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Electromechanical modelling and active control of flexural rotor vibration in cage rotor electrical
machines [Sähkömekaaninen mallinnus ja aktiivinen roottorin poikittaisvärähtelyjen hallinta häkki-
roottorilla varustetussa induktiokoneessa]. Espoo 2009. VTT Publications 712. 91 p. + app. 84 p. 

Keywords induction machine, electromagnetic actuator, rotor-dynamics, self-bearing machine, 
bearingless drive, mechanical vibration, active control  

Abstract 
The main objective of this thesis is to develop new tools for model-based control 
of flexural rotor vibration in cage induction machines. In order to exert the 
control force on the rotor, a built-in force actuator based on self-bearing 
principle is considered. A low-order parametric electromechanical model 
coupling the eccentric-rotor machine, the actuator and rotor-dynamics is 
developed. Furthermore, numerical analysis of the actuator-rotor system is 
considered. The numerical analysis is based on time-discretised finite element 
analysis of the electromagnetic fields in the two-dimensional cross-section of the 
machine. The finite element analysis is used to estimate the parameters of the 
low-order model. The numerical analysis provides a tool for both designing the 
actuator and testing the control algorithms. 

In the thesis, a control algorithm, previously used mainly in active magnetic 
bearings for compensation of harmonic disturbance forces, is applied by using 
the built-in force actuator. In the simulations, the control algorithm is embedded 
in the numerical analysis. The modelling and model-based control are verified 
by experiments. A 30 kW two-pole cage induction motor with an extended rotor 
shaft is used for measurements. 

The results both from simulations and experiments show that, by using the 
built-in force actuator, the model-based controller is suitable for flexural rotor 
vibration suppression in a cage induction machine. In particular, the stable 
operation at the critical speed of the machine can be achieved by using the 
methodology presented in this research. 
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Electromechanical modelling and active control of flexural rotor vibration in cage rotor electrical 
machines [Sähkömekaaninen mallinnus ja aktiivinen roottorin poikittaisvärähtelyjen hallinta häkki-
roottorilla varustetussa induktiokoneessa]. Espoo 2009. VTT Publications 712. 91 s. + liitt. 84 s. 

Avainsanat induction machine, electromagnetic actuator, rotor-dynamics, self-bearing machine, 
bearingless drive, mechanical vibration, active control  

Tiivistelmä 
Tämän väitöskirjan tavoite on uusien menetelmien kehittäminen poikittaisten roottori-
värähtelyjen mallipohjaiseen vaimennukseen häkkiroottorilla varustetussa induktio-
koneessa. Työssä käytetään laakerittoman sähkökoneen voimantuottomekanismia 
voiman tuottamisessa roottoriin. Tutkimuksessa rakennetaan matalakertalukuinen 
sähkömekaaninen malli, joka kytkee toisiinsa roottorin epäkeskon liikkeen, voima-
aktuaattorin ja roottoridynamiikan. Työssä tutkitaan lisäksi aktuaattori-roottori-
systeemin numeerista analyysiä. Numeerinen analyysi perustuu sähkömagneettisten 
kenttien aika-diskretisoituun elementtimenetelmä-perustaiseen analyysiin koneen 
kaksiulotteisessa poikkileikkauksessa. Elementtimenetelmää käytetään matalakerta-
lukuisen mallin parametrien estimoinnissa. Numeerinen analyysi antaa työkaluja 
aktuaattorin suunnitteluun ja säätöalgoritmien testaukseen. 

Tässä työssä sovelletaan aiemmin pääasiassa aktiivimagneettilaakereissa harmo-
nisten herätteiden kompensoinnissa käytettyä säätöalgoritmia käyttäen koneen 
sisäänrakennettua voima-aktuaattoria. Simuloinneissa säätöalgoritmi on sisällytetty 
numeeriseen analyysiin. Työssä mallinnus ja mallipohjainen säätö verifioidaan 
kokeellisesti. Mittauksissa käytetään kaksinapaista häkkiroottorilla ja pidennetyllä 
roottoriakselilla varustettua 30 kW:n induktiokonetta. 

Sekä simulaatioista että kokeista saadut tulokset osoittavat, että sisäänraken-
nettua voima-aktuaattoria hyödynnettäessä mallipohjainen säädin soveltuu poi-
kittaisten roottorivärähtelyjen aktiivivaimennukseen häkkiroottorilla varustetussa 
induktiokoneessa. Tässä työssä esitetty menetelmä mahdollistaa koneen stabiilin 
toiminnan kriittisellä pyörimisnopeudella. 
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Abbreviations

AMB active magnetic bearing

CC convergent control

CPU central processing unit

DFT discrete fourier transformation

DOF degree of freedom

FE finite element

FEA finite element analysis

FEM finite element method

FRF frequency-response function

LTI linear time-invariant

LTP linear time-periodic

LQR linear quadratic regulator

MMF magnetomotive force

ODE ordinary differential equation

PC personal computer

PEM prediction-error method

PID proportional-integral-derivative

PM permanent magnet

RL resistor-inductor

RMS root mean square

SRC synchronous response control

UMP unbalanced magnetic pull
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Symbols and Notation

B air-gap flux density [T]

B̂k peak value of flux density harmonic k [T]

B̂k space-vector of flux density harmonic k [T]

Bk complex amplitude of flux density harmonic k [T]

C damping matrix [Ns/m]

dr diameter of rotor core [m]

f force [N]

fc control force [N]

fex excitation force [N]

f
ε

force of unbalanced magnetic pull (UMP) [N]

f
ε,R

radial UMP [N]

f
ε,T

tangential UMP [N]

g
p±1

cage-current variables [A]

G gyroscopic matrix [Ns/m]

H frequency-response matrix [m/V]

îc space-vector of control winding current [A]

îc,0 modulated space-vector of control winding current [A]

îr,k space-vector of rotor cage current harmonic k [A]

îr,k,0 modulated space-vector of rotor cage current harmonic k

I identity matrix [-]

j imaginary unit [-]

k0 negative stiffness coefficient [N/m]

K stiffness matrix [N/m]

lr length of rotor core [m]

Lc inductance of control winding [H]

Lr,k rotor cage inductance of harmonic k [H]

m (modal) mass of rotor [kg]

M mass matrix [kg]

Mr,c,p+1 mutual inductance of control winding and rotor cage [H]

N number of slices [-]

N` number of nodes on slice [-]

p number of pole-pairs [-]

Rc resistance of control winding [Ω]

Rr,p±1 rotor cage resistance of harmonic component k [Ω]
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s Laplace variable [1/s], slip [-]

t time [s]

Ts sample time [s]

u displacement vector [m]

ux horizontal displacement [m]

uy vertical displacement [m]

ûc space-vector of control winding supply voltage [V]

ûc,0 modulated space-vector of control winding supply voltage [V]

urc rotor center displacement [m]

vc control input [V]

x horizontal coordinate [m]

Xc,ε,p+1 eccentricity coupling factor of control winding [m]

Xr,ε,k eccentricity coupling factor of rotor cage harmonic k [m]

y vertical coordinate [m]

zr rotor centre position [m]

z`
r rotor centre position on slice [m]

z`
s averaged stator deformation on slice [m]

αk convergence parameter [-]

γk convergence parameter [-]

δ0 radial air-gap length [m]

δp,1 Kronecker delta [-]

η modal vector [m
√

kg]

θ angular coordinate [rad]

µ0 air-gap permeability [N/A2]

Ξ damping ratio matrix [-]

Φ modal matrix [1/
√

kg]

ϕp initial phase angle of fundamental flux [rad]

ϕs phase angle of fundamental flux [rad]

ϕw phase angle of rotor whirling [rad]

ψ̂
r,k

space-vector of rotor cage flux linkage harmonic k [Wb]

ωm angular frequency of rotor rotation [rad/s]

ωs supply (angular) frequency [rad/s]

ωw angular frequency of rotor whirling [rad/s]

Ω natural frequency matrix [rad/s]
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eX exponential function exp(X)

X̂ space-vector X

X complex number X

X̂
r

space-vector X in rotor coordinates

X̂
s

space-vector X in stator coordinates

X∗ complex conjugate of complex number X

|X| absolute value of complex number X

Ẋ time-derivative of X

X† pseudo-inverse of matrix X

Re(X) real part of complex number X

Im(X) imaginary part of complex number X

‖X‖2 square norm of vector X
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1 Introduction

...On the shaft was shining copper,
And the bow was strong and wondrous,

But alas! It was ill-natured... [1]

1.1 Background

In rotating machinery, passive or active vibration control is generally needed to
prevent excessive rotor vibration, which can lead to fatigue or malfunction. A
long-term operation close to critical speed is usually not possible due to an ex-
cessive vibration level which may break the machine or lead to fatigue. Usually,
the critical-speed operation is avoided by designing the machine to operate either
below or above the critical speed and the critical speeds are passed quickly. In
some applications such as variable-speed drives, the rotor vibration may, how-
ever, be a strongly restrictive issue because the optimal running speed cannot
be reached due to increased vibration. On the other hand, in electrical machine
design, the critical speed is a limiting factor, that affects the design process in a
restrictive manner. The power of an electrical machine is related to the length of
the rotor core, which cannot be extended above a certain limit without structural
modifications because of increased vibration.

In an electrical machine, an unbalanced magnetic field distribution in the air-
gap between the stator and rotor generates a force on the rotor. The phenomenon
is referred to as unbalanced magnetic pull (UMP). The eccentric rotor motion
distorts the air-gap which results in a non-uniform permeance distribution and,
consequently, asymmetric field distribution. Hence, the eccentric rotor motion
(or rotor-dynamics) is coupled with the magnetic fields in the air-gap. This
results in a coupled electromechanical system in which the rotor motion affects
the magnetic field distribution which, in turn, generates a force on the rotor
resulting in displacement response.

The radial UMP component reduces the stiffness between the stator and rotor
of the machine which changes the eigenfrequencies of the vibration modes having
relative motion between the stator and rotor. The tangential component of the
UMP is related to electromechanical damping. In a cage induction machine, the
tangential component is induced by currents in the rotor cage and parallel paths
of the stator winding. The currents are generated by the additional air-gap fields
due to the eccentric rotor motion. The tangential UMP component may have an
influence on the rotor-dynamic stability.

In addition to the coupling between the mechanical and electromagnetic sys-
tems, the UMP provides means of actively generating force on the rotor provided
that the field asymmetry can be controlled. Using the unbalanced magnetic field
distribution on force production has been utilised in active magnetic bearings
(AMBs), for instance. Later, the methodology was adopted in self-bearing (bea-
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ringless) electrical machines. Along with AMB, the self-bearing force actuation
provides a built-in non-contact actuator, which generates a controlled force on
the rotor.

An electrical machine under eccentric rotor motion and equipped with a self-
bearing force actuator is a coupled electromechanical system. The system can
be controlled by currents causing the unbalance in the air-gap field distribution.
The system involves transient magnetic fields, circuits and a mechanical system
consisting of rotor-dynamics of the rotor and structural dynamics of the bear-
ings, housing and foundation. The model-based control design for such a system
involves modelling of the electromechanical actuator-rotor system.

1.2 Aim of the work

The main objective of this thesis is to provide means for electromechanical mod-
elling of a cage induction machine for the needs of model-based control of rotor
vibration. The main application of the research is linked to large machines with
low critical speeds. The work provides simulation and analytical tools for the
design of the force actuator for vibration control in cage induction machines. For
purposes of investigating actuator-rotor dynamics, a system simulator is built.

Special focus is put on the coupling of structural mechanical modelling with
an analysis of transient magnetic fields by using low-order parametric models.
The parametric models are formulated such that they can be readily used in
control design. The modelling is restricted to linear time-invariant (LTI) models.
The LTI model covers the governing dynamical phenomena in the actuator-rotor
system. However, in the thesis, some effects beyond the LTI model are brought
out.

In the thesis, by using the self-bearing force actuator, the goal is also to in-
vestigate and demonstrate a control algorithm previously used for attenuation
of harmonic vibration components in rotating machinery and AMBs. The ex-
perimental results of a cage induction machine with extended rotor shaft are
presented. The scope of the work is to demonstrate active force generation, rotor
vibration attenuation and critical speed operation in a cage induction machine.

In summary, the scope of the work involves

1) development a computationally efficient analytical model for flexural rotor
vibration in cage rotor electrical machines. The model should couple low-
frequency phenomena in rotor vibration with electromagnetic fields in the
machine. The 3-D rotor and stator deflections should be included in the
model. In addition, the model is to be based on physical parameters which
could be estimated numerically or measured,

2) modelling of the actuator-rotor system by using a low-order LTI formalism.
The requirement for the model is that it can be applied in a real-time

15



controller. In addition, the model should be based on physical parameters
which can be measured or estimated numerically,

3) development of numerical tools for simulated rotor vibration control by
using the built-in force actuator. The aim of the analysis is to obtain a
virtual plant for the design of the force actuator and, also, for testing the
control algorithms. The analysis should be detailed in the sense that, for
instance, stator or rotor slotting and saturation of magnetic materials would
be included,

4) experimental verification of the modelling and proposed control design for
attenuation of flexural rotor vibration. The control of dominating vibration
frequencies of the rotor and stable operation at the critical speed should be
demonstrated.

1.3 Scientific contribution

1) A method for coupling a low-order parametric model of an eccentric-rotor
electrical machine to a three-dimensional (3-D) structural mechanical model
of the machine in modal analysis framework is developed. The methodology
provides computationally efficient analytical tools for studying 3-D rotor
vibration effects in electrical machines.

2) The effect of electromechanical interaction on flexural rotor vibration in an
electrical machine is examined by using the parametric force model and
structural finite-element analysis (FEA) in a common framework. The re-
sults indicate that the electromechanical interaction has an effect on the
rotor bending vibration modes of the machine. The damping of the modes
having relative motion between the stator and rotor are affected by the
electromechanical interaction. Furthermore, the damping stems from the
circulating currents in the rotor cage due to the eccentric rotor motion.
The response of the machine to rotor mass unbalance is affected by the
electromechanical interaction, as well.

3) A built-in force actuator is considered for attenuation of flexural rotor vibra-
tion. For the cage rotor induction machine equipped with the built-in force
actuator, a system simulator based on FEA is built. It is shown that the
simulator provides a suitable tool for control design prior to implementing
the control strategies in a real machine.

4) A low-order linear time-invariant parametric model is developed for an
eccentric-rotor cage induction machine equipped with the built-in force ac-
tuator. In particular, the unbalanced magnetic pull induced by both the
eccentric rotor motion and the currents in the supplementary winding is mo-
delled in a common framework. The model is verified against more detailed
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numerical simulations based on finite element analysis. The parameters of
the LTI model are estimated by applying numerical optimisation based on
evolutionary algorithms.

5) Model-based control design is proposed by using the identified parametric
model. A control strategy for attenuating the harmonic vibration compo-
nents of the rotor rotation is proposed. The modelling and control design
are verified against experiments. Flexural rotor vibration attenuation is
demonstrated in a 30 kW two-pole cage induction motor with an extended
rotor shaft. In particular, it is shown that the proposed approach enables
stable operation at the critical speed of the machine.

