CU,
µ
043<K2Aj@VA�.!@

− divA(x, Du) = µ
EB:h@VA�,^0�,�:<0�,-> 0^N�EG04@(C4E ] 36@(E%>�:�0�[

��Z )1)�� , À ¦�¨4©�P u ∈ Lt
loc(Ω)

«¹ª/²y�&ª/R�P
t > 0

»
|Du|p(x)−1 ∈ L1

loc(Ω)
¿m¢tO{£¤P µª/²vPQR Á ¯ ëm¯ "6¦�©|ÈØ³�¨m¢

ϕ ∈ C∞
0 (Ω)

�&TN©|£Ø v£N³C 
ϕ ≥ 0

³/¨N¡2¡�PS¨¤ª� vP
uk = min(u, k) ¯O{£¤PQ¨

A(x,∇uk) · ∇ϕ → A(x, Du) · ∇ϕ´4ª�¦�¨�  ± ¦§�`Py³/¬�R�ª��` �PQº�PQ²v¢ ± £NPQ²vPg¿m¢� v£¤P�©�ª�¨� v¦�¨mT¤¦� 
¢Ãª/« ξ 7→ A(x, ξ) ¯
���&¦�¨¤Ç) &£¤P��` &²vTN©� vT¤²vP�ª/«

A
» ± Pe£N³lº�P

|A(x,∇uk) · ∇ϕ| ≤ C|∇uk|
p(x)−1|∇ϕ| ≤ C|Du|p(x)−1|∇ϕ|.

���&¦�¨NÇt &£NPË¡�ª/R�¦�¨N³C vPS¡â©Qª/¨mº/PS²&Ç�PQ¨N©QP) &£¤PSª/²vPQR ³�¨N¡� v£¤PÃ«�³�©� U v£N³C U &£¤PË«¹T¤¨N©� v¦�ª�¨N�
uk³�²vPy�`T¤´�PQ²|�&ª/¬�T� &¦�ª/¨N�S» ± P�©Qª/¨N©Q¬�T4¡�P� &£N³� 

(Tu, ϕ) =

∫

Ω

A(x, Du) · ∇ϕ dx = lim
k→∞

∫

Ω

A(x,∇uk) · ∇ϕ dx ≥ 0.

O{£¤P�©�¬§³�¦�R ¨¤ª ± «¹ª/¬�¬�ª ± �¸«¹²vª/R  v£¤P)½¸¦�P�� i)²&PS´¤²vPS�&PQ¨� v³� &¦�ª/¨Ý &£NPQª/²vPQRÝ»D�&PQPU«¹ª/²eP�¥¤³�R�´¤¬�P
Î Á ë »NO{£¤PSª/²vPQR Á ¯�® Ð�Ñ ¯ �

V '	* *¸YßÐ ¯ Ì , �',�@
u, v ∈ W

1,p(·)
0 (Ω) ] ,^023�I<,�C20�>�;X36@JE%>!:�0 043<KQA @BA<.!@
Tu = µ ≤ ν = Tv.

/RA�,�:
u ≤ v

.�;X57>!04@	,�41,�C4W!D'A�,�CU,/EB:
Ω
[

��Z )1)�� , É P�  η = min(v − u, 0) ¯6À ¦�¨N©�P µ ≤ ν
» ± Peª�¿� v³/¦�¨¾ &£N³� 

0 ≥

∫

Ω

η dν −

∫

Ω

η dµ

=

∫

Ω

A(x,∇v) · ∇η dx −

∫

Ω

A(x,∇u) · ∇η dx

=

∫

{u>v}

(A(x,∇v) −A(x,∇u)) · (∇v −∇u) dx.

�j¢Ë v£¤P�R�ª/¨¤ª/ &ª�¨¤¦�©Q¦� 
¢Ëª�«
A
»N¦� �«¹ª�¬�¬�ª ± �j &£N³�  ∇v = ∇u

³/¬�R�ª��` ¸PQº�PQ²v¢ ± £¤PQ²vPe¦�¨ {u >
v} ¯ Þ�PQ¨N©QP ∇η = 0

³�¨4¡?¦� e«¹ª/¬�¬�ª ± �g &£4³C  η = 0
³/¬�R�ª��` yPQº�PQ²v¢ ± £NPQ²vP/» ± £¤¦§©|£ÓR�PS³/¨N� &£N³� 

v ≥ u
³/¬�R�ª��
 �PQº�PQ²v¢ ± £¤PQ²vP ¯ �

O;ª��&£¤ª ±  &£¤P�P�¥�¦§�
 vPQ¨N©QP¸ª�«;�&ª/¬�T� v¦�ª�¨N�6¦�¨Ã v£¤Pg©S³/�&P µ ∈ (W
1,p(·)
0 (Ω))∗

» ± P�TN�&P¸ v£¤P«¹ª/¬�¬�ª ± ¦�¨¤Ç) &£NPQª/²vPQR ¯6À PSP�Î Á Ï »¤O{£+#Qª�²��SR�PyÁ ¯�® »�´ ¯�®lë�® Ñ8«¹ª/²{ v£¤Py´¤²vªmª�« ¯
$&%('	);Z�'+*IÐ ¯ Ð , �',�@

X ] ,7. CU,��	,QP E 41,�8 0�,�I�.�CU. ] ;=, � .!:R.�K2Ah0JI�. KQ,�8�.!:aN�.10204365b,
@BA<.!@

T : X → X∗ EG0
­`®�° 57>�:a>�@ >�:a,�89E%[B,
[

〈Tu− Tv, u− v〉 ≥ 0
0�>�CH.!;B;

u, v ∈ X
8

­ Á ° ] >!36:aN ,2N189E%[B,�[ E 0 E ⊂ X
EG0 ] >�36:aN ,QN!890�>bEG0 T (E) �

­@Ì�° N�,�5/E%K2>�36:<@JEB:<3<>!3*028 E%[B,�[
xj → x

EB5eIa;XE%,�0
(Txj , y) → (Tx, y)

0�>!Ce.!;B;
y ∈ X.!:RN

­ Ð ° K2>
,�CUK�E 41,�8 E%[B,
[ 0�>�C7.g0�,! �3<,�:aK2,
(xj) ⊂ X

043<K2A @VA�.�@
‖xj‖X → ∞

EB@MA�>!;_N10
@BA<.!@

(Txj , xj)

‖xj‖X
→ ∞

.10
j → ∞.

