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Abstract

We present a proof for the Gehring lemma in a metric measure space
endowed with a doubling measure. As an application we show the self—
improving property of Muckenhoupt weights.

1 Introduction

The following self-improving property of the reverse Holder inequality is a result
due to Gehring [6]. Assume that f is a non—negative locally integrable function
and 1 < p < co. If there is a constant ¢ such that the inequality

1/p
Pd d .
(7{3]” x) gc]if x (1.1)

holds for all balls B of R™, then there exists € > 0 such that

1/p+e
(7[ fp+€d3:) gc]l fdz (1.2)
B B

for some other constant c¢. The theorem remains true also in metric spaces.
However, the proof seems to be slightly difficult to find in the literature.

The subject has been studied for example by Fiorenza [5] as well as D’ Apuzzo
and Sbordone [4], [I4]. Gianazza [7] shows that if a function satisfies (IT]), then
there exists € > 0 such that

1/p+e
(7[ fp“du) < c]l fdu (1.3)
X X

for some constant c. The result is obtained in a space of homogeneous type, with
the assumption that 0 < p(X) < oo. In this paper, our purpose is to present
a transparent proof for a version of the Gehring lemma in a metric space that
has the annular decay property and that supports a doubling measure.
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Also Kinnunen examines various minimal, maximal and reverse Holder in-
equalities in [II] and [12]. Stromberg and Torchinsky prove Gehring’s result
under the additional assumption that the measure of a ball depends continu-
ously on its radius, see [I5]. Zatorska—Goldstein [16] proves a version of the
lemma, where on the right-hand side there is a ball with a bigger radius.

We present a proof of the Gehring lemma in a doubling metric measure
space. In addition, we assume that the space has the annular decay property,
see Section 2. This is true for example in length spaces, i.e. metric spaces in
which the distance between any pair of points is equal to the infimum of the
length of rectifiable paths joining them. Our method is classical and intends to
be as transparent as possible. In particular, we obtain the result for balls in
the sense of ([[2) in the metric setting instead of ([[3]). The proof is based on
a Calderén—Zygmund type argument.

The Gehring lemma has a number of possible applications. As an example
we show that the Muckenhoupt class is an open ended condition. The proof is
classical and holds without the assumption of annular decay property. Moreover,
the Gehring lemma can be applied for example to prove higher integrability of
the volume derivative, also known as the Jacobian, of a quasisymmetric map-
ping, see [10].

2 General Assumptions

Let (X, d, 1) be a metric measure space equipped with a Borel regular measure
w1 such that the measure of every nonempty open set is positive and that the
measure of every bounded set is finite.

Our notation is standard. We assume that a ball B in X comes always
with a fixed centre and radius, i.e. B = B(z,r) = {y € X: d(z,y) < r} with

0 < r < oo. We denote
v = sy J
Up =1 U = ——= uaft,
B M(B) B

and when there is no possibility for confusion we denote kB the ball B(z, kr).
We assume in addition that u is doubling i.e. there exists a constant cq such
that

pw(B(x,2r)) < capu(B(z,T))

for all balls B in X. We refer to this property by calling (X, d, 1) a doubling
metric measure space and denote it briefly X. This is different from the concept
of doubling space. The latter is a property of the metric space (X, d), where all
balls can be covered by a constant number of balls with radius half of the radius
of the original ball. A doubling metric measure space is always doubling as a
metric space.

A good reference for the basic properties of a doubling metric measure space
is [9]. In particular, we will need two elementary facts. Consider a ball con-
taining disjoint balls such that their radii are bounded below. In a doubling



space the number of these balls is bounded. Secondly, the doubling property of
1 implies that for all pairs of radii 0 < r < R the inequality

u(B(z, R)) (R)Q

Bl <y | =
u(B(z,r))

holds true for all z € X. Here @) = log, ¢4 is called the doubling dimension of

(X, d, ).

Given 0 < a <1 and a metric space (X, d, 1) with a doubling p, we say that
the space satisfies the a—annular decay property if there exists a constant ¢ > 1,
such that

w(B(z,r)\ B(z, (1 = 6)r)) < c6*u(B(x,r))
forallz € X, r >0and 0 < d < 1. We omit « in the notation if we do not
care about its value. See [I] for further information on spaces that satisfy the
annular decay property.