1.4 Publications

Publication I

In this paper, the electromechanical interaction in electrical machines is consid-
ered. The main contribution of the paper is to extend the technique developed
by Holopainen et al. [2] to cover 3-D structural mechanics finite-element method
(FEM). The methodology provides means of studying 3-D rotor vibratory effects
in electrical machines by a computationally efficient parametric model. The re-
sults provide a basic framework in which rotor vibration modes are coupled in
modal superposition formalism to an electromagnetic system.

The methodology presented in this paper provides means of including the ef-
fect of the UMP on the analysis of electrical machine vibrations. The effect of
electromechanical interaction on rotor-dynamics is demonstrated by two numeri-
cal examples. The results predict that the UMP may have an effect on the rotor
bending modes. In particular, the effect of electromechanical damping due to
rotor currents is included in the analysis.

The paper has been written by Antti Laiho. The distributed model was de-
veloped by Antti Laiho and Timo Holopainen. The co-author, Timo Holopainen,
made a contribution through his expertise in analytical modelling of eccentric-
rotor electrical machines. Furthermore, Timo Holopainen contributed to the writ-
ing with his understanding of the background of the electromechanical interaction
in electrical machines. Paul Klinge contributed with comments on coupling and
system order reduction of structural finite element models with gyroscopic ele-
ments. Professor Antero Arkkio contributed to the article by supervision and
valuable comments and discussions.

Publication II

In this paper, the dynamics of the force actuator is considered by using a sys-
tem simulator based on the time-discretised magnetic field FEA and structural
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mechanics FEM. A detailed modelling of stator and rotor slotting as well as sat-
uration of magnetic materials is included in the system simulator. The effect
of various rotating magnetic fields in the air-gap on the force production of the
actuator is examined.

The presented simulation results indicate that the actuator-rotor system is
linear with respect to the input voltage of the control winding. However, the
results show that the system is considerably non-linear with respect to the ex-
citation force. A further observation is made that the static rotor eccentricity
induces an oscillating UMP component at double supply frequency. The effect is
not included in the eccentric-rotor model formulated within the LTI formalism.
However, by linearity with respect to the input voltage, and by knowing the ex-
ternal disturbance force level, a conclusion is made that LTI formalism provides
a good approximation of the actuator-rotor system dynamics.

An LTI model of the actuator-rotor system is then built. The LTI model covers
the dominating dynamics of the eccentric-rotor cage induction machine equipped
with a supplementary stator winding for lateral force generation. Such effects as
high-order components of the air-gap flux density, unipolar flux, and saturation
of magnetic materials are not included in the analytical model. The model is
identified by using the black-box models against data from the system simulator.
The validity of the identified LTI model is verified against finite element (FE)
simulations.

This paper has been written by Antti Laiho. The eccentric-rotor LTI model of
the actuator-rotor system was developed by Antti Laiho. Kari Tammi contributed
through his expertise on active force production and vibration control. Andrej
Burakov contributed through his expertise on analytical modelling of electro-
magnetic fields. He derived the first voltage-flux equations for the actuator-rotor
system with centralised rotor. The eccentric-rotor model presented in the paper
is based on his derivation. The original idea to examine the actuator-rotor system
was by Professor Antero Arkkio. Furthermore, Professor Antero Arkkio made a
contribution to the development of the finite element model used in the system
simulator. Kai Zenger contributed to the article through his expertise in active
control. Furthermore, he supervised the work and gave valuable comments.

Publication III

This paper presents modelling, simulation and control design for an eccentric-
rotor cage induction machine equipped with a built-in force actuator. The work-
ing principle of the actuator is based on the self-bearing machine force actuator.
A system simulator based on time-discretised finite-element magnetic field anal-
ysis is built. Here, the magnetic field analysis is coupled with the structural FEA
in modal formalism. The methodology provides a system simulator which can be
used in actuator design.

Furthermore, a low-order parametric model for the voltage-fed control winding
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with eccentric rotor motion is built. The parameter estimation is carried out by
applying numerical optimisation based on evolutionary algorithms and the system
simulator. The dynamics of the actuator-rotor system are examined. The results
indicate that the voltage-fed actuator brings out additional dynamics stemming
from the resistor-inductor (RL) circuit of the control winding.

The active control of flexural rotor vibration is considered by using the built-in
force actuator and a control algorithm specially developed for rotating machinery.
A control strategy for attenuating the rotor vibration at dominating discrete
frequencies is considered. In addition, a wide frequency-band compensator is
applied in order to compensate the actuator-rotor dynamics close to the rotation
frequency of the rotor.

This paper has been written by Antti Laiho. The parametric actuator-rotor
model for rotor vibration control was developed by Antti Laiho. The co-author,
Kari Tammi, proposed the convergent control algorithm and made a contribu-
tion to control design. Kai Zenger contributed through his expertise in control
engineering with valuable suggestions and discussions. Professor Antero Arkkio
supervised the work and made a contribution to the development of the finite
element model used in the system simulator.

Publication IV

In this paper, the active rotor vibration control is experimentally demonstrated
in a 30 kW two-pole cage induction motor equipped with a four-pole control
winding. The identification of the actuator-rotor model developed in Publication
II and Publication III is carried out. Hence, the model-based vibration control
for the rotation-speed harmonics by using the technique developed in Publication
III is applied.

The main contribution of the paper is to demonstrate the attenuation of har-
monic vibration components of the rotor by using the self-bearing force actuator
and synchronous response control (SRC) algorithm. The performance of control
on the vibration in machine bearings, foundation and housing are considered,
as well. The results show that the control scheme proves to be suitable for the
attenuation of harmonic rotor-vibration components in a cage induction machine.

This paper has been written by Antti Laiho. The co-authors, Anssi Sinervo
and Juha Orivuori, made a contribution in measurements, modal analysis and
assembling the laboratory test set-up. Kari Tammi contributed to the article
through his expertise in practical implementation of control algorithms for vibra-
tion attenuation in rotating machinery. He took part in constructing the mea-
surement set-up for experiments. In addition, he contributed to the mechanical
design of the machine used in the experiments. Professor Antero Arkkio designed
the stator winding in the machine. Furthermore, he supervised the work and
gave valuable comments. Kai Zenger contributed to the article with his expertise
in control engineering. In addition, he gave valuable suggestions related to the
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control design.

Publication V

This paper provides experimental vibration attenuation results for a cage in-
duction machine by using the self-bearing force actuator. Special focus is on
a simplified control algorithm in which the algorithm used in Publication IV is
reduced to attenuate only the first dominating rotor speed harmonic. The analyt-
ical modelling is performed in the rotor coordinate system in complex formalism
which enables a simplified control design by using SRC. Also, the identification
of the actuator-rotor system is carried out for a single frequency (DC in a rotor
coordinate system).

The results show that the simplified control scheme is efficient for vibration
suppression in the case the rotor performs forward whirling. A drawback of the
simplified control design is that the backward whirling of the rotor is not con-
trolled. This may have a considerable influence on the control when the rotation
speed nears the critical speed.

The paper has been written by Antti Laiho. The co-authors, Anssi Sinervo
and Juha Orivuori, made a contribution in measurements, modal analysis and
assembling the laboratory test set-up. Kari Tammi contributed to the article
through his expertise in practical implementation of control algorithms for vibra-
tion attenuation in rotating machinery. Professor Antero Arkkio and Kai Zenger
contributed to the article by supervising the work.

Contribution in publications

The contribution of the author and the co-authors is listed in Table (1).

Table 1: Contribution of the author and the co-authors in percentages in each
publication. The details of the contribution are given in the text in Sec. 1.4.

publication author co-author co-author co-author co-author co-author

1 2 3 4 5

I 60 25 5 10

II 55 10 15 10 10

III 60 15 10 15

IV 55 15 15 5 5 5

V 55 5 15 15 5 5
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1.5 Structure of the work

This work consists of three major topics: (1) electromechanical modelling based
on coupled rotor-dynamics and forces related to the asymmetric distribution of
magnetic field in the air-gap, (2) modelling and analysis of the actuator-rotor
system and (3) control of the flexural rotor vibration by using the force actuator.
The work is divided into the following parts:

1) A literature survey on the issues related to the work is given in Sec. 2. In
addition, some overview and background of the issues closely linked to the
work are discussed.

2) The methods developed in the work are discussed in Sec. 3. The discussion
is based on the author’s publications listed in Sec. 1.4 and reprinted at the
end of this thesis.

3) The results from the modelling, simulations and experiments are considered
in Sec. 4. Most of the results are published in the publications listed in Sec.
1.4. However, some unpublished results of the recent work are presented,
as well. In fact, in Sec. 4.2 results from the linear and non-linear FEM are
compared giving more insight into the effects not covered by LTI models.
Furthermore, the results related to the critical speed operation in Sec. 4.4
are not included in the publications.

4) The main results achieved in the work are discussed in Sec. 5. Moreover,
the limitations of the approach and further research is considered.

5) Finally, the work is summarised and conclusions are made in Sec. 6.
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2 Literature survey

The literature survey is divided into three main areas of research consisting of

1) electromechanical interaction in electrical machines based on unbalanced
magnetic fields. The main focus is on the force exerted on the rotor due
to the unbalanced flux-density distribution in the air-gap. The study is
restricted to cage rotor machines,

2) working principle, modelling and rotor position control related to a built-
in force actuator based on the working principle of the actuator used in
self-bearing machines,

3) attenuation of flexural rotor vibration by using the built-in force actuator.

The electromechanical modelling and model-based control design of the actuator-
rotor system naturally couples all these fields under a common framework.

This literature review focuses on analysis and control of flexural rotor vi-
bration in electrical machines needed in model-based control. More thorough
literature reviews of the electromechanical interaction and unbalanced magnetic
pull in electrical machines were given by Tenhunen [3] and Burakov [4]. A de-
tailed survey on coupled rotor-dynamics and electromechanical interaction was
given by Holopainen [5] and Kalita [6]. A recent literature review on control
methods applied in general rotating machinery was given by Tammi [7].

2.1 Electromechanical interaction

The working principle of an electrical machine is based on the rotating magnetic
fields in the machine. The torque is generated by resulting tangential forces
exerted on the rotor. Due to effects such as non-ideality of the air-gap geome-
try, rotor misalignment, stator or rotor slotting and saturation, additional forces
induced by the unbalanced magnetic field distribution are acting between the
stator and rotor of the machine. These forces are a source for the stator and
rotor vibration which may cause noise and increased bearing wear.

This work is restricted to rotor vibration and hence to magnetic forces exerted
on the rotor. However, the magnetic forces induced by the air-gap magnetic
field act between the stator and rotor. In literature, the forces exerted on the
stator have received more attention. This is most probably because the spatial
force distribution along the air-gap periphery, even with a symmetric air-gap field
distribution and concentric rotor, may excite the stator and induce problems with
noise, for instance.

In an electrical machine, an asymmetric magnetic field distribution generates
a net force on the rotor. The unbalanced magnetic field distribution may origi-
nate from stator or rotor non-ideal geometries [8], stator and rotor slotting [9],
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saturation [10] or eccentric rotor motion [11], for instance. The effect of the UMP
was observed already in the early 20th century by Rosenberg [12].

In the thesis, the studied sources for the UMP are restricted to (1) eccentric ro-
tor motion and (2) additional magnetic field component induced by a supplemen-
tary winding placed among the torque-producing main winding. The eccentric
rotor motion induces an asymmetric permeance distribution along the air-gap.
Consequently, the originally symmetric field distribution becomes unbalanced.
The effect of the UMP on vibration characteristics of an electrical machine is, in
the first approximation, that the natural rotor bending frequencies are reduced
due to the radial pull. The effect is referred to as negative spring effect. Par-
ticularly, the UMP affects those vibration modes which include relative motion
between the stator and rotor.

In general, for large eccentricities, the UMP becomes a non-linear function of
the rotor eccentricity. From a rotor-dynamic point of view, this leads to non-linear
dynamical systems [13, 14]. However, it has been observed from measurements
that the UMP is linear roughly up to 20 % eccentricity [15] which is, in practical
applications, already an intolerably large value. Motivated by observation, the
UMP is commonly assumed to be a linear function of rotor eccentricity. For small
eccentricities, it is common practice in industry to model the effect of the UMP
on vibration characteristics of an electrical machine by adding negative stiffnesses
between the stator and rotor.

Frohne [16] considered cylindrical rotor whirling in an asynchronous machine.
By using a sinusoidally distributed permeance along the rotor periphery with
linear dependency on the rotor eccentricity, he concluded that the eccentric-rotor
air-gap field can be approximated by the fundamental field with p pole pairs
and with additional field components of p± 1 pole pairs (Fig. 1 and Fig. 2). In
particular, in the stator coordinate system, the radial component of the air-gap
flux-density is given by

B(t, θ) = B̂p cos(ωst + ϕp − pθ)

+B̂p−1 cos((ωs − ωw)t + ϕp − ϕw − (p− 1)θ)

+B̂p+1 cos((ωs + ωw)t + ϕp + ϕw − (p + 1)θ) (1)

where t is time, θ is the angular position along the rotor periphery, p is number of
pole pairs, B̂p is the fundamental flux density, B̂p±1 are the eccentricity harmonic
flux densities, ωs is the supply angular frequency, ωw is the angular frequency of
rotor whirling, ϕp and ϕw are the initial phase angles of the fundamental field
and rotor eccentricity, respectively.

Früchtenich et al. [17] studied eccentric rotor motion in an asynchronous ma-
chine equipped with a cage rotor. The induced rotor cage currents were included
in the analysis, as well (Fig. 3). They concluded that the eccentric rotor mo-
tion induces rotor cage currents which have an effect on the UMP. In fact, the
induced rotor cage currents generate magnetic flux components with p ± 1 pole
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(a) (b)

Figure 1: Schematic picture of cylindrical rotor whirling and the radial magnetic
flux density distribution in the air-gap: (a) cylindrical rotor whirling on the
transversal plane perpendicular to the rotor axis and (b) the unbalanced magnetic
flux density distribution in the air-gap due to the eccentric rotor motion in a four-
pole machine with the net force f

ε
exerted on the rotor.

pairs which, in general, oppose the asymmetric air-gap field and hence make the
air-gap field more symmetric. The rotor cage currents not only have an effect
on the radial magnetic pull (f

ε,R
in Fig. 3), but also induce a tangential UMP

component (f
ε,T

in Fig. 3). In conclusion, the circulating p ± 1 currents in the

rotor cage reduce the radial UMP and generate a tangential UMP component.
Furthermore, it was deduced that at rotor whirling frequencies

ωw =
1− s(1± p)

p
ωs, (2)

the p ± 1 harmonic rotor current becomes zero. In Eq. (2), the slip s is given
by s = (ωs − pωm)/ωs where ωm is the angular frequency of rotor rotation.
Hence, approximately at the whirling frequencies given by Eq. (2), there is a
local maximum in the radial UMP. Furthermore, Früchtenich et al. [17] coupled
the model for the UMP to a mechanical rotor model leading to a system of
second-order ordinary differential equations (ODEs).