/RA�,�:
T

EG0/0436C ��,2K�@(E 4!,48\E%[B,
[ @BA<,g,! �3<.�@(E%>�:
Tx = f

A<.10g.�0�>!;X36@JE%>!:
x ∈ X

0�>�Cb,2. KQA
f ∈ X∗ [



� � ���������	��

�
�������
$&%('	);Z�'+*ÛÐ ¯�Ü , � ,�@

Ω ] ,h. ] >!36:aN ,2N N�>!5b.!EB: .!:RN
µ ∈ (W

1,p(·)
0 (Ω))∗ ] , .

I�>!04EB@(E 4!, �\.�N�>�: 57,2.10436CU,�[ /RA�,�: @BA<,�CU,-EG07.�36:<E
 �3<,H:R>!:S:a, T .�@(E 4!,/043�I�,�C20�>!;X36@JE%>!:
u ∈

W
1,p(·)
0 (Ω)

043<KQA @BA<.!@
− divA(x,∇u) = µEB:h@VA�,^0�,�:<0�,-> 0^N�EG04@(C4E ] 36@(E%>�:�0�[

��Z )1)�� , ��Pg´¤²vªCº/P¸ &£¤P�P�¥�¦§�
 vPQ¨N©QP�´N³/²` {¿m¢)º�PQ²v¦�«¹¢m¦�¨¤Ç� v£¤Pe³/�v�`T¤R�´� v¦�ª�¨N��ª�«;O{£¤P µª/²vPQR Ð ¯ Ð�«¹ª/²� &£¤P�R�³�´ T : W
1,p(·)
0 (Ω) → (W

1,p(·)
0 (Ω))∗

Ç/¦�º/PS¨>¿�¢ ­ Ð ¯�®�°�¯gÖ ¦�²|�
 �»N v£¤PR�ª/¨¤ª/ &ª/¨N¦�©Q¦� 
¢)ª�«
T
¦§��³/¨�¦�R�R�PS¡¤¦�³� &Pg©Qª/¨N�&PSÊ�T¤PS¨N©�P�ª�«G &£NP�R�ª/¨¤ª/ &ª�¨¤¦�©Q¦� 
¢�³/�v�&T¤R�´� &¦�ª/¨

ª/¨
A ¯

���&¦�¨¤Ç) &£¤P��` &²vTN©� vT¤²vP�ª/«
A
»� &£¤PyÞ���¬�¡¤PQ²�¦�¨¤PSÊ�TN³/¬�¦� 
¢Ë³�¨4¡ ­@Ì¤¯ Ì�° » ± Pe¦�¨�«¹PQ²� v£N³C 

|(Tu, v)| ≤C

∫

Ω

|∇u|p(x)−1|∇v| dx

≤C‖|∇u|p(x)−1‖p′(·)‖∇v‖p(·)

≤C‖u‖s
1,p(·)‖v‖1,p(·).O{£¤¦§��¦�R�´¤¬�¦�PS�{ v£N³C 

‖Tu‖
(W

1,p(·)
0 (Ω))∗

≤ C‖u‖s
1,p(·)

»N�`ª) v£N³C 
T
¦���¿�ª/TN¨N¡�PS¡ ¯

É PQ  (uj) ⊂ W
1,p(·)
0 (Ω)

¿4P��&TN©|£) &£4³C 
uj → u

¦�¨
W

1,p(·)
0 (Ω) ¯ �ÓPg´N³/�v�� &ª�³U�`T¤¿ µ�`P�Ê�T¤PQ¨N©QPg³/¨N¡�³/�v�`TNR)P¸ &£N³� 

uj → u
³�¨N¡

∇uj → ∇u
´4ª�¦�¨�  ± ¦§�`Pg³�¬�R)ª��
 �PQº/PS²&¢ ± £¤PS²&P ¯�j¢�©Qª/¨� &¦�¨mT¤¦� 
¢Óª�«{ &£NPÃR�³�´

ξ 7→ A(x, ξ)
»�¦� �«¹ª�¬�¬�ª ± �� &£N³�  A(x,∇uj) → A(x,∇u)³�¬�R�ª��` {PSº/PS²&¢ ± £¤PS²&P ¯�À ¦�¨N©QP

∫

Ω

|A(x,∇uj)|
p(x)/(p(x)−1) dx ≤ C

∫

Ω

|∇uj |
p(x) dx ≤ M < ∞

¿m¢? v£¤PË©�ª�¨mº/PQ²vÇ/PS¨N©�P)ª�«{ v£¤PË�&PSÊ�T¤PQ¨4©�P
(uj)

»
(A(x,∇uj))

¦§�y¿�ª/T¤¨4¡�PS¡2¦�¨
Lp′(·)(Ω) ¯O{£mTN� ± PÓR�³l¢Â´4³/�v�Ã vª ³â«¹T¤²` v£¤PQ²>�&T¤¿N�&PSÊ�T¤PS¨N©�P�³�¨N¡ ³/�v�`T¤R�P? &£N³� 

A(x,∇uj) →

A(x,∇u) ± P�³�Èm¬�¢�¦�¨ Lp′(·)(Ω) ¯O{£¤¦§�y¦�R)´N¬�¦�PS�e v£N³C U &£¤P ± £¤ª�¬�PÃ�&PSÊ�T¤PS¨N©�PÃ©Qª/¨mº/PS²&Ç�PS� ± P�³�Èm¬�¢�ÚK¦�¨N¡�PQP�¡G»�³/�v�`T¤R�¦�¨¤Ç &£¤P)ª/´N´4ª��`¦� &P�» ± P�¼4¨N¡?³ ± P�³�È¶¨¤PQ¦�Ç/£m¿�ª/T¤²v£¤ªmª�¡ U
ª�«