Throughout the paper, constants are denoted ¢ and they may not be the
same everywhere. However, if not otherwise mentioned, they depend only on
fixed constants such as those associated with the structure of the space, the
doubling constant etc.

3 Gehring lemma

The following theorem is our main result.

Theorem 3.1 (Gehring lemma). Consider (X,d, ), where pu is doubling. Let
1<p<ooand f €L} (X) be non—negative. If there exists a constant ¢ such

loc

that f satisfies the reverse Hélder inequality

1/p
Pd d .
(fo u) Sc]ifu (3.1)

for all balls B of X, then there exists q > p such that

1/q
(7[ fqdu) ch][ fdp (3.2)
B 2B

for all balls B of X. The constant cq as well as g depend only on the doubling
constant, p, and on the constant in (B.I]).

In metric spaces with a priori more geometrical structure this can be im-
proved.

Corollary 3.2. In addition to the assumptions in Theorem [31], suppose X
satisfies the annular decay property. Then the measure induced by f is doubling

and B implies
1/q
(][ fqdu) ch][ fdu (3-3)
B B

for all balls B of X. The constant cq as well as g depend only on the doubling
constant, p, and on the constant in (B1)).



The following is a standard iteration lemma, see [§].

Lemma 3.3. Let Z : [R1,Rs] C R — [0,00) be a bounded non—negative func-
tion. Suppose that for all p,r such that R < p <r < Rs

Z(p) < (A(r—p)™+ B(r—p) ™ +C) +0Z(r) (34)
holds true for some constants A,B,C >0, a>3>0and 0<6 < 1. Then
Z(Ry) < c(a,0)(A(R2 — R1) ™ + B(Ry — R1) P + C). (3.5)
Lemma [33]is needed in the proof of our first key lemma:

Lemma 3.4. Let R > 0,q¢> 1, k> 1 and f € L} (X) non-negative. There

loc

exists € > 0 such that, if for all 0 < r < R and for a constant c

q
f o opdnsed e <][ fdu> (3.6)
B(z,r) B(x,kr) B(x,kr)
q
][ fldp <c ][ fdu | . (3.7)
B(z,R) B(z,2R)

The constant in B.1) depends on k, on the doubling constant and on the constant

Proof. Fix R > 0 and choose r,p > 0 such that R < p < r < 2R. Set
7= (r —p)/k. Now

holds, then

B(z,p)c |J B#/5)

yEB(z,p)

and by the Vitali covering theorem there exist disjoint balls {B(z;,7/5)}5°,
such that x; € B(z, p) and

B(z,p) C UB(xi,f).

These balls can be chosen so that

ZXB(%/@;) <M (3.8)

for some constant M < oo. This follows from the doubling property of the
space. Indeed, assume that y belongs to N balls B(z;, k7). Clearly

B(z;, k) C B(y,2k7) C B(y,2R).

Remember that 7 and R are fixed and choose K = 20R/7. Now there are N
disjoint balls with radius 7/5 > 2R/K included in a fixed ball B(y,2R). Since
the space is doubling, we must have N < M (K). The inequality ([B.8]) follows.



Observe then that by the doubling property and the construction of the balls
{B(z;,7)}; we have

ZM(B(IZ, <cZu (%, 7/5)) = ep(UiB(2i,7/5))

< au(B(z,1) < ¢ (;)Q W(B(z,p)).

On the other hand, B(x, p) C B(z;,2kp), so that

Q
(B (o) < Blas,200) < (22 (B, 7)

—c (T ? p)QM(B(:Ei,f)).