Arkkio et al. [18] presented a frequency-domain model for the UMP by using
a transfer function

f
ε
(s) = K(s)zr(s) (3)

where f
ε
is the force (UMP) exerted on the rotor, s denotes the Laplace variable

and zr is the rotor displacement in the stator reference frame. In Eq. (3), the
Laplace variable s is reduced to s = jωw in whirling rotor motion with angular
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Figure 2: Radial air-gap flux density distribution in a four-pole machine with
additional two-pole and six-pole field components induced by the eccentric rotor
motion: (a) two-pole eccentricity field, (b) six-pole eccentricity field, (c) main
four-pole field and (d) fields along the air-gap periphery; resultant asymmetric
field from Fig. 1(b) (thick solid line), four-pole field (thin solid line), two-pole
field (dashed line) and six-pole field (dash-dotted line).
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(a) (b)

Figure 3: Unbalanced magnetic pull exerted on the eccentric rotor. (a) force
exerted on the rotor and (b) four-pole magnetic field lines and cage currents in
the rotor bars induced by eccentric rotor motion in a two-pole cage induction
machine. The notation

⊙
means that a current is flowing in the +z direction

while
⊗

means that it is flowing in the −z direction.

frequency ωw. In [18], the transfer function K = K(s) was given by

K(s) =

[
k0 +

kp−1

s− zp−1

+
kp+1

s− zp+1

]
(4)

where k0 is the spring constant due to the radial UMP, kp±1 are parameters
depending on the the fundamental flux and zp±1 denote the system poles in the
complex plane. In their analysis, Arkkio et al. [18] considered cylindrical rotor
whirling in cage induction machine. In cylindrical whirling, the rotor centre line
is aligned with the stator bore. The rotor centre follows a circular path and the
air-gap is axially uniform. In [18], the UMP was simulated by time-discretised
FEA of the magnetic fields in a 2-D machine cross-section. Furthermore, they
verified the simulation results against measurements carried out for a 15 kW four-
pole cage induction machine equipped with magnetic bearings which were used
to measure the force (UMP) exerted on the rotor [19]. Furthermore, a low-order
parametric model

q̇
p−1

= zp−1qp−1
+ kp−1zr (5)

q̇
p+1

= zp+1qp+1
+ kp+1zr (6)

f
ε

= k0zr + q
p−1

+ q
p+1

(7)

for the UMP was introduced. In comparison with the time-discretised FEM, the
analytical model given by Eqs. (5) – (7) provides a computationally consider-
ably more efficient means of studying the UMP. The fact that the model was
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formulated for a general cylindrical rotor motion makes the formalism particu-
larly useful. By fitting the transfer function given by Eq. (4) to results from
the time-stepping FEA carried out for several whirling frequencies, Arkkio et
al. [18] estimated the parameters in Eq. (4). Hence, the time-domain system
given by Eqs. (5) – (7) was readily applicable to transient analysis. By apply-
ing the Laplace transform, the ODE system given by Eqs. (5) – (7) leads to the
transfer function given by Eq. (4). However, the physical meaning of the force
variables q

p±1
is hidden.

The effect of the UMP on rotor-dynamics of the cage induction machine under
arbitrary eccentric rotor motion was considered by Holopainen [5]. Holopainen et
al. [2] derived a model for the UMP in which the rotor is subjected to arbitrary
eccentric rotor motion. In the model the rotor is assumed to be parallel to the
stator so that the air-gap is uniform along the rotor shaft but the rotor centre
displacement in a 2-D machine cross-section is treated as a degree of freedom.
The model is in parametric form based on physical quantities. As well, the rotor-
cage p± 1 currents were included in the model. In [2], the space-vectors for the
p± 1 radial air-gap flux-density were given by

B̂p−1 =
1

2δ0

B̂pz
∗
r +

µ0

δ0

kr,p−1îr,p−1 (8)

B̂p+1 =
1

2δ0

B̂pzr +
µ0

δ0

kr,p+1îr,p+1 (9)

where B̂p is the space-vector of the fundamental flux density, îr,p±1 are the space-
vectors of harmonics p±1 of the rotor cage current, δ0 is the (effective) radial air-
gap length, µ0 is air-gap permeability and kr,p±1 are real-valued coupling factors
related to rotor design and saturation.

From the Maxwell stress tensor, by using the radial component of the flux
density [20], the eccentricity force exerted on the rotor is given by

f
ε
=

πdrlr
4µ0

[
B̂
∗
p−1B̂p + B̂

∗
pB̂p+1

]
(10)

where dr is diameter of the rotor core and lr is axial length of the rotor core.
Eq. (10) yields, by using Eqs. (8) and (9),

f
ε
=

πdrlr
4µ0δ0

[
|B̂p|2zr + µ0kr,p−1B̂pî

∗
r,p−1 + µ0kr,p+1B̂

∗
pîr,p+1

]
. (11)

By using Eqs. (8) and (9) and the analysis of rotor-cage currents based on discrete
Fourier transformation (DFT) [2,21], the p± 1 flux linkages of the rotor cage are
given by

ψ̂
r,p−1

= Lr,p−1îr,p−1 + Xr,ε,p−1B̂pz
∗
r (12)

ψ̂
r,p+1

= Lr,p+1îr,p+1 + Xr,ε,p+1B̂pzr (13)
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where Lr,p±1 are rotor cage inductances of harmonics p±1 and Xr,ε,p±1 are eccen-
tricity coupling factors of rotor cage harmonics p± 1. The voltage-flux equations
in stator reference frame are given by [22]

0 = Rr,p±1îr,p±1 +
dψ̂

r,p±1

dt
− j(p± 1)ωmψ̂

r,p±1
(14)

where Rr,p±1 are the rotor cage resistances of harmonics p ± 1. By substituting
Eqs. (12) and (13) to Eq. (14), the equations for the cage current harmonics p±1
are given by

0 =
dîr,p−1

dt
+

[
Rr,p−1

Lr,p−1

− j(p− 1)ωm

]
îr,p−1

+
Xr,ε,p−1

Lr,p−1

[
d

dt
(B̂pz

∗
r)− j(p− 1)ωmB̂pz

∗
r

]
(15)

0 =
dîr,p+1

dt
+

[
Rr,p+1

Lr,p+1

− j(p + 1)ωm

]
îr,p+1

+
Xr,ε,p+1

Lr,p+1

[
d

dt
(B̂pzr)− j(p + 1)ωmB̂pzr

]
. (16)

The cage current dynamics given by Eqs. (15) and (16) describes the cage current
p±1 components induced by eccentric rotor motion. In the case of rotor whirling
under constant operational conditions, it holds

zr(t) = z0e
jϕw(t) (17)

B̂p(t) = Bpe
jϕs(t) (18)

where z0 and Bp are complex constants, ϕ̇w = ωw and ϕ̇s = ωs. By substituting
Eqs. (17) and (18) to Eqs. (15) and (16), the criteria given by Eq. (2) are ob-
tained. Furthermore, by using Eqs. (15) and (16), the substitution of Eqs. (17)
and (18) to Eq. (11) leads to

f
ε
(t) =

πdrlr
4µ0δ0

[
|Bp|2 − µ0kr,p−1

jXr,ε,p−1(ωw − ωp−1)|Bp|2
Rr,p−1 + jLr,p−1(ωw − ωp−1)

− µ0kr,p+1

jXr,ε,p+1(ωw + ωp+1)|Bp|2
Rr,p+1 + jLr,p+1(ωw + ωp+1)

]
z0e

jϕw(t) (19)

where ωp±1 = ωs − (p ± 1)ωm. The transfer function in Eq. (19) is of the same
form with Eq. (4). Furthermore, ωw = ∓ωp±1 in Eq. (19) corresponds to the
frequencies in Eq. (2).

The constant-flux assumption in Eq. (18) results in time-varying coefficients
in the force given by Eq. (11). In order to extract the time-dependent coefficients,
Holopainen [5] used the cage-current variables

g
p−1

= î
∗
r,p−1e

jϕs (20)

g
p+1

= îr,p+1e
−jϕs . (21)
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As a result a model for the UMP, analogous to the parametric model in Eqs. (5)
– (7), is obtained. The main development is that the parameters and variables of
the model have a clear physical meaning. In the model, the force exerted on the
rotor by the UMP is given by

f
ε
= k0zr + cp−1gp−1

+ cp+1gp+1
(22)

where

k0 =
πdrlr|Bp|2

4µ0δ0

, cp−1 =
πdrlrkr,p−1Bp

4δ0

, cp+1 =
πdrlrkr,p+1B

∗
p

4δ0

. (23)

In the case of a two-pole machine, the component p− 1 = 0 referring to unipolar
flux is neglected and k0 is divided by 2. In Fig. 3(b), the four-pole rotor cage cur-
rent distribution is schematically depicted in a two-pole cage induction machine
rotor with 28 rotor bars.

In Eq. (22), the parameter k0 stands for a negative spring constant which
corresponds to the magnetic pull in the direction of the shortest air-gap. The
parameters cp±1 are in general complex-valued and the cage current variables
g

p±1
not only contribute to the radial UMP but are responsible for the tangential

UMP component, and hence, electromechanical damping and stability issues [23].
In [5], the cage current dynamics is given by

ġ
p−1

+ (τ−1
p−1 − jωp−1)gp−1

+ bp−1żr − jbp−1ωp−1zr = 0 (24)

ġ
p+1

+ (τ−1
p+1 + jωp+1)gp+1

+ bp+1żr + jbp+1ωp+1zr = 0 (25)

where τp±1 = Lr,p±1/Rr,p±1, bp−1 = B∗
pXr,ε,p−1/Lr,p−1 and bp+1 = BpXr,ε,p+1/Lr,p+1.

In addition to the circulating cage currents, parallel paths in the stator wind-
ing affect considerably the UMP [11,18,24]. This is because the eccentricity fluxes
with p ± 1 pole pairs induce circulating currents in the stator winding making
the air-gap field more symmetric, and thus, reducing the UMP. Furthermore, the
above analysis was carried out for a general machine with 2p poles. However, a
two-pole machine (p = 1) is a special case in which the unipolar (homopolar) flux
p − 1 = 0 may generate forces on the rotor [25, 26]. In this work, the unipolar
flux is neglected.

In addition to the analytical formulations, the UMP has been analysed nu-
merically by FEM. Presently, a transient 3-D FEA of an eccentric-rotor electrical
machine is not available within reasonable computation time. Hence, a 2-D FEM
is used. The effect of end-windings was taken into account by including end-
winding impedances in the circuit equations [27,28].

Earlier, a 3-D extension of a 2-D electromagnetic FEM of an electrical machine
was developed by Tenhunen [3]. In the model, 2-D FEM slices perpendicular to
the rotor are applied. The separate slices are connected by continuity conditions.
However, as was pointed out by Tenhunen et al. [29], the computational effort
grows almost linearly with the number of 2-D slices included. Hence, the number
of slices is strongly restricted by the computational time.

29



2.2 Self-bearing force actuator

2.2.1 Overview

As was already discussed in Sec. 2.1, in an electrical machine, an asymmetric
field distribution in the air-gap generates a net force on the rotor. The mecha-
nism provides a means of an active generation of force on the rotor, provided that
the asymmetry of the field distribution can be controlled (Fig. 4). The force ac-
tuation based on unbalanced field distribution around the rotor is industrialised
in active magnetic bearing (AMB) technology [30, 31]. The AMBs offer some
advantages compared to the traditional sliding- or rolling-element bearings. In-
deed, AMB provides non-contact action, no lubrication needed, longer life-cycle,
controlled bearing force, active rotor vibration control, built-in tools for diag-
nostics, high-speed and high-temperature operation. In high-speed applications,
the AMBs are generally used and the related technology has achieved a mature
state. As a disadvantage, AMB needs a power input and sophisticated means of
active control. So far, AMB technology has not made a breakthrough in large
applications.

Figure 4: Magnetic field distribution in a two-pole machine equipped with four-
pole supplementary winding for force generation. The four-pole field induces an
asymmetry in the two-pole field distribution so that a net force is exerted on the
rotor. In the figure, the flux density is enhanced on the upper part of the air-gap
and, consequently, an upward force is generated.

In the late 1980s and beginning of the 1990s, a new bearingless (self-bearing)
concept was introduced in AC machinery [32–38]. In a self-bearing machine, the
rotor position is controlled by unbalancing the magnetic flux density distribution
in the air-gap. Since the torque-producing flux density of an electrical machine
is typically of the order 0.5–1.0 T, only a small unbalance of this field generates
a large net force on the rotor. This can be seen from Eq. (10), where the 2p pole
field is distorted by eccentricity fields with p± 1 pole pairs.
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A self-bearing machine can be understood as a hybrid design consisting of an
integrated AMB and electrical machine. The working principle is analogous to
AMBs but there are some fundamental differences. In self-bearing technology, less
iron is needed to produce the demanded force since the main torque-producing
winding affects the generated force, as well. Furthermore, no additional axial
space is needed due to the built-in nature of the concept. This is an advantage
since a longer rotor shaft may induce rotor vibrations. On the other hand, in a
self-bearing actuator, additional dynamics are involved because the force produc-
tion is coupled to the machine operation. This can be regarded as a disadvantage
of the concept. Moreover, additional losses may be induced in the rotor and
stator.

(a) (b)

Figure 5: The supplementary winding (control winding) design in the machine
stator. The supplementary winding is distributed to the stator slots in the wedge
area and occupies about 10 % of the total cross-sectional area of a single slot. The
picture (b) is taken from the set-up used in Publication IV and Publication V
in which a 30 kW two-pole induction motor was equipped with a supplementary
four-pole winding.

The following literature survey is restricted to the force-actuation methodol-
ogy of induction-type self-bearing machines. However, other machine types such
as the switched reluctance and permanent magnet (PM) bearingless machines
are within the bearingless concept as well [39]. The bearingless drive concept has
been applied and industrialised in many, mostly low-power, applications such as
blood pumps.

In the literature, two design principles for the stator of the bearingless induc-
tion machine are presented:

1) The stator winding is composed of two separate (three-phase) windings dis-
tributed to the stator slots. One is for the torque-production and occupies
roughly 90% of the slot cross-sectional area. The other, referred to as “sup-
plementary winding”, is used for producing a transversal force on the rotor
(Fig. 5). The concept was introduced by Chiba et al. [35].
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2) A single winding is used both for producing torque and transversal force.
The design was introduced by Salazar et al. [33, 36]. In this design, the
individual stator winding phases are divided and supplied so that both ro-
tation and rotor positioning are provided. Another single-winding design
was proposed by Khoo et al. [40,41]. In the design, the stator phases are di-
vided in parallel paths. Hence, the paths are connected by bridges equipped
with power supplies to generate currents which produce an unbalanced field
distribution in the air-gap.