A(x,∇u)
³�¨N¡t³¾�`TN¿N�`P�Ê�T¤PQ¨N©QP

�`T4©|£Ý &£N³� 
(A(x,∇ujk

)) ⊂ Lp′(·)(Ω) \ U ¯ ��P�R�³l¢¾³��&�&T¤R�Py´�ª/¦�¨�  ± ¦§�&P�©�ª/¨mº�PQ²vÇ/PQ¨4©�P¿m¢)´4³/�v�`¦�¨¤Çe &ª�³e«¹T¤²& &£¤PS²j�&T¤¿N�&PSÊ�T¤PS¨N©�P�»�³�¨4¡� &£¤¦§�.�&T¤¿ µ �&T¤¿N�&PSÊ�T¤PQ¨4©�P�©Qª/¨mº/PS²&Ç�PS� ± PS³�Èm¬�¢¦�¨
Lp′(·)(Ω)

 &ª
A(x,∇u)

¿m¢t v£¤PÃP�³�²v¬�¦�PQ²�³/²&Ç�T¤R�PQ¨� S» ± £¤¦�©|£2¦§��³>©Qª/¨� &²|³/¡�¦§©� v¦�ª�¨ ¯gc  «¹ª/¬�¬�ª ± �j v£N³C 
(Tuj , v) =

∫

Ω

A(x,∇uj) · ∇v dx →

∫

Ω

A(x,∇u) · ∇v dx = (Tu, v).

É PQ  (uj)
¿4Py³��`P�Ê�T¤PQ¨N©QPy�`TN©|£¾ &£4³C 

‖uj‖1,p(·) → ∞ ¯6À ¦�¨4©�Pe &£NPy¨¤ª/²vR�� ‖u‖1,p(·)³�¨N¡
‖∇u‖p(·)

³/²&PyP�Ê�TN¦�ºC³�¬�PQ¨� ¸ª�¨
W

1,p(·)
0 (Ω)

» ± PyR�³l¢¾³��&�&T¤R�Py &£4³C  ‖∇uj‖p(·) ≥ 1 ¯�j¢ Î à¤»gO{£¤PQª�²&PSR ®�¯ Ì Ñ,»{ v£¤¦��¾¦�R)´N¬�¦�PS�¾ &£4³C  %p(·)(∇uj) ≥ ‖∇uj‖
p−

p(·) ¯ ��P?TN�&Pt v£¤P
�
 v²&T4©� &TN²&Peª�«

A
»N³/¨N¡Ë &£¤P

p(·) µ "�ª�¦�¨N©S³�²�#e¦�¨¤P�Ê�TN³�¬�¦� 
¢¾³�¨N¡¾ª/¿� |³�¦�¨Ë v£N³C 

(Tuj , uj)

‖uj‖1,p(·)
≥ C

∫
Ω
|∇uj |

p(x) dx

‖uj‖1,p(·)
≥ C

‖∇uj‖
p−

p(·)

‖uj‖1,p(·)
≥ C‖uj‖

p−−1
1,p(·) → ∞

³/�
j → ∞ ¯
Ö ¦�¨4³�¬�¬�¢�» ± Pâ¨¤ª� vPâ v£N³C Ó &£¤PÔT¤¨¤¦§Ê�TNPQ¨¤P��&��³�¨N¡í´4ª��`¦� &¦�ºm¦� 
¢Ù©�¬§³�¦�R��t«¹ª�¬�¬�ª ± «¹²&ª�R

É PSR)R�³�Ð ¯ ÌN¯ �

��PU�&³l¢Ë &£N³� g³Ã�&PSÊ�T¤PS¨N©�Pyª/«�R�P�³/�&T¤²&P��
(µj)

©�ª�¨�º�PQ²vÇ/P�� ± PS³/Èm¬�¢Ë &ªË³�R�PS³��`TN²&P µ¦�«
lim

j→∞

∫

Ω

ϕ dµj =

∫

Ω

ϕ dµ



������� �	��
 �
�
p(x) ������� �	��������� �F� ��� � � � � � �

«¹ª/²{³�¬�¬
ϕ ∈ C∞

0 (Ω) ¯ ��PgT4�`P� &£¤Pg«¹ª/¬�¬�ª ± ¦�¨¤Ç�PS¬�PSR�PQ¨� v³/²&¢� &P�©|£¤¨¤¦§Ê�TNP¸«¹²vª/R é>¦�È�È�ª/¨¤PS¨Dã �
 &£¤P��`¦§��Î Á Ü Ñ� vª�³�´N´¤²&ªl¥�¦�R�³C &P6³¸Ç/PQ¨NPQ²|³�¬,»Q¼N¨N¦� vP.´�ª��&¦� v¦�º�P.½¸³/¡¤ª/¨yR�PS³��`T¤²vP µ

¿m¢eR)P�³/�&T¤²vPS�
µj ∈ (W

1,p(·)
0 (Ω))∗ ¯

V '	* *¸YÙÐ ¯ Ò ,��',�@
Ω ] ,h. ] >�36:aN�,2N >2I�,�: 0�,�@H.!:RN .102043657,�@VA�.�@

µ
EG0�.7L :<EB@�,

I�>!04EB@(E 4!, �e. N�>!: 57,2.!0236CQ,g>!:
Ω
[ /aA<,�: @VA�,�CU, EG0g. 0�,! �3<,�:RK2,

(µj)
> 0eL9:<EB@�, I<>104EB@JE 41,

�e. N�>!:g57,2.10436CU,�0 043<K2A/@BA<.!@
µj ∈ (W

1,p(·)
0 (Ω))∗

8
µj → µ

D ,2. 2!;XW^.!:RN
µj(Ω) ≤ µ(Ω)