Combining these two inequalities implies

wsw o ze(l) IICIES
(5) (xgtww

And as a consequence

ot <e(5)" (25)

i.e. the number of balls B(;, ) is at most ¢(r/(r — p))Q, where ¢ depends only
on k, on the doubling constant and @ = log, c4.
Observe that ([B.6) holds true for 7, so that

~/B(wi,%) flap < EM(B(xiv k7)) ~/B(mi,k77) Py
(B, 7)) '
T CuB k) (/B<> / d“)

q
q 1—q
SE/Bm,mf dp + cp(B(w;, 7)) </B(%M) fdu> . (3.9)

We note that
u(B(z,r)) _ p(B(xi,2r)) 2r\ ¢ (o Q
w(B(zi, 7)) = u(B(xi, 7)) = ¢ ( g ) = (T - p) ’

7
from which it follows that

,
r—p

(¢—1)
W(B(ri, ) < ( ) W(B(a,r) .



Together with (3.9) this implies

[ papse [ g
B(IZ,F) B(ml,k’F)

te (r - p)Q(ql) w(B(z, ) (/Bm,m fdu>q. (3.10)

Since B(z, p) C U;B(x;,7), summing over ¢ in (310) gives

fidp < J/ fidu
/Bmp) Z B(a:,7)
<e Z/ Jldu
i/ B(

wl,kf)

r \ QD . a
+c w(B(x,r)) 1 / fdu
(=) wsewn) S
< EM/ Jldu

B(z,r)

r Q(g—1) . r Q
c z, 7)) ¢
* <T - p> ‘LL(B( 7 )) <T - p> (»L(x,r) fdu)
- Qq q
= 8M~/B( )fqdu—i—c (r —p) w(B(z,r)) 4 (/B( )fdu) .

Finally, remember that R < p < r < 2R, so that

q

(/ frap<em [ fdu
B(z,p) B(z,r)

+dﬁﬁr—m‘“MB@wD1q<é()fm0

and furthermore

f o papset g
B(z,p) B(z,r)

q
+ cRY(r — p)~9 (]{B( - fdu> . (3.11)

We are able to iterate this. In Lemma [3.3] set

.: q
ﬂM-ﬁmwfw,



so that Z is bounded on [R,2R]. Set also Ry = R, Ry = 2R, a = Qq and

q
A = cR%? ][ fdu] >0,
B(z,2R)

where ¢ is the constant in (B.I1]). Putting # = ce and choosing € so small that
ce < 1, (BII) satisfies the assumptions of Lemma B3] with B = C' = 0. This
yields Z(R) < cA(2R — R)~94, that is

q
£ ifirde < crer Ry (£ g
B(z,R) B(z,2R)

()

In the following, we consider the Hardy—Littlewood maximal function re-
stricted to a fixed ball 100By, that is

O

ST
BC100Bg

Clearly the coefficient 100 can be replaced by any other sufficiently big constant.
The role of this constant is setting a playground large enough to assure that all
balls we are dealing with stay inside this fixed ball.

Lemma 3.5. Let f be a non-negative function in L}, .(X) and suppose that is
satisfies the reverse Holder inequality B1l). Then for all balls By in X

/ fPdp < eAPu({x € 100By = M f(x) > A}), (3.12)
{z€Bo: M f(z)>\}

for all X > essinfp, M f with some constant depending only on p, the doubling
constant and on the constant in ([B1]).

Proof. Let us fix a ball By with radius g > 0. We denote {x € X : M f(z) > A}
briefly by {M f > A}. Let A > essinfp, M f. Now there exists x € By so that
M f(z) < A. This implies that By N{M f < A} # (). For every x € ByNn{M f >
A}, set

ry = dist(z, 100By \ {M f > A}),

so that B(z,r;) C 100By. Remark that the radii r, are uniformly bounded by
2T0.

In the consequence of the Vitali covering theorem there are disjoint balls
{B(2,7,;)}2, such that

Bon{Mf>x} c| /5B



where we denote B; = B(z;,r;). Both B; C 100By and 5B; C 100By for all
i=1,2,..., so they are still balls of (X,d). Furthermore, 5B; N {M f < A} # ()
forall i =1,2,... so that

 Jdn< (3.13)

for all i = 1,2,.... We can now estimate the integral on the left side in B12).
A standard estimation shows that

/ pas [ pau<y [ g
Bon{M f>\} U;5B; i J/5B;

7

= Z u(5B;) ]15 , s e Zju(sB» @g N fdu)
<N u(5B;),

where the second last inequality follows from the reverse Holder inequality and
the last from ([B.I3)). Since p is doubling and the balls B; are disjoint we get