In addition to the active control of rotor position or vibration, both of these
winding structures can be used for passive reduction of UMP [6,42]. This work is
restricted to the design principle in which two stator windings are used [35]. In a
2p pole machine, the supplementary winding is distributed in the stator slots so
that it produces an air-gap field with p−1 or p+1 pole pairs. Hence, the originally
symmetric 2p pole torque-producing field is unbalanced and a net force is exerted
on the rotor. A typical induction machine design is a two-pole supplementary
winding in a four-pole machine or a four-pole supplementary winding in a two-
pole machine [39].

From a practical point of view, the manufacturers of electrical machines are
familiar with installing two separate windings in stator slots, for instance, when
producing double-speed induction motors. However, the produced torque is re-
duced when using the separate-winding design. Indeed, the current density in
a stator slot is restricted by resistive heating. If 10% of the slot area is occu-
pied by the supplementary winding, the current in the torque-producing winding
has to be reduced by 10%. The generated torque is proportional to the air-gap
flux-density and the rotor current. Since the current density – and hence the
air-gap flux density – remains the same, the torque is reduced by 10%. This can
be regarded as a disadvantage of the concept. On the other hand, the dimen-
sions for the supplementary winding have to be carefully designed in terms of the
demanded maximum value of the lateral force.

2.2.2 Working principle and analytical modelling

The following discussion is restricted to bearingless cage induction machines
which are equipped with individual stator winding sets for torque and lateral
force production. The commonly-used and highly industrialised cage-rotor de-
sign is challenging for self-bearing force actuation. This is due to the rotor-cage
currents which are induced by the currents of the supplementary winding. The
cage currents induce additional dynamics to the actuator-rotor system. Indeed,
the cage currents affect the unbalanced field distribution having an effect on the
generated force. Consequently, the actuator force becomes more difficult to ori-
entate.

From the beginning of the 1990s, force-actuation methodology of the self-
bearing machine has been modelled both analytically and numerically. The con-
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Figure 6: Force-actuation methodology for a four-pole (Na, Nb) machine with a
two-pole (Nα, Nβ) supplementary winding. The construction was introduced by
Chiba et al. [35].

cept of a bearingless induction motor, to the best knowledge of the author, was
introduced for the first time by Salazar et al. [33] and Chiba et al. [35]. Chiba
et al. [35] considered a four-pole bearingless cage induction machine equipped
with a two-pole winding for generation of lateral force on the rotor. The motor
cross-section with equivalent two-phase winding schema is shown in Fig. 6. In
their work, Chiba et al. deduced that the control force F = (Fα, Fβ)T exerted on
the rotor is given by

(
Fα

Fβ

)
= MI

[
− cos(2ωt) sin(2ωt)

sin(2ωt) cos(2ωt)

](
iα

iβ

)
. (26)

In Eq. (26), M is the spatial derivative of mutual inductance between the two-
and four-pole windings in terms of the virtual work when rotor is displaced from
the stator bore centre. Furthermore, iα and iβ denote the currents supplied to
the two-pole supplementary winding. The currents supplied to the four-pole main
winding are given by

ia = I cos(2ωt) (27)

ib = I sin(2ωt) (28)

where I is the peak value of the current and 2ω the supply frequency of the four-
pole winding. In Fig. 6, the flux-density field lines are illustrated for the case
ib = 0 = iβ. In this case, the two-pole supplementary winding increases the air-
gap flux density on the left-hand side (arrows in same direction) and decreases
on the right-hand side (arrows in opposite direction). Consequently, the force
is directed to −α direction. As was noted in [35], Eq. (26) predicts that the
actuator force is modulated by the four-pole main-winding currents. Secondly,
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the generated force is proportional to the supplementary winding currents. In
the literature, the studied bearingless induction machine design is in most cases
a four-pole machine with two-pole supplementary winding or vice-versa. A study
on bearingless induction machines with different numbers of poles was carried out
by Okada et al. [43].

In [35], a feedback control system was constructed for rotor positioning. In-
deed, the analytical expression given by Eq. (26) was used to calculate the current
commands of the supplementary winding from the force demand (F ∗

α, F ∗
β ). The

force demand was obtained from a proportional-integral-derivative (PID) con-
troller which used the rotor centre position measured by air-gap sensors.

Chiba et al. [44] deduced analytically the actuator force by assuming sinusoidal
MMF distributions and cylindrical rotor and stator (no slotting effects). The
parameter M in Eq. (26) yielded

M =
µ0πlRN2N4

8g2
0

(29)

in which l is the axial length of the rotor, R is radius of the rotor, g0 is radial air-
gap length, and N2 and N4 are the number of turns in the two-pole and four-pole
winding, respectively.

In [45], the influence of the induced rotor-cage currents in a bearingless induc-
tion motor was considered. The analysis was carried out for a four-pole motor
with a supplementary two-pole winding. It was indicated that there is no mu-
tual coupling between the two- and four-pole windings provided that the rotor
is concentric with the stator bore (zero eccentricity). However, as was pointed
out by Chiba et al., currents in the supplementary two-pole winding induce cir-
culating currents in the rotor cage which affect the generated actuator force on
the rotor. Indeed, the equalising rotor-cage currents reduce the asymmetry of the
air-gap flux-density distribution and, consequently, reduce the generated radial
force. In [45], an equivalent circuit was built for frequency-domain analysis of
circuits consisting of rotor cage, main four-pole winding and the supplementary
two-pole winding.

Nomura et al. [46] considered a phase delay in the generation of the actuator
force in a bearingless cage induction machine. In their work, a four-pole motor
with a two-pole supplementary winding design was considered. The phase delay
stems from the equalising currents induced in the rotor cage. Furthermore, it was
concluded that the phase delay in force generation may result in a decrease of
phase margin in the feed-back control loop of the rotor position and, consequently,
result in an instability. In [46], a phase lead-lag compensator was proposed in
order to enhance the rotor position control in a feedback schema used in [35].

A different approach to handle the effect of circulating rotor-cage currents
was proposed by Chiba et al. [47]. In their approach, a pole-specific rotor design
was proposed. In the design, for a four-pole bearingless machine, the rotor cage
is constructed from four-pole circuits which are isolated from each other. In this
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construction, the currents in the supplementary two-pole winding do not induce
currents in the rotor cage and, hence, the force-current relationship in Eq. (26)
holds. Especially, the force is directly generated by the supplementary winding
currents without phase delay. In comparison with the commonly-used cage ro-
tor design, the proposed construction demands a more ponderous manufacturing
process. From an industrial point of view, this can be regarded as a disadvantage
of the construction.

In the analysis of the self-bearing force actuation, for simplicity, it is a com-
mon practice to neglect the effect of the rotor eccentricity in the force generation.
The assumption can be justified by the fact that given the rotor position control
is successful, the UMP induced by eccentric rotor motion becomes zero. In the
derivation of the actuator force, the principle of virtual work has been commonly
used. Hence, the force is obtained as spatial derivatives of the co-energy func-
tional. The spatial dependence of the co-energy functional stems from the mutual
inductances between the main and supplementary windings which depend linearly
on the rotor eccentricity. As a result, a force independent from the eccentricity
is obtained. The spatially-dependent inductances were directly applied in the
development of a sensorless (self-sensing) bearingless induction motor [48,49].

In general, in addition to the mechanical excitation forces, the bearingless
machine force actuator has to compensate the UMP exerted on the rotor in
the case of eccentric rotor motion. The need for compensating the UMP was
brought out by Nomura et al. [46]. However, their analysis was concentrated on
the effect of equalising currents in the rotor cage induced by the currents of the
supplementary winding. To the author’s best knowledge, Baoguo et al. [50] were
the first to include the effect of the eccentric rotor in the analytical model of
a bearingless induction motor. They pointed out the necessity of an enhanced
modelling of the actuator force by including the UMP induced by eccentric rotor
motion. It was emphasised that, in an actual motor, a rotor eccentricity is always
present due to variation of machine load or the actuator force. In [50], for a
four-pole induction motor with a two-pole supplementary winding, the analytical
expression for the resultant force exerted on the rotor due to currents in the
supplementary winding and the eccentric rotor was given by

Fx =
πrl

2µ0

[
B2B4 cos(ϕ4 − ϕ2) + εB2

4 cos α
]

(30)

Fy =
πrl

2µ0

[
B2B4 sin(ϕ4 − ϕ2) + εB2

4 sin α
]

(31)

where r is the radius of the rotor, l is length of the rotor stack, µ0 is air-gap
permeability and ε is rotor eccentricity. Furthermore, B2 and B4 denote the peak
values of the two- and four-pole air-gap flux-densities, respectively, ϕ2 and ϕ4 are
the initial phase angles of the two- and four-pole MMFs, respectively, and α is
the direction of the minimum air-gap.

Yikang et al. formulated an analogous model to the one presented by Baoguo

35



et al. [50]. In the model, the analytical expressions were formulated for the actu-
ator force in case of an eccentric rotor. Furthermore, the model was formulated
in terms of the air-gap fluxes. Later, Zhang et al. [51] introduced an analyti-
cal model for rotor position control in a self-bearing induction machine. In the
model, the radial UMP component was included into the model. In addition,
they considered the equations of motion for the rotor system in the form

Fdx + Fsx − Fx = mẍ (32)

Fdy + Fsy − Fy = mÿ (33)

where Fdx and Fdy, Fsx and Fsy, Fx and Fy denote the disturbance, the UMP
induced by eccentric rotor motion, and actuator forces in x- and y- directions,
respectively. Furthermore, m denotes the rotor mass.

Cai et al. [52] derived an analytical model of radial actuator force in a bea-
ringless four-pole wound-rotor induction motor with a two-pole supplementary
winding. In their model, the exerted force on the rotor was calculated from the
principle of virtual work. As a result, the force exerted on the rotor was given
in terms of the rotor eccentricity and supplementary winding currents. Partic-
ularly, they concluded that, by including non-linear terms in the eccentric-rotor
air-gap permeance distribution, an oscillating UMP component at double sup-
ply frequency appears. This agrees with the results obtained by Guo et al. [53].
However, the currents of the two-pole supplementary winding were not induced
in the four-pole wound-rotor considered by Cai et al. [52]. Hence, naturally the
equalising rotor currents were not considered. The pole-specific cage rotor [47]
has a similar effect on the induced rotor cage currents as the wound-rotor design.

In addition to controlling the rotor position, the self-bearing force actuation
technology can be utilised for rotor vibration suppression in a machine with con-
ventional bearings. The force actuation methodology was proposed for vibration
control in rotating machinery by Watanabe [54]. Active vibration control by us-
ing self-bearing generator was examined by Khoo et al. [55]. More recently, the
self-bearing actuator was applied to vibration attenuation and critical speed op-
eration by Chiba et al. [42]. When the synchronous forward whirling dominates
the rotor vibration, the force demand is rotating synchronously with the rotor.
This is an advantage since the induced rotor-cage currents are small.

In the analysis of the self-bearing cage induction machine, there is a need for
further development. So far, only few authors have considered analytically the
effect of the eccentric rotor motion in the actuator force. Furthermore, in the
models including the UMP, only the radial UMP component has been studied.
However, as it was discussed in Sec. 2.1, the tangential component of the UMP
may have a significant effect on the dynamics and stability of the system. In fact,
not only the supplementary winding produces oscillating currents in the rotor
cage. As was surveyed in Sec. 2.1, the eccentric rotor induces currents in the
rotor cage, as well. So far, the rotor-cage currents induced by the eccentric rotor
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motion have not been included in any analytical model of a force actuator in a
bearingless induction machine.

The torque-producing stator winding, the supplementary winding for force
generation, the eccentric cage rotor and the mechanical rotor system is a cou-
pled electromechanical system. In the literature, the following electromechanical
effects are not included in analytical studies:

1) the rotor-cage currents induced by eccentric rotor motion,

2) the coupled electromechanical system consisting of actuator-rotor dynamics
and rotor-dynamics of the rotor.

2.2.3 Numerical modelling

In the literature, there are only few studies in which numerical methods (most
often FEM) are applied to analyse the force actuator of a bearingless induction
machine. In particular, the number of studies including eccentric rotor motion is
limited. To reduce the computational work, the assumption of axial symmetry is
commonly used. In the case of an eccentric rotor, due to lack of symmetry, the
whole 2-D machine cross-section has to be included.

Chiba et al. [56] examined the effect of magnetic saturation on the force actu-
ator in an induction-type bearingless motor by using FEM. Cai et al. [57] inves-
tigated the force production mechanism in a bearingless wound-rotor induction
motor by using a 2-D time-discretised FEM. They considered a design consisting
of a four-pole torque-producing winding, a two-pole supplementary winding and
a wound four-pole rotor. For comparison, a squirrel-cage rotor design was studied
as well. It was concluded that, in comparison to the squirrel-cage rotor design, a
much larger actuator force is generated on the rotor in the wound-rotor design.

Baoguo et al. [50] modelled both analytically and numerically by FEM the
bearingless induction motor with rotor eccentricity. They estimated the param-
eters of the analytical model by FEM. The FEA was carried out for static rotor
eccentricity. A different approach was introduced in [58]. A dynamic reluctance
mesh was used for simulations of a four-pole self-bearing induction machine with a
two-pole supplementary winding. A self-bearing design with a single-winding con-
struction was studied by using FEM by Ferreira et al. [59] and Khoo et al. [40,60].

So far, numerical analysis of the self-bearing induction machines has been re-
stricted to the force generated on the rotor. The electromechanical actuator-rotor
coupling has been left without further analysis. However, the rotor-dynamics may
couple with the generated force, depending on the rotor eccentricity, which results
in a coupled electromechanical system. The time-discretised 2-D FEM provides
a reliable tool for analysing coupled electromechanical systems [61,62].
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2.3 Control design and built-in force actuator

The control design associated with the position control of the self-bearing induc-
tion machine is, in almost all studies, restricted to conventional PID controllers.
Recently, however, Kauss et al. [63] obtained promising results in applying a con-
troller based on linear quadratic regulator (LQR) in a vertical-rotor bearingless
induction machine. The force actuator mechanism of a bearingless induction ma-
chine, especially, with a squirrel-cage rotor design, brings out challenges for the
rotor position controller [45, 46, 64]. As was discussed in Sec. 2.2.1, the AMB is
a technology analogous to self-bearing machines. In AMBs, in addition to PIDs,
various controllers have been studied [31]. Especially, control issues related to
the suppression of harmonic vibration components have gained special attention.
Compensation of periodic disturbances has also been applied in a bearingless slice
motor [65].

In any rotating machinery, typically, the main sources for rotor vibration are
the unbalanced mass harmonics [66, 67]. In electrical machines, additional har-
monic forces are induced from the rotating electromagnetic fields in the machine
air-gap. Hence, the rotor vibration in electrical machines is typically dominated
by a small number of vibration components related to the rotation speed and the
various rotating magnetic fields in the air-gap.