[
��Z )1)�� , É P�  Qi,j

»
i = 1, . . . , Nj

»4¿4P� &£¤PU¡¤¢�³/¡¤¦�©y©QT¤¿4P�� ± ¦� &£t�&¦�¡¤Py¬�PS¨¤Ç� v£ 2−j©�ª�¨� |³�¦�¨¤PS¡¾¦�¨
Ω ¯6Ö ª/²¸³/¨�¢ËR)P�³/�&T¤²|³�¿¤¬�P��&P�  E ⊂ Ω ± Py¡�PQ¼N¨¤P

µj(E) =

Nj∑

i=1

µ(Qi,j)

|Qi,j |
|E ∩ Qi,j |,

³�¨N¡Â &£¤PÓ´¤²&ªmª/« ± ¦�¬�¬�¿�PÓ©�ª�R�´¤¬�PQ &P�¡Â¿m¢ �&£¤ª ± ¦�¨¤ÇØ &£N³� Ë v£¤PÓ�&PSÊ�T¤PS¨N©�P (µj)
£N³��� v£¤P

¡�PS�&¦�²&P�¡Ë´¤²vª/´�PQ²& &¦�PS� ¯�Ö ¦�²|�
  ± Peª/¿N�&PQ²vº/Pg &£4³C 

µj(Ω) =

Nj∑

i=1

µ(Qi,j) ≤ µ(Ω),

�`¦�¨N©QP� v£¤PÃ©�TN¿4P��
Qi,j

¡�ªÝ¨¤ª� �©Qª/R�´¤¬�P� &PS¬�¢Ó©�ªCº/PS²� v£¤PÃ�&P� 
Ω ¯ ��¦�º�PQ¨Ø³Ã«¹T¤¨4©� &¦�ª/¨ ϕ ∈

C∞
0 (Ω) ± Peª/¿� |³�¦�¨

|

∫

Ω

ϕ dµj | =|

Nj∑

i=1

µ(Qi,j)

|Qi,j |

∫

Qi,j

ϕ dx|

≤2njµ(Ω)

∫

Ω

|ϕ| dx ≤ C‖ϕ‖p(·) ≤ C‖ϕ‖1,p(·),

�`ªU &£N³� 
µj ∈ (W

1,p(·)
0 (Ω))∗ ¯ O{£¤P ± PS³/È�©Qª/¨mº/PS²&Ç�PQ¨N©QP{«¹ª/¬�¬�ª ± �.¦�¨Ë &£¤Pe�v³�R�P ± ³l¢)³��.¦�¨Î Á Ü » É PQR�R�³�Á ¯�® ÁlÑ$»¤³�¨N¡ ± P�ª�R�¦� � v£¤P�¡�P� |³�¦�¬�� ¯ �

$&%('	);Z�'+* Ð ¯ ë , �',�@
Ω ] , ] >!36:RN�,2N .!:RN

µ
.^L :<EB@�, I<>104EB@(E 4!, �e. N�>!: 57,2.10436CU,�[

/RA�,�:-@VA�,�CU,OEG0M.�:
Ap(·) �

023�I<,�CUA�.!C45b>!:SE%K 0236:aK�@(E%>�:
u
043<K2A?@VA�.�@

min(u, k) ∈ W
1,p(·)
0 (Ω)0�>!C/.�;B;

k > 0
.�:aN

− divA(x, Du) = µ
EB:h@VA�,^0�,�:<0�,-> 0^N�EG04@(C4E ] 36@(E%>�:�0�[

��Z )1)�� , É P�  (µj)
¿4P� &£NP)�&PSÊ�T¤PS¨N©�P�ª/«.R�PS³��`T¤²vPS��¿4PS¬�ª�¨¤Ç/¦�¨¤Ç� vª

(W
1,p(·)
0 (Ω))∗ª/¿� |³�¦�¨¤PS¡ß«¹²vª/R É PSR�R�³ÓÐ ¯ Ò�³�¨N¡Ô¡�PQ¨¤ª/ &P¶¿m¢ (uj)

 v£¤P>�`P�Ê�T¤PQ¨N©QP¾ª/«g�&T¤´4PS²v�&ª/¬�T� v¦�ª�¨N�
�&³� &¦§�
«¹¢m¦�¨¤Ç

− divA(x,∇uj) = µj ­ Ð ¯ � °¦�¨¶ v£¤P��`PS¨N�&P�ª/«�¡¤¦��` &²v¦�¿NT� &¦�ª/¨N�SÚ¤�&TN©|£Ë«¹TN¨N©� v¦�ª�¨N�
uj
P�¥�¦§�
 ¸¿m¢ËO{£NPQª/²vPQR Ð ¯�Ü�¯�j¢>O{£¤PQª�²&PSR ÌN¯ Ð4»4 v£¤PQ²vPU¦§��³�¨ Ap(·) µ £m¢m´4PS²&£4³�²vR)ª�¨¤¦§©�«¹T¤¨N©� v¦�ª�¨ u

�`T4©|£> &£N³�  ± P©Q³/¨ ³/�v�&T¤R�P
uj → u

³�¨4¡
∇min(uj , k) → ∇min(u, k)

³�¬�R�ª��` ¶PSº/PS²&¢ ± £¤PS²&Pt¿m¢´N³/�v�&¦�¨¤Ç) vªÃ³)�&T¤¿N�&PSÊ�T¤PS¨N©�P ¯6á �{ v£¤Pe¼N²|�
 ��` &PS´D» ± Pe´¤²&ªCº�P� v£N³C  u ∈ Lt
loc(Ω)

«¹ª/²¸�&ª/R�P
t > 0 ¯ O;ª) &£¤¦§��PQ¨4¡G» ± PyT4�`Py�` &²vTN©� vT¤²&Peª/« A ³�¨N¡ ­ Ð ¯ � ° ³�¨N¡¶¦�¨�«¹PQ²{ v£N³C 