ZM(5Bi) < CZM(Bi) = cp(U; Bi).
By the definition of B; C 100By N {M f > A} for all i = 1,2, .... Therefore
/ [Py < N (U B:) < eXPp(100By 0 {M f > A))
Boﬂ{Mf>)\}

for all A > essinfp, M f. O
Remark. Note that essinfg, M f # oc.
Indeed, in the well known weak type estimate for locally integrable functions
c
p(Boan (s> <5 [ g
100By

the right—hand side tends to zero when A\ — oo. The constant ¢ depends only
on the doubling constant c¢g. We can thus choose 0 < Ay < oo so that

c 1
= di < =u(By).
AO/woBOf p< gu( 0)

As a consequence,

w(Bo N{M f < Xo}) = u(Bo) — u(Bo N {Mf > Ao})

c

1
> p(Bo) — —/ fdu > - p(Bo).
)‘0 100Bo 2



This leads to essinfp, M f < Ao, for if essinf g, M f > Ao, then M f(z) > Ag for
almost every x € By. This impossible since

p(By (M F < Mo}) > Lu(Bo).

For the reader’s convenience, we present here one technical part of our proof

as a separate lemma.

Lemma 3.6. Let 1 < ¢ < oo and let f € L, (X) be non—-negative. Suppose in
addition that f satisfies the reverse Hélder inequality. Then for every ball By
i X and for all1 <p<gq

/ fidp < calp(100By N {M f > a}) + o / (M f)1dp,
Bor{Mf>a} q 1008y

(3.14)
where o = essinfp, M f and ¢ depends on p, the doubling constant and on the
constant in [B.1).

Proof. Fix a ball By in X. Let a@ = essinfp, M f, so that M f > o p—a.e. on
By. Set dv = fPdu. Now

/ foa— | prepans [ ape .
Bon{Mf>a} Bon{M f>a} {Mf>a}

However, for every positive measure and measurable non—negative function g
and a measurable set E, we have

/ gPdv :p/oo MWz e E: glx) > A\})dA
E 0

for all 0 < p < co. This implies
/ fru<(a-p) [ NP (Ban {MF > a} 0 (M1 > AdA
BQﬂ{Mf>O¢} 0
—(@=p) [ X (By (M > a))ax
0
+ (¢ —p)/ NPT (B N {Mf > A})dA.

Replacing dv = fPdu and integrating over A\, we get

/ fldp < / a?™P fPdy
Bon{M f>a} Bon{M f>a}

+(q—p) / APt / fPdpdA.
o Bon{Mf>\}



We can now use Lemma 3.5 for both integrals on the right—hand side and obtain
/ fldp < calp(100BoN{M f > a})
Bon{Mf>a}
+elq —p)/ A1 (10BN {Mf > A})dA.
Then by changing the order of integration we arrive at

/ fldp < cau(100Bo N {M f > a})
Boﬁ{Mf>Ot}

+c(g —p) / P / dpd\
@ 100BoN{M f>X}

= ca?u(100Bo N {M f > a})

Mf
vela-p) [ [ xtada,
100By J o

from which by integrating over a@ we conclude that

/ fldp < cadp(100By N {M f > a})
Bon{Mf>a}

q—p
T

< calpu(100Bo N {M f > a})

+cq_p/ (M f)2dp.
q 1008y

Proof of the Gehring lemma. Consider a fixed ball By. Set o = essinfg, M f
and let ¢ > p be an arbitrary real number for the moment. We divide the
integral of f¢ over By into two parts:

fidp :/ fqdu—i-/ fidpu. (3.15)
By Boﬁ{Mf>Ot} Boﬁ{MfSOt}
The second integral in (BI5) is easier to estimate, and we have
/ frau < | (M f)tdy < a®u(100Bo N {M < a}).
Bon{Mf<a} Bon{Mf<a}

It would be tempting to use Lemma to the first integral in (B3], but this
would require f € L} (X). Unfortunately, that is exactly what we need to

loc
prove. The function f is assumed to be locally integrable and by the reverse

10



Holder inequality it is also in the local LP—space. Nevertheless, we can replace f
with the truncated function f; = min{f,i}. The reverse Holder inequality (B.1I),
Lemmas and as well as the preceeding analysis hold for f;. In addition,
fi € L} (X). We continue to denote the function f but remember that from
now on we mean the truncated function.