Burrows et al. [68] introduced a control method for the compensation of har-
monic disturbance forces exerted on a rotor. In their work, analytical derivations
and a simulated example was given. Furthermore, they proposed that AMB can
be used in a practical implementation of the control method presented. In an
electrical machine, due to a small air-gap between the rotor and stator, the force
actuation on the rotor centre is problematic. However, the built-in force actu-
ator used in a self-bearing machine provides a means of force generation at the
mid-span between the bearings.

Later, Burrows et al. [69], used an extended version of the algorithm [68]
for the control of synchronous rotor vibration in a flexible rotor. In [69], the
vibration attenuation was demonstrated by using an experimental rig consisting
of a flexible rotor supported by journal bearings. A single AMB unit was used
for the force actuation. Burrows et al. concluded that a single AMB unit can be
used both for the system identification and actuation of control force.

Narrow frequency-band controllers that are compensating discrete dominating
harmonics of the disturbance force were proposed by various authors [70–76].
These algorithms are referred to as the mass unbalance compensation algorithms,
or SRC algorithms [77]. The SRC algorithms have previously been used for rotor-
bearing systems, AMBs and helicopter rotors, for instance.

Knospe et al. [73] developed an SRC algorithm referred to as “Convergent
Control” (CC). The CC algorithm was systematically compared with other flex-
ural rotor vibration suppression algorithms [7]. Motivated by the results, the
CC algorithm was chosen for this work. The robustness issues of the CC algo-
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rithm were considered by Knospe et al. [78]. In the following, the CC algorithm
equipped with instantaneous coefficient update [79] is surveyed. The analysis is
based on the results described by [7, 75,80].

An excitation force composed of integral multiples of rotor rotation frequency
and exerted on the rotor is given by

fex(t) = Re





Nf∑

k=0

f̂k
exe

jϕk(t)



 (34)

where ϕk(t) denotes the phase of the excitation force harmonic k with ϕ̇k = ωk =
kωm and the coefficients f̂k are given by

f̂k
ex = fk

(
1

−j

)
(35)

with fk denoting the amplitude of the harmonic excitation force.
Assuming a linear system, the rotor response to the excitation is given by

urc(t) = Re




Nf∑

k=0

ûk
rce

jϕk(t)


 (36)

where the Fourier coefficient of the rotor displacement ûrc at angular frequency
ωk is given by

ûk
rc = H(jωk)v̂

k
c +Hex(jωk)f̂

k
ex = H(jωk)v̂

k
c + d̂k

where H and Hex are the frequency-response matrices of the system in the LTI
formalism [81], v̂k

c is the control input voltage Fourier coefficient at frequency
ωk and d̂k is the corresponding Fourier coefficient of the disturbance. The CC
algorithm [82] minimises the output displacement Fourier coefficients ûk

rc at fre-
quency ωk. Indeed, the aim of the control is to minimise the square norm of the
measured rotor displacement given by

‖ûk
rc‖2 = ‖H(jωk)v̂

k
c + d̂k‖2. (37)

In the CC algorithm, the minimisation is carried out by a law analogous to
the gradient method which gives the Fourier coefficients v̂ of the control input in
discrete-time by

v̂k
c (n) = γkv̂

k
c (n− 1)− αkAkû

k
rc(n) (38)

where 0 < γk ≤ 1, αk > 0 are the parameters related to the convergence of the
algorithm and n refers to time-instant tn = nTs with Ts denoting the sample
time. In Eq. (38), the matrix Ak is given by

Ak = H(jωk)
† (39)
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Figure 7: The CC algorithm and instantaneous coefficient update for the at-
tenuation of a single excitation force harmonic k. In the figure, the unit delay
operator is given by z−1v̂k

c (n) = v̂k
c (n− 1).

where † denotes the pseudo-inverse operator which is needed when the (rotor)
displacement is measured at multiple points. Effectively, the aim of the recursive
law given by Eq. (38) is to adapt the control force to compensate the disturbance
force on a specific frequency.

In Fig. 7, the CC algorithm is schematically depicted. For the Fourier coeffi-
cient calculation, instantaneous coefficient update [7,75,79] was applied. Indeed,
the instantaneous Fourier coefficient update and the resulting control input are
given by

ûk
rc(n) = urc(n)e−jkθm(n) (40)

vc(n) = 2Re




Nf∑

k=0

v̂k
c (n)ejkθm(n)


 . (41)

A discrete-time equivalent feedback compensator can be built for the CC algo-
rithm [7]. Hence, the CC controller leads to an LTI system in discrete-time.

The instantaneous coefficient update given by Eqs. (40) and (41) has been
used in practical applications [79]. The mass unbalance compensation algorithms
have been under active research since 1980s [68]. This is because unbalanced
mass excitation is the primary source of flexural rotor vibration in most rotating
machine applications [66]. In AMBs, however, modern control theory including
H∞ -control and other techniques based on µ -synthesis have been applied, as
well [31].
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3 Methods of analysis

3.1 Electromechanical modelling

As discussed in Sec. 2.1, 3-D electromechanical modelling of electrical machines
demands a considerable amount of computational effort. A full-scale 3-D transient
electromechanical analysis of an electrical machine is a challenge even for present
personal computers (PCs). For this reason, 2-D models are commonly used for
electromechanical analysis. In 2-D models, the assumption of axial isotropy (uni-
form air-gap in the axial direction) is used. End windings can approximately be
included in a 2-D model [28]. However, 3-D effects such as conical rotor motion
(non-uniform air-gap) and skewed stator slots or rotor bars need an enhanced
model. A model consisting of 2-D FEM slices perpendicular to the rotor axis was
presented by Tenhunen [83]. Another technique in which the extension in the
axial direction is accomplished analytically is considered in the following.

(a) Stator core and rotor FE
models.

(b) Stator inner core
nodes of a slice with
rotor node in the mid-
dle.

Figure 8: Slicing the structural mechanics FE models of the stator and rotor. The
stator deformation is implemented by averaging the deformations of the stator
inner core nodes by Eq. (42).

The electromechanical model developed by Holopainen [5] was extended in
the structural modal analysis framework. The method developed in Publication
I offers a technique for coupling the parametric electromechanical model of an
eccentric-rotor cage induction machine to a structural mechanics FE model of
the machine. The coupling is performed in modal form which enables an efficient
system order reduction by modal synthesis. The electromechanical model is based
on modelling the p±1 eccentricity harmonics of the magnetic flux in the machine
air-gap. The forces exerted on the rotor due to the stator or rotor non-ideal

41



shapes, slotting harmonics, saturation of magnetic materials or unipolar flux
(two-pole machines) were neglected.

Figure 9: Distributed model and averaging process. The rotor centre line inside
the stator core.

In Fig. 8(a), a 3-D structural FE mesh of the stator with the rotor modelled
as a beam is shown. The structural FE model is sliced axially. As a result, slices
with a single rotor beam node and multiple stator core nodes shown in Fig. 8(b)
are obtained. Let the number of slices be N with a number of N` (` = 1, . . . , N)
stator core nodes included in each slice (Fig. 9). Hence, the averaged stator
deformation in complex plane for slice ` is given by

z`
s =

1

N`

N∑̀
σ=1

{
ux(n

`
σ) + juy(n

`
σ)

}
(42)

where ux(n
`
σ) and uy(n

`
σ) are the x- and y- displacement degrees of freedom

(DOFs) of the stator inner core node n`
σ, respectively.

By applying Eq. (22), the force exerted on the rotor is obtained. Indeed, by
slicing in z direction and including the averaged stator degrees of freedom given
by Eq. (42), the transversal electromagnetic force exerted on the rotor node of
slice ` is given by

f `

ε
=

1

N

[
k0(z

`
r − z`

s) + cp−1gp−1
+ cp+1gp+1

]
. (43)

By averaging z`
r− z`

s in z direction over the stator bore, the dynamical equations
for the cage current variables given by Eqs. (24) and (25) are obtained as

ġ
p−1

+ (τ−1
p−1 − jωp−1)gp−1

+
bp−1

N

N∑

`=1

(ż`
r − ż`

s)−
jbp−1ωp−1

N

N∑

`=1

(z`
r − z`

s) = 0

(44)

ġ
p+1

+ (τ−1
p+1 + jωp+1)gp+1

+
bp+1

N

N∑

`=1

(ż`
r − ż`

s) +
jbp+1ωp+1

N

N∑

`=1

(z`
r − z`

s) = 0.

(45)
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It can be seen from Eqs. (44) and (45) that the model predicts zero rotor-cage
currents when the rotor performs conical rigid body movement (conical whirling).
This agrees with the results obtained by Tenhunen et al. [83] by using a more
detailed multi-slice FEA. When the equalising rotor-cage currents become zero, it
can be seen from Eq. (43) that, under conical rotor whirling, the amplitude of the
force is independent from the whirling frequency. This agrees with the FE results
[83], as well. However, Tenhunen et al. [83] found from the measurements that
the moment produced by the UMP on conical rotor motion varies with whirling
frequency. They suggested that the variation stems from the inter-bar rotor-cage
currents [84]. The inter-bar currents are not included in the electromechanical
model presented in this work. The averaging method presented here works best
for rotor bending modes which in most cases dominate within the low-frequency
domain.

The structural mechanics of the machine is governed by

Mü + (C + G)u̇ + Ku = f (46)

where u denotes the DOF vector and M , C and K denote the mass, damping and
stiffness matrices, respectively [67]. The gyroscopic matrix G = G(ωm) depends
on the rotation speed. In Publication I, gyroscopic disks [85] were used to model
the gyroscopic effect. The excitation forces are collected in f .

The electromechanical system modelled by Eq. (43) and Eqs. (44) and (45)
is written in the real-entry matrix form before coupling it with the mechanical
model given by Eq. (46). As a result, in Publication I, a model for the coupled
electromechanical system of the cage induction machine is given in the form

η̈ + (2ΩΞ + ΦT GΦ)η̇ + (Ω2 − ΦT K0Φ)η − ΦT Qg = ΦT f (47)

ġ + KcΦη + BΦη̇ + Ag = 0. (48)

In Eq. (47), modal superposition u = Φη with η denoting the modal coordinate
vector was applied [86]. The mass-normalised modal matrix Φ = (φ(1), . . . , φ(n)) is
built from the n lowest mechanical vibration modes and the diagonal matrix Ω is
composed of the mechanical eigenfrequencies. Furthermore, the scaling relations
are given by

ΦT MΦ = I (49)

ΦT KΦ = Ω2 (50)

ΦT CΦ = 2ΩΞ (51)

where the entries of Ξ include the damping ratios of mechanical vibration modes
which can be obtained from the modal testing of the machine. In Eqs. (47) and
(48), the real-entry matrices K0, Q, Kc, B and A are composed of the electrome-
chanical parameters from Eq. (43) and Eqs. (44) and (45). Furthermore, the
state vector g consists of real and imaginary parts of the cage current variables
g

p±1
in Eqs. (44) and (45).
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The coupled electromechanical model given by Eqs. (47) and (48) couples the
rotor and stator deformations with the electromechanical system characterized
by the UMP and the rotor-cage currents induced by the distortion of the air-
gap. The effect of electromechanical interaction on the vibration modes was
numerically studied in Publication I.

3.2 Built-in force actuator

The model for an eccentric-rotor cage induction machine equipped with a built-
in force actuator was developed in space-vector formalism in Publication II and
Publication III. The model for the eccentric-rotor cage induction machine devel-
oped by Holopainen [2] was coupled with the voltage-flux equations written for
the control winding. The model for an eccentric-rotor cage induction machine [2]
was adopted because the model was developed in parametric form for an arbi-
trary rotor eccentricity. This enables system identification by using impulse or
noise excitation. In addition, the parametric model leads to a formulation in a
standard LTI form which enables the use of various tools of control engineering
developed for the LTI systems.

The parametric model was developed in the stator coordinate system with
the origin fixed to the centre of the stator bore (Fig. 11). Hence, the model was
coupled to the mechanical model by the technique developed in Publication I. In
this work, a voltage-driven control winding is considered. This differs from the
commonly-used current-driven system [39]. A voltage-driven system inherently
includes passive means of rotor vibration attenuation when the control winding
is not excited (short-circuited control winding) [42, 87]. A disadvantage of the
voltage-driven system is the more complex dynamics. This is due to the RL
circuit of the control winding which has to be taken into account in the modelling.

Figure 10: The control winding and the rotor cage are magnetically coupled.

As a result, a system model is obtained in a standard LTI form in Publication
II and Publication III. The model enables control design by using the well estab-
lished theory of control engineering [81]. The main assumptions of the analytical
model are the following:
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1) direct coupling between the control winding and the main stator winding
is negligible,

2) magnetic fields are studied in a transversal 2-D machine cross-section where
the control force is applied. The tangential component of the magnetic field
is neglected,

3) saturation of the magnetic materials is neglected; the voltage and flux equa-
tions are linearised at an operation point,

4) higher spatial harmonic field components are neglected,

5) there are no parallel branches in the stator winding,

6) unipolar flux is neglected.

The condition that the torque-producing main winding is not directly magnet-
ically coupled with the control winding can be achieved by a proper geometrical
design of the control winding. The rotor cage, however, couples these two wind-
ings through eccentric rotor motion (Fig. 10). This phenomenon is included in
the model. The 3-D effects such as skewed rotor bars are not included in the
model. However, some 3-D effects can be included by adopting the distributed
model for UMP presented in Publication I. In most analytical studies of UMP,
the tangential component of the magnetic flux density is assumed to be negligible.
Indeed, based on the measurements, Binns et al. [20] concluded that the tangen-
tial component of the flux density can be neglected when considering UMP. In
the numerical FEA study presented in Publication II, the tangential component
of the fundamental flux was 5.0% of the radial component (1.0% slip).

The saturation of magnetic materials has a reducing effect on both UMP [10]
and the actuated control force [39]. In the design of an electrical machine, an aim
is to minimize the higher harmonic field components in the air-gap in order to
avoid problems of noise and vibration. The higher air-gap harmonics may interact
with the rotor eccentricity and produce a net force on the rotor. Typically, stator
and rotor slot harmonics are the dominating higher harmonics in the air-gap. As
a first approximation, the UMP induced by the stator and rotor slot harmonics
can be regarded as independent of the whirling frequency of the rotor [2, 9, 88].
This implies that, as a first approximation, the effect of the slot harmonics on
UMP can be included in the negative stiffness (k0 in Eq. (22)).

Parallel branches in the stator winding induce additional dynamics to the
actuator-rotor system. The eccentric rotor motion induces equalising currents
in the parallel branches which reduce UMP. In addition, parallel branches may
induce anisotropy to an eccentric-rotor machine [89]. The circulating currents
induced in the parallel paths affect the actuator force, as well. In general, the
actuator force is decreased due to the circulating currents which make the flux
distribution more symmetric. Most importantly, the control winding and main
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torque-producing winding become magnetically coupled through parallel paths
in the stator winding. A more detailed analytical model is needed in order to
include the effect of parallel branches in the stator winding. The unipolar flux
may induce vibration especially in two-pole machines [26,90].