∫

Ω

|∇min(uj , k)|p(x) dx ≤C

∫

Ω

A(x,∇uj) · ∇min(uj , k) dx

=C

∫

Ω

min(uj , k) dµj

≤Cµj(Ω)k ≤ Cµ(Ω)k. ­ Ð ¯ à °



� � ���������	��

�
�������

Ö ²vª/R ­ Ð ¯ à ° ³/¨N¡Ã v£¤P p− µ "�ª/¦�¨N©S³�²�#g¦�¨¤PSÊ�TN³/¬�¦� 
¢/» ± Peª/¿� |³�¦�¨Ë v£N³C 
∫

Ω

|min(uj , k)|p
−

dx ≤C

∫

Ω

|∇min(uj , k)|p
−

dx

≤

∫

Ω

|1 + ∇min(uj , k)|p(x) dx

≤C|Ω| + Cµ(Ω)k ≤ C(|Ω| + µ(Ω))k. ­ Ð ¯�®SÏ�°
À ¦�¨N©�P uj → u

³�¬�R�ª��` ¸PQº�PQ²v¢ ± £NPQ²vP/»m¦� �«¹ª�¬�¬�ª ± �j«¹²vª/R Ö ³C vª/TDã �{¬�PSR�R�³�³/¨N¡ ­ Ð ¯�®�Ï�° &£N³� 
∫

Ω

|min(u, k)|p
−

dx ≤ Mk,

± ¦� v£> &£NP�©�ª�¨N�` v³�¨�  M = C(|Ω| + µ(Ω))
¦�¨4¡�PQ´�PQ¨N¡¤PQ¨� gª/«

k ¯ O{£¤¦���PS�` &¦�R�³C &PU¦�R�´¤¬�¦�P�� &£N³� 
u
¦��¸¼N¨¤¦� &P�³�¬�R�ª��` �PQº�PQ²v¢ ± £NPQ²vP ¯	c ¨N¡�PSPS¡G»G¡�PS¨¤ª� v¦�¨¤Ç E = {x ∈ Ω : u(x) = ∞}

»
± PyÇ�P� 

|E| =
1

kp−

∫

E

kp−

dx ≤
1

kp−

∫

Ω

|min(u, k)|p
−

dx ≤ Mk1−p−

→ 0

³/�
k → ∞ ¯[Ä �` &¦�R�³C vP ­ Ð ¯ à ° ³�¨N¡g &£NP p(·) µ "�ª/¦�¨N©Q³/²�#�¦�¨¤PSÊ�TN³/¬�¦� 
¢�¦�R�´¤¬�¢¸ &£4³C  (min(uj , k))¦��{¿�ª/TN¨N¡�PS¡¾¦�¨

W
1,p(·)
0 (Ω) ¯Fc  {«¹ª/¬�¬�ª ± �6 v£N³C  min(u, k) ∈ W

1,p(·)
0 (Ω)

�`¦�¨N©QP ± PS³/È)¬�¦�R µ¦� |�.R�TN�` j©�ª�¦�¨4©�¦§¡�P ± ¦� &£Ã´�ª/¦�¨�  ± ¦��&P¸¬�¦�R�¦� v� ¯ ��P�¥m S» ± P¸TN�&P¸´�ª/¦�¨�  ± ¦§�&P�³ ¯ P ¯ ©�ª�¨mº/PQ²vÇ/PS¨N©�Pª�«{ &£NP�Ç/²|³/¡�¦�PQ¨� v�y³/¨N¡ Ö ³� &ª�TDã �e¬�PQR�R�³t³/¨N¡Ø³�²vÇ/T¤P�³/��¦�¨ ­ Ð ¯�®�Ï�°|¯ O{£¤¦§�y¬�PS³/¡N�e &ªÝ v£¤PPS�` &¦�R�³C &P
∫

Ω

|∇min(u, k)|p
−

dx ≤ C(|Ω| + µ(Ω))k.

O{£¤¦§�[¦�¨¤PSÊ�TN³/¬�¦� 
¢y³�¬�¬�ª ± �[TN�[ &ª�T4�`P É PQR�R�³gÁ ¯ Ò� &ªg©Qª/¨N©Q¬�T4¡�P6 v£N³C  u ∈ Lt
loc(Ω)

«¹ª/²��&ª/R�P
t > 0

»N³�¨4¡¶ &£¤PS¨ ± PyTN�&P�O{£¤PSª/²vPQR Á ¯�ë  vªË©�ª�¨N©�¬�TN¡�Pe v£N³C  u, Du ∈ L
q(p(x)−1)
loc (Ω)

«¹ª�²
�`ª�R�P

q > 1 ¯�j¢ËO{£¤PSª/²vPQRÆÐ ¯ Á¤»� v£¤PQ²vPy¦§��³�R�P�³/�&T¤²&P ν
�&TN©|£Ë v£N³C 

− divA(x, Du) = ν ­ Ð ¯�®/®�°¦�¨� &£¤Pj�`PS¨N�`P.ª�«¤¡�¦§�
 v²&¦�¿¤T� v¦�ª�¨N� ¯ �ÓP ± ¦�¬�¬m©�ª/R�´¤¬�P� vP� &£NP.´¤²vªmª�«m¿�¢y�&£¤ª ± ¦�¨¤Ç{ &£N³�  µ = ν
¦�¨

 &£¤Pj�`PS¨N�&P6ª�«¤¡�¦§�
 v²&¦�¿¤T� v¦�ª�¨N� ¯ ��P.Èm¨¤ª ±  &£N³�  u ∈ Lt
loc(Ω)