With B.I4) we get now from (B.I3)

Fid < catu(100B0) N {MF > )+ 2 [ gyra
Bo q 1008,

+ a?u(100By) N {M f < a})

< ca?u(100By) + cu/ (M f)dp
q 100Bo

and furthermore

][ fldu < caq—l—cq_p][ (M f)4dp.
Bo q 100Bo

This is true for all ¢ > p. Let ¢ > 0 and choose ¢ > p such that ¢(q — p)/p < e.
Then

][ fldp < caf + E][ (M f)%dp. (3.16)
Bo 100B,
Now that f = f; is locally ¢—integrable, the equation [B.I6]) gives
]Z fldp < caf + cs]l fidu (3.17)
By 100Bgo

due to the well known boundedness theorem for maximal functions, see for
example [2]. We have chosen « such that o < M f(z) for py—a.e. = in By. Hence

o = ]lB iy < ]{3 < of (g

100B¢

P
Sc]l fpdu§0<7[ fdu) ,
100By 100By

where we use again the estimate for the Hardy—Littlewood maximal function
and the reverse Holder inequality. Moreover

q
al <ec (7[ fdu) . (3.18)
100B,

From I7) and (3I8) we conclude that

q
fldp < 05][ fldu+c (7[ fd,u> (3.19)
Bo 1008, 100Bo

for all balls By of X. If necessary, choose a smaller € and thus also a ¢ closer to
p in (BI6) to make Lemma B4l hold true. Set & = 100 in the lemma to obtain

q
fqduSc<7[ fdu) .
B() 2BO

11



It remains to pass to the limit with i — oo and the theorem follows. O

The following proposition implies Corollary [3.21

Proposition 3.7. Let (X,d,u) satisfy the annular decay property and p be
doubling. Suppose that f € L} (X) is a non-negative function satisfying [B.1)).

loc
Then the measure induced by f is doubling, i.e.

LEMMSgéfw

for all balls B of X. The constant ¢ depends only on the constant in ([B.1)).
Proof. Define
v(0) = [ s
U

for U C X p—measurable. Fix a ball B in X and let £ C B be a y—measurable
set. Then

1/p
/fXEdM < (/ fpdu> w(E)=/r
B B

<c( [ san) um)tumy e - ) (B2 o

The inequalities above follow from the Holder and the reverse Holder inequali-
ties, respectively. For all E C B this implies

v(E) u(E@)\"
V(B)SC(M(B)> ’ (3.20)

where p’ is the LP—conjugate exponent of p. Since the set F in (3.20) is arbitrary,
we can replace it by B\ E. Therefore

v(E) _ v(B\E) (u(B\E))”P'
1- _ <e 3.21
B~ wm =\ um) 321
forall E C B. If E = (1 — §)B, then by choosing 0 < § < 1 small enough we

get
/v’
p(B\ (1 —6)3))1 1

c| ——————= < = 3.22
(5 ; 3:22)

by the annular decay property. It follows from B.21]) and ([B22]) that
1 v(1-46)B) 1

o(B) 2

and hence v(B) < 2v((1 — 6)B). We are now able to iterate this. There exists
k € N such that (1 —§)¥ < 1/2 and thus

v(B) < 2v((1 —8§)B) < 2*u((1 = 6)*B) < 2’%/(%3)

12



for all balls B of X. This proves that v is doubling. Remark that the doubling
property of u plays no role here. O

For examples of spaces that satisfy the annular decay property the interested
reader may see for example [I]. We mention here spaces supporting a length
metric, that form a rather large subclass of such spaces. In other words, suppose
that a metric space supports a doubling measure, and for all x and y in X it
holds

d(x,y) = inf length(y),

where the infimum is taken over all rectifiable paths joining x and y. Then the
space satisfies the a—annular decay property for constants o and ¢ that depend
only on the doubling constant, and 0 < § < 1/2. See [3] for the proof.