The control winding is magnetically linked to the rotor cage (Fig. 10). In
order to obtain a model of the actuator-rotor system, voltage-flux equations of the
control winding are coupled with the voltage-flux equations of the rotor cage given
by Eq. (14). The voltage-flux equations for a 2p pole cage induction machine
equipped with a 2(p+1) pole control winding are written in the stator coordinate
system by

ûc = Rcîc +
dψ̂

c,p+1

dt
(52)

0 = Rr,p+1îr,p+1 +
dψ̂

r,p+1

dt
− j(p + 1)ωmψ̂

r,p+1
(53)

0 = Rr,p−1îr,p−1 +
dψ̂

r,p−1

dt
− j(p− 1)ωmψ̂

r,p−1
(54)

where ûc is the voltage supplied to the control winding, îc is the current in the
control winding, îr,p±1 are the cage current harmonics p ± 1, Rc is the control
winding resistance, Rr,p±1 are the rotor-cage resistances for the p±1 cage current

harmonics. Furthermore, ψ̂
c,p+1

denotes the space-vector of the p + 1 harmonic

flux through the control winding and ψ̂
r,p±1

denote the space-vectors of the p± 1

harmonic fluxes through the rotor cage.

The magnetic flux linkages of the control winding and rotor cage are given by

ψ̂
c,p+1

= Lcîc + Mr,c,p+1îr,p+1 + Xc,ε,p+1B̂pẑr (55)

ψ̂
r,p+1

= Lr,p+1îr,p+1 + Mr,c,p+1îc + Xr,ε,p+1B̂pẑr (56)

ψ̂
r,p−1

= Lr,p−1îr,p−1 + Xr,ε,p−1B̂pẑ
∗
r (57)

where Lc is the control winding inductance, Mr,c,p+1 is the mutual inductance
between the control winding and rotor cage for the p+1 magnetic flux harmonic,
Xc,ε,p+1 is coefficient related to p + 1 flux harmonic induced by the eccentric
rotor motion and coupled with the control winding, Lr,p±1 are the inductances of
the rotor cage for p ± 1 cage-current harmonics and Xr,ε,p±1 are the coefficients
related to p±1 harmonic fluxes through the rotor cage induced by eccentric rotor
motion [2].

The force exerted on the rotor due to the asymmetric air-gap field is calculated
by using the Maxwell stress tensor. In Publication II and Publication III, the force
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f
c

exerted on the rotor was given by

f
c

=
πdrlr
4µ0δ0

[(
1− 1

2
δp,1

)
|B̂p|2zr + µ0kr,p−1B̂pî

∗
r,p−1 + µ0kr,p+1B̂

∗
pîr,p+1

+ µ0kc,p+1B̂
∗
pîc,p+1

]
(58)

where µ0 = 4π · 10−7 N/A2 is the permeability of free space, and dr, lr and δ0

denote the rotor-core diameter, rotor-core length and radial air-gap length, re-
spectively. In Eq. (58), B̂p denotes the space-vector of the fundamental compo-
nent of the magnetic flux density induced in the air-gap by the torque-producing
main stator winding. Furthermore, “∗” denotes complex conjugation and δ is
Kronecker delta which here argues that for a two-pole machine (p = 1) the coef-
ficient of |B̂p|2zr is divided by 2. The coupling factors kr,p±1 and kc,p+1 give the

MMF spatial harmonics in the air-gap produced by the currents îr,p±1 and îc,p+1,
respectively.

Figure 11: Force exerted on the rotor as an effect of the two-pole (dashed line)
and the four-pole (solid line) fields.

In this thesis, the machine is assumed to be in a steady-state operation con-
dition. Thus, the machine is assumed to operate at constant-flux operation con-
ditions given by

B̂p(t) = Bpe
jϕs(t) (59)

where Bp is a complex constant and ϕ̇s = ωs in which ωs denotes the supply
frequency (rad/s) of the main winding. Substitution of Eq. (59) in Eq. (58)
shows that a control winding current of frequency ωc results in a rotating force
at angular frequency ωc − ω1. In Fig. 11, the generation of a rotating force is
schematically depicted for a two-pole machine with a four-pole supplementary
winding. In Publication II and Publication III, a modulation of the control wind-
ing voltage supply and the rotor-cage and control-winding currents was used in
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order to transform the actuator-rotor system to a standard LTI system in which
an excitation at a specific frequency results in a response at the same frequency.
The model developed in Publication II and Publication III is given by

ûc,0 = (Rc + jωsLc)̂ic,0 + Lc

dîc,0
dt

+ Mr,c,p+1

dîr,p+1,0

dt
+ jωsMr,c,p+1îr,p+1,0

+Xc,ε,p+1Bp(jωszr + żr) (60)

0 = (Rr,p+1 + jωp+1Lr,p+1)̂ir,p+1,0 + Lr,p+1

dîr,p+1,0

dt
+ Mr,c,p+1

dîc,0
dt

+jωp+1Mr,c,p+1îc,0 + Xr,ε,p+1Bp(jωp+1zr + żr) (61)

0 = (Rr,p−1 + jωp−1Lr,p−1)̂ir,p−1,0 + Lr,p−1

dîr,p−1,0

dt
+Xr,ε,p−1Bp(jωp−1z

∗
r + ż∗r) (62)

f
c

=
πdrlr
4µ0δ0

[(
1− 1

2
δp,1

)
|Bp|2zr + µ0kr,p−1Bpî

∗
r,p−1,0 + µ0kr,p+1B

∗
pîr,p+1,0

+ µ0kc,p+1,0B
∗
pîc,0

]
(63)

where

ωp±1 = ωs − (p± 1)ωm. (64)

Furthermore, modulation of the supply voltage and currents given by

ûc = ûc,0e
jϕs (65)

îc = îc,0e
jϕs (66)

îr,p±1 = îr,p±1,0e
jϕs (67)

was applied. The phase angle of the main field ϕs = ϕs(t) can be measured with
a coil installed in the stator slots, or, obtained from the frequency converter.
The modulation transforms the system to an LTI system with time-invariant
coefficients.

In Publication I, a method for coupling the electromechanical model of an
eccentric-rotor cage induction machine to a structural mechanical model in modal
form was presented. In Publication II and Publication III, the technique was used
in coupling the actuator-rotor model to the mechanical rotor model. As a result,
an actuator-rotor model in a standard LTI formalism with real-entry matrices
was introduced. The model is given by

q̇ = Aq + Bv + Gfex (68)

urc = Cq (69)
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where

A =



−2ΩΞ ΦT

rcPemΦrc − Ω2 ΦT
rcCem

I 0 0

SemΦrc QemΦrc Aem


 , (70)

B =




0

0

Bem


 , G =




ΦT
rc

0

0


 , C =

[
0 Φrc 0

]
, q =




η̇

η

i


 . (71)

In order to obtain Eqs. (68) and (69), modal superposition [86] was used with a
modal matrix Φrc, Ω denoting the diagonal matrix containing the eigenfrequencies
and Ξ the damping ratios. Furthermore, urc denotes the rotor centre displacement
and η the modal coordinates. The entries of the matrices Aem, Pem, Cem, Sem, Qem

include the resistances, inductances and other electromechanical parameters from
Eqs. (60) – (63). The state vector q is composed of the modal velocities η̇, the
modal coordinates η and the control winding and rotor cage currents collected
in the vector i = (Re(i), Im(i))T where i = (̂ic,0, î

∗
r,p−1,0, îr,p+1,0)

T . The control
winding supply is given by v = (Re(ûc,0), Im(ûc,0))

T .
The model given by Eqs. (68) and (69) is an LTI model with 2n + 6 states

(2n+4 for a two-pole machine) where n denotes the number of modes included in
the modal superposition. In this thesis, the focus is on the rotor bending modes
which typically describe the low-frequency vibratory behaviour of a rotor. The
model is analogous with the actuator-rotor LTI model developed for the AMBs
by Maslen et al. [91].

3.3 Simulations and finite element modelling

In Publication II and Publication III, a virtual plant or system simulator for the
actuator-rotor system was built. The simulator is based on the 2-D time-stepping
FEA of the magnetic fields on the machine cross-section under rotor rotation and
eccentric rotor motion [28]. A typical FE mesh on the machine cross-section is
shown in Fig. 12. Non-linear magnetic materials were used in the simulations
in order to examine the influence of saturation of the magnetic materials on the
actuator force. Furthermore, a detailed stator slot meshing was used in order to
bring out the effect of the higher air-gap field harmonics. The currents induced
in the rotor cage were included in FEA. The end rings were modelled by using
circuit equations. The field-circuit FEA was encoded into a simulink block [61]
and connected to the LTI block of the mechanical rotor model.

The block diagram of the actuator-rotor system is shown in Fig. 13. In the
figure, the system is disturbed by an excitation force fex typically dominated by
rotating components at frequencies of integer multiples of rotor rotation frequency
[66]. Another source for the excitation is the UMP. The control force fc given
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(a) (b)

Figure 12: The FEM mesh for a two-pole cage induction machine used in the
simulations: (a) mesh consists of 4400 linear triangular elements with 2765 nodes,
(b) section of the mesh showing air-gap region with stator and rotor slots.

Figure 13: A schematic view of the induction machine with a control-winding
construction acting as a built-in force actuator.
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by the actuator and disturbance force fex are exerted to the machine rotor which
results in the rotor centre displacement urc. The rotor vibration controller takes
the rotor displacement as an input and gives the control winding voltage as an
output which is fed to the control winding terminals.

3.4 System identification

In 1983, in the early years of AMB technology, Burrows et al. [68] proposed that,
in a set-up with conventional bearings, an AMB unit located in the middle of
the bearing span would provide potential for system identification. In electrical
machines, an actuator installation problem arises due to the small air-gap between
the stator and rotor. However, the actuator principle in a self-bearing machine
concept enables force generation on the rotor in the middle of the bearing-span.

The main objective of the identification in this work is to provide a valid
model for the model-based vibration control. To this end, the actuator-rotor
model given by Eqs. (68) and (69) is identified by using the following methods:

1) optimisation in time-domain based on evolutionary algorithms [92,93]. Noise
input was supplied to the control winding and the rotor displacement was
obtained as output. The parameters of the LTI system were estimated by
the differential evolution algorithm [94,95] in Publication III,

2) black-box identification by using the subspace method [96]. The LTI model
was identified against the system simulator in Publication II,

3) prediction-error method (PEM) [97] was used in frequency-domain in Publi-
cation IV. Band-limited white noise was supplied to the control winding and
the rotor displacement was measured with the disturbance subtracted [98],

4) a single value of the frequency-response function (FRF) at a specific fre-
quency was estimated by using a rotating space-vector voltage supply in
Publication V. An analytical expression was deduced for the FRF at rota-
tion frequency of the rotor. Hence, the parameters were estimated by using
both analytical methods and measurements.

The LTI model structure in Eqs. (68) and (69) including arbitrary eccentric
rotor motion enables various input voltage signals to be used in the identification
process. In this work, both black-box (with a fixed number of states predicted by
the analytical model) and parametric identification routines were used. Further-
more, both the simulation and measured data were used. The non-idealities of
the rotor shaft (bowed rotor) set demands on the vibration control. The effect of
the control-winding supply on the rotor vibration was obtained by subtracting the
uncontrolled rotor displacement signal from the overall rotor displacement [98]. In
fact, the measured rotor displacements and currents in the control winding fluc-
tuated because of a small slip. First, the measurement without control winding
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supply was performed for a full period of the slip. Then, by applying interpola-
tion and using the tacho signal, the measurements without control winding supply
were subtracted from the measurement with a non-zero supply. The details of
the method are presented in [98].

3.5 Control design

The CC algorithm [82] discussed in Sec. 2.3 is applied on rotor vibration at-
tenuation in a cage induction machine equipped with a built-in force actuator.
The force actuator was introduced in Sec. 2.2. The actuator-rotor system was
modelled in an LTI formalism in Eqs. (68) and (69).

In simulations performed in Publication II and Publication III, it resulted
that the RL circuit of the control winding induces a sharp resonance peak at the
main-winding supply frequency. The actuator dynamics is involved because the
supplementary winding was voltage fed. This results in a strong system phase
shift close to the supply frequency. Especially at a small slip, this induces difficul-
ties in estimating the FRF at the first rotor rotation speed harmonic (unbalance
mass excitation frequency) which is needed for the CC controller in Eqs. (38)
and (39). For this reason, in order to smooth the phase shift, a wide-band com-
pensator was proposed in Publication III. In addition, the wide frequency-band
control is to compensate random excitation and to make the plant more insensi-
tive to changes in dynamics. The changes in dynamics follow from the changing
operational conditions of the machine. In terms of the actuator-rotor dynam-
ics, the governing dynamical changes are declared by the changing fundamental
air-gap flux density, slip and rotation speed.

Figure 14: Modified plant formed by the LQ control (inside dashed-line box).
The CC control is applied for the modified plant.

In Publication III, a linear quadratic (LQ) state-feedback control [81] was
used in order to compensate the actuator dynamics. Hence, a CC algorithm
was designed for the modified process (Fig. 14). In Publication III, the modified
process was formulated based on the state-space model (Eqs. (68) and (69)) in
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the LTI formalism by

d

dt

(
q

q̂

)
=

[
A −BKlq

KobC A−KobC −BKlq

] (
q

q̂

)
+

[
B

B

]
vcc +

[
G

0

]
fex (72)

urc =
[
C 0

] (
q

q̂

)
. (73)

where q̂ is the estimated state vector and the observer gain is denoted by Kob.
The LQ compensator for the plant is given by the state feedback law by means
of the estimated state q̂ by

vlq = −Klq q̂. (74)

where Klq is the negative feedback LQ gain. The overall control-voltage input
vc = vlq + vcc is a sum of the LQ compensator signal vlq and the actual CC
control signal vcc. For the modified process given by Eqs. (72) and (73), the CC
algorithm is constructed by using the FRF estimates for the modified process in
Eq. (39) to build the control law given by Eq. (38).
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4 Results

4.1 Electromechanical modelling

In Publication I, the distributed electromechanical model for an eccentric-rotor
electrical machine was introduced. The model was applied for a 7 MW asyn-
chronous motor and 21 MVA synchronous generator. The main parameters of
the machines are listed in Table (2). The parameters of the electromechanical
force model were estimated by FE simulations of the machines [4,28]. Hence, the
identified electromechanical model was coupled to a structural FE model. The
mechanical damping was neglected in order to bring out the effect of electrome-
chanical interaction on system damping. The structural FE model of the 21 MVA
generator is shown in Fig. 15.