«¹ª�²[�&ª/R�P
t > 0 ¯ �ÓP�©�ª/¨4�`¦§¡�PQ²³�¨Ë³/²&¿N¦� v²v³/²&¢�¿N³�¬�¬

B = B(x0, 2R)
»�©|£¤ª��`PS¨Ã�`T¤æ�©Q¦�PS¨� &¬�¢��&R�³�¬�¬N v£N³C � &£¤PgP�¥�´�ª/¨¤PS¨� 

t
¦��

³/¡�R�¦§�&�&¦�¿¤¬�P�¦�¨ É PSR)R�³¶Á ¯ à ¯ ��¢¶ v£¤P�T4�`TN³/¬;´4³�²& &¦� &¦�ª/¨tª/«6T¤¨¤¦� 
¢t³�²vÇ/T¤R�PQ¨� �»4¦� e�&T�æÃ©�P�� &ªÃ�&£¤ª ±  v£N³C  ∫

B

ϕ dµ =

∫

B

ϕ dν

«¹ª/²¸³/¬�¬
ϕ ∈ C∞

0 (B) ¯O{£¤P)©�ª/¨4�
 |³�¨� v��ª/¨> v£¤PU²v¦�Ç�£� g£N³/¨N¡t�&¦�¡�P���ª/« ­ Ð ¯ à ° ³/¨N¡ ­ Ð ¯�®�Ï�° ³/²&P�¦�¨4¡�PQ´�PQ¨N¡¤PQ¨� ª�«
j ¯ Þ�PQ¨N©QP� v£¤Py�`P�Ê�TNPQ¨N©QP (‖uj‖Lt(B))

¦��j¿�ª/T¤¨4¡�PS¡Ë«¹ª/²��&ª/R�P
t > 0

»�¿m¢ É PQR�R�³)Á ¯ Ò ¯O{£¤P�´4ª�¦�¨�  ± ¦§�`Pe©�ª�¨�º�PQ²vÇ/PS¨N©�P�ª/« (uj)
¦�R�´¤¬�¦�P��. v£N³C 

(infBR
uj)

¦§��¿�ª/TN¨N¡�PS¡ ¯ O{£mTN�� v£¤P�`P�Ê�T¤PQ¨N©QP
(|∇uj |

p(x)−1)
¦��.¿4ª�T¤¨N¡�P�¡�¦�¨

Lq(B)
«¹ª/².�&ª/R�P

q > 1
¿m¢ É PQR�R�³�Á ¯ à ¯ �¸PQ¥� ± PyT4�`P� &£NP��
 v²&TN©� &T¤²vPeª�« A »N³�¨4¡¾Ç�P� { &£N³� 

∫

B

|A(x,∇uj)|
q dx ≤ C

∫

B

|∇uj |
q(p(x)−1) dx ≤ C.

O{£mTN�y v£¤PË�&PSÊ�T¤PQ¨4©�P
(A(x,∇uj))

¦§�U³/¬��&ª>¿4ª�T¤¨N¡�P�¡2¦�¨
Lq(B)

»6³/¨N¡�¦� �«¹ª/¬�¬�ª ± �e«¹²vª/R &£¤Py©Qª/¨� &¦�¨mT¤¦� 
¢�ª/«
ξ 7→ A(x, ξ)

 &£4³C 
A(x,∇uj) → A(x, Du) ± PS³�Èm¬�¢�¦�¨ Lq(B) ¯ ��PTN�&Pe &£¤P ± PS³/ÈÃ©�ª/¨mº�PQ²vÇ/PQ¨4©�P�¦�¨ Lq ³�¨4¡ ­ Ð ¯�®/®�°  vªÃ©�ª/¨4©�¬�TN¡�P� &£N³� 

lim
j→∞

∫

B

ϕ dµj = lim
j→∞

∫

B

A(x,∇uj) · ∇ϕ dx =

∫

B

A(x, Du) · ∇ϕ dx =

∫

B

ϕ dν,

± £¤¦§©|£Ý©Qª/R�´¤¬�P� vPS�j &£NPy´¤²&ªmª/« ¯ �



������� �	��
 �
�
p(x) ������� �	��������� �F� ��� � � � � � �

�G���D�a"��;�S�@�4��)������ 
Â�()S�a"%&��� m� )������4��"%&¤�l���S�( #)
c ¨y v£¤¦��K�&PS©� v¦�ª�¨ ± P.�`£Nª ±  v£¤PjP�¥�¦��` &PS¨N©�P.ª�«N�&ª/¬�T� &¦�ª/¨N� ± ¦� v£U¨¤ª�¨¤²vPQR�ªCºC³�¿¤¬�P�¦��&ª/¬§³C vPS¡�`¦�¨¤Ç�T¤¬�³/²&¦� &¦�PS� ¯ �ÓPÃ³��&�&T¤R�P� &£N³� y &£¤P�ª�²&¦�Ç/¦�¨?¿�PQ¬�ª/¨¤Ç��� &ª Ω

»
1 < p− ≤ p+ < n

³/¨N¡
TN�&P

δ
 &ªÃ¡¤PQ¨¤ª/ &P� &£¤PyTN¨¤¦� gR�³��&�{³� � &£¤Pyª�²&¦�Ç/¦�¨ ¯
$&%('	);Z�'+* Ü�¯�® , � 0 u

EG0H. 0�>!;X36@JE%>!: > 0
− divA(x, Du) = δ ­@Ü�¯ Á °> ] @ .�EB:a,2N 02CU>!5 /RA�,2>!CU,�5��S[
	�8 @BA<,�:

u
EG0H.70�>�;X36@(E%>�: > 0

− divA(x,∇u) = 0 ­@Ü�¯ Ì�°EB:
Ω \ {0}

[
��Z )1)�� , É PQ  (µj)

¿4P� &£¤P��`P�Ê�T¤PQ¨N©QP�³�´N´¤²&ªl¥�¦�R�³C &¦�¨¤Ç
δ ± P�ª/¿� |³�¦�¨�«¹²&ª�R É PQR�R�³Ð ¯ Ò ¯ÝÖ ²vª/R  &£¤PË´¤²&ªmª/«jª/«j v£¤PË¬�PQR�R�³ ± PË�`PSP� &£N³� U v£¤PË�&T¤´¤´�ª/²& �ª�« µj