4 Self-improving property of
Muckenhoupt weights

Throughout the section, let (X,d,u) let be a metric space with a doubling
measure /.

Muckenhoupt weights form a class of functions that satisfy one type of a
reverse Holder inequality. More precisely, if 1 < p < oo, a locally integrable
non-negative function w is in A, if for all balls B in X the inequality

’ p—1
(7[ wd,u) (7[ wtP du) < cy
B B

holds. The constant ¢, is called the A,—constant of w and 1/p +1/p’ = L.
Moreover, A is the class of locally integrable non—negative functions that satisfy

du < inf .
]le u_cwesmselg w(x)

for all balls B in X. In this section we show that the A,—condition is an open
ended condition; every w € A, is also in some A,_..

In the following lemma number 2 is not important and it can be replaced by
any positive constant.

Proposition 4.1. For all locally integrable non—negative functions the inequal-

ity —1/t 2
(7[ ftdu) < <7[ fl/Qdu) (4.1)
B B

holds for all t > 0 and all balls B in X.
Proof. Setting g = f/2 and replacing f by it in (&) gives an equivalent in-

equality
-2t
][g‘%duz (7[ gdu) :
B B

13



This holds by the Jensen inequality since « — 272! is a convex function on

{z > 0}. O

Theorem 4.2. Let 1 <p < oo and w € A,. Then there exist a constant ¢ and

e > 0 such that
1/(1+¢)
(7[ w1+8du> < c][ wdj, (4.2)
B B

where the constant depends only on the A,—constant of w and on the constants
in the Gehring lemma.

Proof. Since Ay C A, for all p > 1, we can assume p > 1. Take an arbitrary
ball B in X and w € A, for some p > 1. This implies

’ 1=p
(7[ wdu) <c (7[ wh?P d,u) ,
B B

where the right—hand side is well defined since either w > 0 p—a.e. or w = 0.
By Proposition [£.]] this implies

(ﬂwdu) <c (ﬂwl/zdu)Q. (4.3)

Now from the Gehring lemma it follows that

1+e 2
(7[ w1+6du> < C<7[ wl/Qd/L> ,
B B

where we can use the Holder inequality and get to

1+€
<7[ w1+€du) < c][ wdp (4.4)
B 2B

for some € > 0 and constant ¢. To see this, in ([@3]) replace w by an auxiliarity
function g such that w = g?. Then we can rewrite (3] as

1/2
(7[ deu) < c]l gdp,
B B

i.e. the reverse Holder inequality for g. Gehring’s lemma provides us with 6 > 0

such that
1/(2+6)
(7[ gz”du) < c][ gdp.
B 2B

This leads to (@) with € = §/2. Finally, we recall that a Muckenhoupt weigth
induces a doubling measure, and hence (£2)) follows. (]

Corollary 4.3. Let 1 < p < oo and w € A,. There exists p1 < p such that
w e Ay, .

14



Proof. Recall that w € A,, if and only if w™?/? € A,. Tt follows from Theorem
that there are ¢ > 0 and a constant ¢ such that

, 1/(1+e) ,
(é(w_p /p)1+8du> < c]lB w P /Pdp. (4.5)
In addition,
/ 1 1 /
Ii(l + E) = + < = = &,
P p—1 p—-1 pm

where p1 = p/(14+¢) —1/(14+¢)+ 1. Since p > 1, p; < p. The equation (L5
can now be written as

1+e
][ w PPy < e (7[ w_p//pdu> . (4.6)
B B

On the other hand, —p’/p = 1 — p’ and thus the A, condition of w implies

, p/v -1
(7[ w™ P “’du) <ec (7[ wdu) .
B B

Raising this first to the power p’/p and then to 1+ ¢, we get

, 14 —-p'(1+¢e)/p
(][ w™ P /pdu> <c (7[ wdu)
B B

—p1/p1 (4.7)
=c (7[ wdu) .
B
From (£0) and (1) we finally conclude that
, —pi/p1
][w_pl/plduchwdlu> .
B B

This means that w € A,,, where p; < p. O
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