Table 2: The main parameters of the example machines. The number of parallel
paths used in the analysis was 1. The actual number of parallel paths is given
in parenthese. The generator is a salient-pole machine, and for the radial air-gap
length, the minimum value is given.

parameter 7 MW motor 21 MVA generator

number of pole-pairs 1 7

number of phases 3 3

number of parallel paths 1(1) 1(7)

inner diameter of stator core [mm] 630 2020

radial air-gap length [mm] 6.5 11

connection star star

rated voltage [V] 6000 13800

rated frequency [Hz] 50 60

rated speed [rpm] 2980 514

rated current [A] 743 893

rated power [MW]/[MVA] 7.0 21.3

rated slip [%] 0.597 0

rotor mass [kg] 2997 25400

bearing span [mm] 2600 3350

The effect of electromechanical interaction on the rotor vibration character-
istics was studied by using the distributed electromechanical model given by
Eqs. (47) and (48). The 21 MVA generator and 7 MW motor modal data is pre-
sented in Table (3) and Table (4), respectively. In the tables, the frequencies f
and f0 stand for the natural vibration frequencies of the electromechanical model
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Figure 15: The structural mechanics FE model of the 21 MVA generator.

and mechanical model, respectively. Furthermore, the electromagnetic damping
ratios ξ are presented.

The results indicate that the electromechanical interaction has an effect on the
rotor bending modes. In addition to the reduction of the rotor bending natural
frequencies, the damping of the bending modes in the 21 MVA generator has
increased (Table (3)). The effect of the electromechanical interaction on the other
modes is small. Particularly, the model predicts that the rotor-cage currents are
not induced in the conical rotor deformation. Consequently, the electromechanical
damping in Table (3) for the conical mode is zero. However, the modal frequency
of the conical mode is slightly reduced due to axially distributed radial magnetic
pull.

Table 3: Modal analysis data of the rotor bending and electromechanical modes
of the 21 MVA generator at the rated speed.

mode f0 [Hz] f [Hz] ∆f [%] ξ [%]

electromechanical 1 8.20 88.34

electromechanical 2 8.97 37.72

bearing block 11.04 10.92 -1.12 0.27

rotor bending 1 20.83 19.85 -4.71 1.20

rotor bending 2 23.21 22.43 -3.37 0.73

41.08 41.06 -0.06 0.01

conical 42.65 42.53 -0.29 0.00

Due to the dynamics induced by the rotor-cage currents, additional electrome-
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chanical modes are included in the electromechanical model. These modes are
related to the electromagnetic properties of the rotor cage (resistances and induc-
tances). However, the results show that these modes are well damped which is a
consequence of the RL properties of the rotor. The results of modal analysis for
the 7 MW motor listed in Table (4) show that the effect of the electromechanical
interaction is restricted to the negative spring effect i.e. the electromechanical
damping is negligible.

Table 4: The calculated modal data for the 7 MW motor at the rated speed.

mode f0 [Hz] f [Hz] ∆f [%] ξ [%]

rotor bending 1 27.46 26.59 -3.15 -0.009

rotor bending 2 35.29 34.65 -1.83 -0.010

electromechanical 49.40 1.000

The modal analysis data for 21 MVA generator and 7 MW motor is plotted
against rotation frequency in Fig. 16 and Fig. 17, respectively. Results were
obtained from Eqs. (47) and (48). The mechanical damping was neglected in
order to bring out the effect of electromechanical interaction. Gyroscopic disks
[85] were used to model the gyroscopic effect.

(a) (b)

Figure 16: Eigenanalysis data for 21MVA generator plotted against rotational
frequency: (a) eigenfrequencies, (b) damping factors. Bearing block mode (solid
line), rotor bending mode 1 (dashed line), rotor bending mode 2 (dash-dotted
line).
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(a) (b)

Figure 17: Eigenanalysis data for 7MW motor plotted against rotational fre-
quency: (a) eigenfrequencies, (b) damping factors. Rotor bending mode 1 (solid
line), rotor bending mode 2 (dashed line).

In Fig. 18, the response of the 7 MW motor and 21 MVA generator to the
unbalanced mass excitation is shown for the electromechanical and mechanical
systems. The negative spring effect (radial UMP) is manifested by a shift in the
responses of the electromechanical system. Mostly due to the asymmetric bear-
ings, the rotor performs elliptic whirling which in turn induces rotor-cage currents
depending on the whirling frequency. The tangential UMP component related to
the cage currents affect the damping of the system and hence, the receptance.
The results indicate that the electromechanical interaction has an effect on the
rotor vibration excited by the unbalanced mass close to the rotor bending modes.
Indeed, the negative/positive electromechanical damping (Fig. 16(b),Fig. 17(b))
increases/decreases the unbalance response.
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(a) 7 MW motor (b) 21 MVA generator

Figure 18: Unbalanced mass frequency-receptance calculated by employing the
electromechanical (solid line) and mechanical (dashed line) formulation.
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4.2 Actuator-rotor FEM simulation and identification

In Publication II and Publication III, the actuator-rotor system under arbitrary
eccentric rotor motion was studied. The equations were derived for a general
2p pole cage induction machine. The simulations were carried out for a 30 kW
two-pole cage induction machine with an extended rotor shaft.

In Publication II, based on FE simulations, it was concluded that the actuator-
rotor system can be approximated as an LTI system. However, it was pointed out
that the disturbance force manifests non-linearity and, therefore, the excitation
force level has to be known in order to use LTI models. In addition, the tan-
gential component and higher harmonics of the magnetic flux density were not
included in the analytical model. The results from FEM in Publication II show
that the tangential component of the fundamental flux density was 4.99% (con-
centric rotor), 4.98% (10% static eccentricity) and 4.99% (synchronous whirling,
10% eccentricity) of the corresponding radial component. In Fig. 19, the stator
and rotor slot harmonics obtained from FEA in Publication II with concentric
rotor and without control winding supply are shown. In this case, the analytical
model presented in Publication II is restricted to the radial component of the fun-
damental (p = 1) harmonic for which the value of 0.65 T is obtained in Fig. 19.
The two-pole motor has 28 rotor bars and 36 stator slots which results to the first
rotor and stator slot harmonics of orders Qr± 1 = 27, 29 and Qs± 1 = 35, 37, re-
spectively [99]. The corresponding frequencies (50 Hz main winding supply, 1.0%
slip) are Qrωm±ω1 = 1436 Hz, 1336 Hz (rotor slot harmonics) and ±ω1 = ±50 Hz
(stator slot harmonics).
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Figure 19: Harmonic content of the magnetic field in simulations presented in
Publication II: radial (white bars) and tangential (black bars) component of the
magnetic flux density. Upward and downward bars denote the harmonics travel-
ling in positive (clock-wise) and negative (anti-clockwise) directions, respectively.

In Publication III, the system identification was carried out by estimating
the parameters of the actuator-rotor LTI system by using optimisation based
on evolutionary algorithms. In Fig. 20 and Fig. 21, identification results from
Publication III are presented in which the low-order parametric actuator-rotor
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model given by Eqs. (68) and (69) is identified against results from FEA. The
identification results show a good agreement with FE simulations at the low-
frequency domain roughly up to 100 Hz. However, there is dynamics not included
in the LTI system around 150 Hz.
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Figure 20: Simulated FRF between the input voltage component 1 and horizontal
displacement by using FEM (dashed line) and identified LTI model (solid line):
(a) FRF magnitude, (b) phase.

In Publication II, the FE simulations for the actuator-rotor system were car-
ried out. It was concluded that even though the identified LTI model provides a
good approximation of the actuator-rotor system, some effects are left beyond the
scope of a low-order model. One of these effects is an oscillated UMP component
induced by static rotor eccentricity. In Fig. 22, the rotor is subjected to a static
eccentricity in the non-linear FEA (non-linear magnetic materials, single-valued
magnetisation curve). The LTI model predicts a static force, but in FE simu-
lations an oscillating force component at double supply frequency is present, as
well. The validity of the LTI system in Fig. 20 and Fig. 21 is poor close to 150
Hz due to presence of additional dynamics not predicted by the LTI model.

In the FE simulation, 3-D effects such as unipolar flux and skewed rotor
bars were not included. Hence, the oscillating force component was presumably
induced by the stator or rotor slotting or saturation. In Fig. 23, the results
from simulations by using linearised FEM (no saturation of magnetic materials)
under static rotor eccentricity are shown. The UMP calculated by non-linear and
linear FEA are compared in Table (5). The results indicate that saturation is not
responsible for the oscillating component even though it has a strong effect on it.
In terms of enhancing the LTI model, a more detailed air-gap analysis is needed
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Figure 21: Simulated FRF between the input voltage component 1 and vertical
displacement by using FEM (dashed line) and identified LTI model (solid line):
(a) FRF magnitude, (b) phase.

Figure 22: Simulated UMP (non-linear FEA) under static eccentricity of 100 µm
in the horizontal direction without control winding input.
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Figure 23: Simulated UMP (linearised FEA) under static eccentricity of 100 µm
in the horizontal direction without control winding input.

in order to cover effects such as the oscillating UMP component. In general, the
analysis leads to non-linear systems or linear time-periodic (LTP) systems.

Table 5: Simulated UMP from non-linear and linear FEA for static eccentricity
of 10 % (100 µm) in the horizontal (+x) direction. The results from the linear
FEA are in parentheses.

0 Hz 100 Hz

horizontal UMP [N] 25.3 (39.1) 15.1 (24.5)

vertical UMP [N] 1.5 (1.1) 15.1 (24.5)

4.3 Simulated vibration attenuation

In Publication III, the system simulator (Fig. 13) for the actuator-rotor system
was used to test the control algorithms in prior to the implementation in a real
machine. The LQ compensator was designed with an observer and state-feedback.
For the modified plant, the CC algorithm was used for attenuation of harmonic
vibration components (Fig. 14).

In Fig. 24, a simulated vibration control result presented in Publication III is
shown. The excitation force consisted of two harmonics: the first rotation-speed
harmonic (43.4 N) and the second one (4.34 N). The results obtained from the
simulations show that enough force is generated for vibration suppression and the
force can be controlled.

62



0 1 2 3 4 5 6
−40

−30

−20

−10

0

10

20

30

40

time [s]

x
 [
µ

m
]

(a)

−40 −30 −20 −10 0 10 20 30 40
−40

−30

−20

−10

0

10

20

30

40

x [µm]

y
 [
µ

m
]

(b)

Figure 24: Simulated rotor displacement by using time-discretised FEA. The
LQ+CC controller is switched on at 1.0 s: (a) horizontal rotor displacement, (b)
orbit.

4.4 Experimental system identification and vibration at-
tenuation

In the following, experimental results from measurements carried out for a two-
pole 30 kW cage induction motor are presented. The experimental set-up is
shown in Fig. 25. The main parameters of the machine are listed in Table (6).
Eddy-current displacement sensors were used to measure the rotor displacement
close to the D-end end-shield. The fundamental flux was measured by using two-
pole flux measurement windings and the control winding phase currents were
measured by current shunts. The induced rotor cage currents were not measured.
Instead, they were treated as non-measurable states of the actuator-rotor system.
An experimental set-up for measuring the rotor cage currents was presented by
Bottauscio et al. [100]. In Publication IV, prior to the model-based vibration
control, the actuator-rotor system given by Eqs. (68) and (69) was identified by
using the frequency-domain Prediction Error Method (PEM). The results of the
identification are shown in Fig. 26 and Fig. 27.

In Publication IV and Publication V, the rotor vibration attenuation of a 30
kW two-pole cage induction motor was demonstrated. A two-pole cage induction
machine was chosen for the reason that they are generally known to have rotor
vibration problems [101–103]. The main aim was to demonstrate the CC algo-
rithm by using the built-in force actuator in a real machine. Due to the flexible
rotor, the machine could not be run at the rated operational conditions. How-
ever, the usage of CC algorithm by using a self-bearing actuator was successfully
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Figure 25: The 30 kW cage induction motor used in the experiments. The num-
bering refers to the accelometer positions ’1’ (N-end bearing), ’2’ (foundation),
’3’ (stator housing) and ’4’ (D-end bearing) from where vibration levels were
measured in Publication IV.

Table 6: Main parameters of the induction motor used in the experiments (see
Fig. 25). The values in parentheses are rated values of the machine with standard
rotor.

parameter value

rated supply frequency [Hz] 50

rated supply voltage (rms) [V] 400

connection delta

rated current [A] 50

rated power [kW] 30

number of phases 3

number of parallel paths 1

number of poles 2

slip [%] 0.0 (1.0)

rotor mass (rotor core and shaft) [kg] 55.80

rotor shaft length [mm] 1560

radial air-gap length [mm] 1.0

first rotor bending mode [Hz] 36.94

rated rotation frequency [Hz] 49.5

control winding turns per phase 40
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Figure 26: FRF amplitudes from the measurements (dashed line) and identifica-
tion (solid line); (a) from Re(ûc,0) to x, (b) from Re(ûc,0) to y, (c) from Im(ûc,0)
to x, (d) from Im(ûc,0) to y. The x and y coordinates refer to horizontal and
vertical direction, respectively (Fig. 25).
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Figure 27: FRF phases from the measurements (dashed line) and identification
(solid line); (a) from Re(ûc,0) to x, (b) from Re(ûc,0) to y, (c) from Im(ûc,0) to x,
(d) from Im(ûc,0) to y. The x and y coordinates refer to horizontal and vertical
direction, respectively (Fig. 25)
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demonstrated. In Publication IV, several rotation speed harmonics were atten-
uated simultaneously. In Publication V, the emphasis is on the unbalance mass
compensation which is performed by a simplified control design.

In the experiments, it resulted that the motor equipped with an extended
rotor shaft could not be run at the rated operation condition without increased
rotor vibration amplitudes and contact with auxiliary bearings. The mechanism
behind the possible destabilizing forces (rotor-dynamic instability [23, 104, 105])
was not studied in detail. The first experiments on system identification and
model-based control were completed with a stator main winding supply of 17 Hz
and 15 A. The results were published in Publication IV. Later, in Publication
V, the operation point was changed to 30.0 Hz and 6.0 A. Finally, by using the
combined CC and LQ controller (Fig. 14), stable operation at a wide rotation
speed range up to 50 Hz was achieved. In particular, a stable operation at critical
speed (36.0 Hz) was demonstrated. These results were published in [98,106,107].
In the following, results by using CC control at rotation frequency of 17.0 Hz and
results by using CC and LQ control at 36.0 Hz are presented.

At the rotation frequency of 17.0 Hz, the 15 A current supplied in main wind-
ing produced an air-gap field of 0.71 T (measured by two-pole flux measurement
windings distributed to the stator slots). The CC algorithm was applied to oper-
ate on 4 harmonics (DC, 1st, 2nd and 3rd rotor speed harmonics). In Eq. (38),
the parameters α0 = 5.0 · 10−5, α1 = 20.0 · 10−5, α2 = 10.0 · 10−5, α3 = 10.0 · 10−5

and γ0 = γ1 = γ2 = γ3 = 1.0 were used. The time-domain results of the vibration
attenuation when the CC control was switched on is shown in Fig. 28.

In Publication IV, it was concluded that the reduction in the rotor vibration
amplitudes was 97.0% and in the vibration level (vibration velocity in [mm/s]) the
corresponding reduction was 57.0%. The general vibration levels at the machine
bearings, foundation and housing were measured by accelometers. The overall
vibration levels were reduced 4.0%–80.0% when the control was switched on. An
exception was the D-end bearing block where the vibration level increased by
4.4%. The increase in vibration level was because the originally bowed rotor
shaft was forced to the centre of the stator bore.