¦���©�ª/¨� |³�¦�¨¤PS¡
¦�¨�³Ã¿N³/¬�¬

Bj = B(0, c 2−j)
» ± £¤PS²&PU &£¤P�©�ª�¨N�` v³�¨�  c

¦��g¦�¨4¡�PQ´�PQ¨N¡¤PQ¨� �ª/«
j ¯ O{£mTN�� &£NP©�ª�²&²vPS�&´4ª�¨N¡�¦�¨¤Ç��`T¤´�PQ²|�&ª/¬�T� &¦�ª/¨

uj
¦���³)¨¤ª�¨¤¨¤PSÇ�³C v¦�º�Py�`ª�¬�T� v¦�ª�¨¾ª/« ­@Ü�¯ Ì�° ¦�¨ Ω \ Bj ¯�¸PQ¥m  ± P�´N³��&�6 &ª� v£¤Pg�&T¤¿N�&PSÊ�T¤PS¨N©�Pg´¤²vªCº�¦§¡�P�¡�¿�¢�O{£¤PSª/²vPQR Ì¤¯ ÐN»��
 v¦�¬�¬G¡�PQ¨¤ª/ &P�¡�¿m¢

(uj) ¯�Ö ¦�¥U³�¿N³�¬�¬ B = B(x0, R) ± ¦� v£ x0 ∈ Ω
»
x0 6= 0

³�¨N¡
R
�`T4©|£y &£N³� 

6B b Ω\{0} ¯O{£¤PQ¨?«¹ª/²y�&T�æÃ©�¦�PQ¨� &¬�¢Ý¬�³/²&Ç�P
j
¦� �£¤ª�¬�¡N�¸ v£N³C 

6B b Ω \ Bj ¯ �ÓP�¡�¦§�v©Q³�²|¡Ý v£¤P�ºC³/¬�T¤P��ª�«
j
 v£N³C {³�²vP¸¨¤ª� {�`T¤æ�©Q¦�PS¨� &¬�¢)¬§³�²vÇ/Pg³�¨N¡Ã�` &¦�¬�¬�¡�PS¨¤ª� vP¸ v£¤P��&T¤¿N�&PSÊ�T¤PS¨N©�P ± Pgª/¿� |³�¦�¨Ã¿m¢

(uj) ¯ À ¦�¨N©�P) v£¤P�²&¦�Ç/£� e£N³�¨4¡Ó�&¦�¡¤P)ª/« ­ Ð ¯ à ° ¦§�e¦�¨4¡�PQ´�PQ¨N¡¤PQ¨� �ª�« j
» É PQR�R�³>Á ¯ ÒË¦�R�´¤¬�¦�P�� &£N³� � &£¤P��&PSÊ�T¤PS¨N©�P

(uj)
¦§�{¿4ª�T¤¨N¡�P�¡¶¦�¨

Lt(Ω)
«¹ª�²¸�`ª�R)P

t > 0 ¯ ��P�©Q³/¨¾T4�`P É PQR�R�³Á ¯�®SÌ ³/¨N¡� &£NPË¿�ª/T¤¨N¡ß¦�¨ Lt(Ω)
 vª?©�ª�¨N©�¬�TN¡�PË &£N³� U v£¤P¾�&PSÊ�T¤PS¨N©�P

(uj)
¦§�UT¤¨N¦�«¹ª�²&R�¬�¢

¿4ª�T¤¨N¡�P�¡Ã¦�¨
B ¯�c ¨N¡¤PQPS¡D» ± P�©S³�¨Ã´¤¦§©|È r > 0

�`T4©|£� &£N³� 
t = q′r

³/¨N¡� &£NPQ¨¾³��&�&T¤²vP{ &£N³� 
r
¦���³/¡�R�¦§�&�&¦�¿¤¬�PË¦�¨ É PQR�R�³?Á ¯�®SÌ ¿�¢�´N³��&�&¦�¨NÇÝ &ªÓ³?�`R�³�¬�¬�PQ²�¿N³/¬�¬j¦�«¸¨¤PS©QPS�v�&³/²&¢�»K�&¦�¨4©�P

p(·)
¦���©�ª�¨� v¦�¨mT¤ª�TN� ¯¸Ö T¤²& &£¤PS²S»� v£¤P��&PSÊ�T¤PS¨N©�P�¦§��³�¬§�`ªÃP�Ê�T¤¦�©Qª/¨� &¦�¨mT¤ª/T4��¦�¨ B

»8�`¦�¨N©QP� &£NP
¿4ª�T¤¨N¡¶¦�¨

Lt(Ω)
³�¬§�`ª�³�¬�¬�ª ± ��T4�{ &ª) v³/È/Py³�©�ª�¨N�
 |³�¨� �¦�¨4¡�PQ´�PQ¨N¡¤PQ¨� ¸ª�« j

¦�¨ÝÞg³�²v¨N³/©|È8ã �
¦�¨NPSÊ�TN³�¬�¦� 
¢/»¤Î ® Ð¤»�O{£¤PQª�²&PSR Ì¤¯ àCÑ ¯ O{£¤P{²vPS³��`ª�¨�«¹ª/²� v£¤¦§��¦��K v£¤P{«�³/©� K v£N³C � v£¤P¸¡�PQ´�PQ¨4¡�PQ¨N©QPª�«G v£¤Pg©Qª/¨N�` v³/¨� 6ª/«[Þ�³/²&¨N³�©|È8ã ��¦�¨¤PSÊ�TN³/¬�¦� 
¢)ª/¨

u
¦��6 &£¤P��&³/R)Pg³/��¦�¨ É PSR�R�³�Á ¯�®SÌ¤¯ �¸ª ±¿m¢yTN�`¦�¨¤Ç� &£¤P á ²QiQPS¬�³�� á �v©�ª�¬�¦/ &£¤PSª/²vPQR ± P�©Q³/¨U³/�v�&T¤R�P6 &£4³C  (uj)

©Qª/¨mº/PS²&Ç�PS�GT¤¨N¦�«¹ª�²&R�¬�¢
¦�¨

B
¿m¢¾´N³/�v�`¦�¨¤Ç) &ªÃ³�«¹T¤²& &£NPQ²��&T¤¿N�&PSÊ�T¤PS¨N©�P ¯ O{£¤¦§��T¤¨¤¦�«¹ª/²vR ¬�¦�R�¦� �RUT4�
 ¸¿�P

u
¿m¢Ã &£NP

´4ª�¦�¨�  ± ¦§�`P¸©Qª/¨mº/PS²&Ç�PQ¨N©QP/»C³�¨4¡� v£�T4� u
¦§��³y�`ª�¬�T� v¦�ª�¨�¦�¨

B
¿�¢¾Î ® Ám» 6�ª�²&ª�¬�¬§³�²v¢ Ü�¯ Ì Ñ ¯KÀ ¦�¨N©QP &£¤¦§��³/²&Ç�T¤R�PQ¨� ¸©Q³/¨¾¿�P�²vPQ´�PS³C vPS¡Ë«¹ª/²�³/¨m¢Ã´4ª�¦�¨� 

x0 ∈ Ω \ {0}
»�¦� �«¹ª/¬�¬�ª ± �j &£N³�  u

¦���³
�`ª�¬�T¤ &¦�ª/¨¶¦�¨

Ω \ {0} ¯ �O{£¤Py³�¿�ªCº/Pe´¤²vªmª�«;©S³�¨Ý¿�PyPS³/�&¦�¬�¢�R�ª�¡�¦�¼NPS¡¾ &ªÃ�&£¤ª ±  v£N³C �³��&ª/¬�T� &¦�ª/¨¶ª�«
− divA(x, Du) = µ©�ª�¨N�
 v²&T4©� &P�¡�¿m¢) &£¤P�´¤²vPS�&PQ¨� �R�P� v£¤ª�¡Ã¦§��³)�&ª/¬�T� &¦�ª/¨�ª/« ­@Ü¤¯ Ì�° ¦�¨ Ω \ spt(µ) ¯ Þ¸ª ± PQº�PQ²�»�`ª�¬�T¤ &¦�ª/¨N�Ëª�«yPSÊ�TN³� &¦�ª/¨N�Ë¦�¨mº/ª�¬�ºm¦�¨¤Ç2R�PS³��`T¤²vPS�Ë³�²vP>¨¤ª� ¶¨¤PS©QPS�v�&³/²&¦�¬�¢ßT¤¨¤¦§Ê�TNP ± ¦� &£¤ª�T� �`ª�R�P�³�¡¤¡�¦� &¦�ª/¨N³/¬�³/�v�`T¤R�´� v¦�ª�¨N�S»GPQº/PS¨ ± £¤PS¨? v£¤P�P�¥�´�ª/¨¤PS¨� y¦§�e©�ª/¨4�
 |³�¨� SÚK�`PSP¾Î ® �lÑ�«¹ª�²³�¨¶P�¥¤³�R�´¤¬�P ¯ Þ�PQ¨N©QPeª/T¤²�´¤²vPS�&PQ¨� j &ªmª/¬§��³�²vPe¦�¨4�`T�æÃ©Q¦�PS¨� { vª)ª�¿� v³/¦�¨¾ &£NP�©�ª/¨4©�¬�TN�`¦�ª/¨¾ª�«O{£¤PQª�²&PSR Ü�¯�® «¹ª/²¸³/¨¶³/²&¿¤¦� &²|³�²v¢Ã�&ª/¬�T� &¦�ª/¨¶ª�« ­@Ü¤¯ Á °|¯

á �&ª/¬�T� &¦�ª/¨)ª�« ­,Ü�¯ Á ° ©Q³/¨¤¨¤ª� 6¿�P¸³y�&T¤´4PS²v�&ª/¬�T� v¦�ª�¨�ª/« ­,Ü�¯ Ì�°�¯ O;ª��`PSPj &£¤¦§�Q»�¨¤ª� vP{ &£N³� ¦�«j &£NP)R�P�³/�&T¤²&P
µ
¦��y�&TN©|£t v£N³C 

µ ∈ (W
1,p(·)
0 (Ω))∗

»D &£NPQ¨
µ(E) = 0

«¹ª�²�³�¬�¬
E ⊂ Ω�`T4©|£â &£4³C 

capp(·)(E, Ω) = 0
» ± £¤PS²&P capp(·)

¦§�� &£¤P¶ºC³�²v¦�³� &¦�ª/¨N³/¬
p(x) µ ©S³�´N³�©�¦� 
¢/».³��¡�P�¼4¨¤PS¡Ë¦�¨tÎ ®/® Ñ ¯ O{£¤¦§��©S³�¨Ã¿�P�´N²&ªCº�PQ¨�¦�¨� &£¤P��&³/R�P ± ³l¢�³/��¦�¨� &£¤P�©�ª�¨N�
 |³�¨� �PQ¥�´4ª�¨¤PQ¨� ©Q³��`P�»��&PQP¾Î Á Ü » É PSR)R�³¶Á ¯ Ð�Ñ ¯gÖ TN²` v£¤PQ²�»8²&P�©Q³�¬�¬D v£N³C g &£¤P)ª/´�PQ²|³C vª/² T
¡�P�¼N¨NPS¡t¿m¢ ­ Ð ¯�®�°R�³�´N�

W
1,p(·)
0 (Ω)

 &ª
(W

1,p(·)
0 (Ω))∗ ¯ O{£¤¦§�e¦�R)´N¬�¦�PS�� v£N³C y v£¤P�R)P�³/�&T¤²vP µ

³/�v�`ª�©Q¦�³� &PS¡
 &ª)³��`TN´4PS²v�&ª/¬�T� &¦�ª/¨
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