The control action can be clearly seen from the spectral analysis data of
the rotor displacement shown in Fig. 29. The results show that the vibration
attenuation is based on the reduction of the DC and the three harmonic peaks.
In Fig. 30, the measured phase “a” current of the control winding is shown. The
sources for the control winding current are (1) control winding voltage supply and
(2) the rotor-cage four-pole current harmonics induced by eccentric rotor motion.
The root mean square (RMS) values of the phase current for the controlled and
uncontrolled case are 0.21 A and 0.31 A, respectively. The result manifests the
strong influence of the currents induced from the rotor eccentricity. The influence
is reduced when the eccentricity is reduced by the control.

In order to achieve wide-band vibration attenuation, the CC controller was
coupled with a LQ controller. Especially, the results from simulations in Publi-
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Figure 28: Vibration attenuation results from the experiments with the test ma-
chine. The control was switched on at t = 0.8 s; (a) horizontal rotor displacement,
(b) vertical rotor displacement, (c) rotor orbit, (d) control input voltage ûc,0: real
part (solid line) and imaginary part (dashed line).
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Figure 29: Experimental results in the frequency-domain. Displacement spec-
tra of the controlled (solid line) and uncontrolled system (dashed line); (a) x
direction, (b) y direction.
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Figure 30: The measured current in the control winding phase “a”. Controlled
system (solid line) and uncontrolled system (dashed line). (a) phase “a” current,
(b) spectrum of the phase “a” current.
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cation III predicted that rapid changes in the system phase may induce problems
with a CC controller. The actuator-rotor system given by Eqs. (68) and (69)
was identified by using PEM and band-limited noise in control winding input
voltage at rotation frequency 32.0 Hz. Hence, based on the identification, a LQ
controller was designed by Orivuori [107]. The CC controller was designed for
rotation speed of 36.0 Hz. In fact, the machine was run at 36.0 Hz under LQ
control and frequency response of the closed-loop system was experimentally es-
timated. The CC controller operating at the rotor rotation frequency (k = 1 in
Eq. (38)) was coupled with the LQ controller by using Eqs. (72) and (73).

By using the preceding method for coupling CC and LQ controllers, a wide-
band rotor vibration attenuation was achieved. The stable long-time operation
was achieved on rotation speed range from 32 Hz to 50 Hz. Stable operation by
using only the LQ controller [107] was demonstrated, as well. However, coupling
of a CC controller enhanced the vibration attenuation. In particular, by using a
combined LQ and CC controller, a long-time critical speed operation, not achiev-
able without control, was demonstrated. In the following, previously unpublished
results of the critical speed operation are presented. The identification, control
design and implementation is a result of analysis in Publication III, LQ control
design in [107] and implementation and data analysis presented in [98].

In Fig. 31, the measured rotor displacement from rundown from the rotation
speed of 50 Hz is shown. In the rundown, the control winding and main winding
were not supplied. The first flexural rotor bending mode is excited so that touch-
down with the auxiliary bearing occurs approximately at 38.2 Hz (dashed line).
From modal testing results in Publication IV, the bending mode was found at
36.94 Hz with damping ratio 0.68%. However, the electromechanical interaction
(radial UMP) affects the bending mode by decreasing the natural frequency. In
the rundown, the existence of the critical speed was demonstrated.

In the following, the results from experiments by using the combined CC
and LQ control are presented. The rotation frequency of the rotor was 36.0 Hz
(Fig. 31) and the machine was run without load. The stator main winding was
supplied by 170.0 V and 15.5 A at supply frequency 36.0 Hz. This resulted in
a two-pole field with peak value of 0.72 T (measured by two-pole flux measure-
ment windings). In Fig. 32, the measured rotor displacement is shown. The
machine could not be driven at this operation point without control (contact
with touch-down bearings would not be avoided). In Fig. 32(a), the measured
rotor displacement is shown with the initial rotor bow. In fact, the control ob-
jective was to minimise the difference between the measured displacement and
initial bow, not to force the rotor to the middle of the stator bore. This approach
minimises the net disturbance force exerted on the rotor. Due to the bowed rotor,
the forces of the magnetic origin were enhanced. As was measured in Publication
IV, forcing the rotor to the stator bore centre may increase vibration in bearings.
In Fig. 32(b), the initial bow is subtracted from the measured displacement. The
results show that the combined LQ and CC control works well and enables stable
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Figure 31: Measured rotor displacement data from the rundown without control
or main winding supply. The rotor bending mode is excited and touch-down
with auxiliary bearing occurs at the rotation speed of 38.2 Hz. In the middle,
the rotor rotation frequency fm = ωm/(2π) is shown. Touch-down with safety
bearings occurs at the rotation speed of 38.2 Hz (marked by dashed line). In
addition, the rotation speed of 36.0 Hz is indicated by the solid line.
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operation at the critical speed.
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Figure 32: The measured rotor displacement at 36.0 Hz rotation speed: (a) the
rotor orbit (solid line) and rotor bow (dashed line), (b) the initial rotor bow
subtracted from the rotor displacement.

In Fig. 33(a), the supply voltage ûc,0 to the control winding is shown. Main
rotating components of the space-vector ûc,0 are 36.0 Hz (15.1 V), 0 Hz (4.6 V),
72.0 Hz (2.9 V) and −72.0 Hz (1.2 V). In Fig. 33(b), the rotating components
of the rotor displacement zr are shown. The spectrum was calculated from the
measurement data by using methods developed in [98]. From the spectrum, it can
be seen that the rotor motion is dominated by the forward whirling component
(36.0 Hz).

In Fig. 34, the measured currents in the control winding are shown. The
currents are induced by the control winding supply and, on the other hand, by
eccentric rotor motion which produces an alternating four-pole eccentricity flux
distribution in the air-gap. The main rotating components of the control winding
current îc are 36.0 Hz (0.30 A) and 72.0 Hz (0.21 A).
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Figure 33: The control winding supply voltage and the measured rotor displace-
ment at 36.0 Hz rotation speed: (a) voltage space-vector ûc,0 real component (solid
line), imaginary component (dashed line), (b) the spectrum of the complex-valued
rotor displacement zr = x + jy.

(a) (b)

Figure 34: The measured current in the control winding phases ’a’, ’b’ and ’c’
at rotation speed 36.0 Hz: (a) time-series data and (b) spectrum. The currents
are dominated by three frequency components at 36.0 Hz, 72.0 Hz and 108.0 Hz.
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5 Discussion

5.1 Electromechanical modelling

In general, the axially non-uniform rotor-dynamic phenomena in electrical ma-
chines require electromechanical modelling in 3-D. However, as was pointed out
in Sec. 2.1, a full-scale 3-D transient electromechanical FEA is a computationally
demanding task for present-day computers. In Publication I, a methodology for
coupling the stator and rotor 3-D FEM to an analytical low-order parametric
model was presented. The presented model has the following advantages:

1) low-order, computationally efficient,

2) based on physical parameters,

3) parameters can be estimated by using measurements or simulations and

4) can be coupled with a 3-D structural mechanical model.

The model presented by Holopainen [2] is restricted to axially uniform phenomena
including cylindrical whirling. The method proposed by Tenhunen et al. [83]
includes axially non-uniform effects such as skewed rotor bars and stator slots.
The method presented in Publication I has an advantage that in addition to
including axially non-uniform effects it also couples the 3-D mechanical rotor and
stator deformations. Another advantage is that it is computationally efficient. It
was pointed out by Tenhunen [3] that the number of slices used in the multi-sliced
FEM [29] is strongly restricted by the computational capacities available. Indeed,
the central processing unit (CPU) time increases linearly with number of slices.

An advantage of the electromechanical model in Publication I is that the cou-
pling is performed by using structural normal modes. Consequently, the number
of nodes included in the electromechanical coupling is negligible in terms of the
overall number of degrees of freedom in the full-scale structural mechanics FEM.
In fact, the size of the LTI system given by Eqs. (47) and (48) is solely fixed by the
number of mechanical vibration modes included into the modal decomposition.
For instance, by increasing the number of slices, the number of columns of the
system matrix Kc and the number of rows for the modal decomposition matrix
Φ increase, but, nevertheless, the size of the matrix KcΦ remains the same. Typ-
ically, at the low-frequency domain, the flexural rotor vibration is dominated by
the few lowest vibration modes. In these cases, the modelling technique developed
in Publication I is especially powerful.

The model introduced in Publication I does not cover

1) the effect of skewed rotor bars or stator slots,

2) unipolar flux,
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3) saturation and non-linear magnetic materials,

4) parallel paths in the stator winding,

5) higher flux-density harmonics in the air-gap.

The effect of stator and rotor skew was included in the multi-slice FEM presented
by Tenhunen et al. [83]. In terms of the scope of the electromechanical modelling,
the model presented in Publication I lies somewhere between the model presented
by Holopainen et al. [2] and Tenhunen [29].

The parallel paths in the stator winding, commonly used in electrical ma-
chines, may have a strong effect on the UMP. An analytical model, analogous
to [2], including the parallel paths was presented by Burakov et al. [24]. A more
involved electromechanical model would result from coupling [24] in a structural
mechanics model in modal form.

5.2 Modelling and identification of built-in force actuator

In Sec. 2.2 and in Publication II and Publication III, a built-in force actuator
in a cage induction machine was considered. The examined actuator is based
on force-actuation methodology of an induction-type self-bearing machine. In
this work, the actuator was used for attenuation of flexural rotor vibration. The
actuator-rotor system was (1) simulated by using FEM, (2) modelled analytically
and (3) identified experimentally.

In this work, a system simulator of the actuator-rotor based on numerical
calculation of the electromagnetic fields in the machine cross-section was built.
Previously, the self-bearing actuator has been analysed by using simple mechan-
ical models. The simulator presented in this work enables the usage of general
3-D structural mechanical models in a computationally efficient way. Indeed,
the time-discretised electromagnetic FEM is encoded into a simulink block [61]
where it is coupled to a structural mechanics block. The mechanics block is
encoded to an LTI system which enables the application of various modelling
approaches including 3-D FEM in which the system order is reduced by modal
decomposition [86].

The system simulator developed enables an enhanced actuator design. In the
simulator, the modelled phenomena include: detailed stator and rotor slotting,
eccentric rotor motion, rotor-cage currents and saturation of magnetic materi-
als. However, 3-D effects are only partly included in the form of end-winding
impedances. A multi-sliced time-discretised FEM analysis introduced by Ten-
hunen et al. [29] would, when coupled with structural mechanics and force actu-
ator, provide means of including 3-D effects.

In the literature, as it was discussed in Sec. 2.2, the rotor cage is a challenge to
the self-bearing force actuator. This is due to the design of the cage rotor which
enables equalising currents to be induced when the supplementary winding is
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excited. This, in turn, affects the actuated force. In the literature, the rotor
position controllers are commonly current-fed and the effect of the induced cage
currents is compensated by phase-lead and phase-lag elements [108]. In this work,
a different approach based on voltage-fed supplementary winding is proposed. In
this approach, the induced cage currents are included in the LTI model. The
induced cage currents are states of the system. A further advantage of the model
is that the cage currents induced by the eccentric rotor motion are also included.
Previously, the eccentric-rotor cage currents are not included into any analytical
self-bearing actuator-rotor model.

The advances of the presented analytical model include

1) cage currents induced both by eccentric rotor motion and supplementary
winding currents,

2) coupling with structural mechanics model.

The fact that the cage currents affect the actuator force raise the need for
an enhanced modelling of the actuator-rotor system. In the previous analytical
models for the actuator-rotor system, the effect of the UMP induced by eccentric
rotor motion has either been neglected, or, modelled by a radial component only.
However, the tangential UMP component is important in the sense that it may
affect the system stability [5]. The model presented in this work couples the
actuator model with an eccentric-rotor UMP model. The commonly-used models
for current-fed self-bearing actuators are of the form given by Eq. (26) where a
direct current-force relation analogous to that of AMB is provided. In the later
developements, the induced cage currents were included [108]. However, these
models do not include the UMP induced by eccentric rotor motion which may
have an effect on the rotor-dynamics. The model presented by Baoguo et al. [50],
given by Eqs. (30) and (31), includes radial UMP. Furthermore, it can be coupled
to a simple mechanical model in Eqs. (32) and (33). The model presented in this
work given by Eqs. (60) – (63) includes a more realistic model for the UMP in
which the equalising cage currents are taken into account, as well.

The results from the FE simulation in Publication II and Publication III
show that the eccentric-rotor actuator-system can be approximated by the system
given by Eqs. (60) – (63). However, it was found that (1) there is non-linearity
with respect to the disturbance force level and (2) the validity of the low-order
model is restricted by additional unmodelled system dynamics. The unmodelled
system dynamics beyond LTI formalism are either LTP (pseudo-linear) or non-
linear. Modelling the rotating air-gap field harmonics within linear theory leads
in general to an LTP system. In this work, the LTP formalism was avoided in
analytical formulations by restricting to a few dominating air-gap harmonics and
by using a straight-forward modulation of the voltages and currents in Eqs. (65)
– (67).

In Publication IV, the system identification for the actuator-rotor system was
carried out. The identification results presented in Fig. 26 and Fig. 27 show that
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the system dynamics within the low-frequency domain can be approximated by a
low-order LTI system. The LTI system includes 8 real states which are the rotor
position and velocity (4), the cage currents (2) and the control winding currents
(2).

5.3 Attenuation of rotor vibration

The built-in force actuation mechanism of a self-bearing machine is, primarily,
used for rotor positioning to guarantee a non-contact operation analogous to
AMBs. However, the mechanism provides means to actively produce force on the
rotor which could have other applications, as well. In this work, the force actuator
is used solely for vibration attenuation of a flexible rotor supported by ordinary
sliding or rolling element bearings. Previously, such a strategy was examined by
Chiba et al. [42] by using a PID controller for current regulation.

As was pointed out in Sec. 2.3, various control schemes have been demon-
strated in AMBs. The same does not hold for the induction-type self-bearing
actuators where the control design is strongly restricted to PID controllers. In
terms of vibration suppression, the main significance of this work is to apply an
unbalance mass compensation algorithm, previously successfully demonstrated
in AMBs, to a self-bearing force actuator for vibration suppression. The main
advantage of the methodology is that the entire control effort is directed to the at-
tenuation of harmonic vibration components which, typically, are the main source
of rotor vibration.

Another advantage of the presented strategy is that the control of the dom-
inating first unbalanced mass harmonic requires a force rotating at the speed of
the rotor. In terms of the self-bearing actuator, especially in a machine with
small slip, this means that the induced cage currents are small. This in turn
leads to small rotor losses and, on the other hand, a better force actuation at the
rotation frequency of the rotor. In general, as can be seen from Eqs. (60) – (63),
the generation of a control force rotating with angular frequency

ω = −ωp+1 = (p + 1)ωm − ωs = ωm − sωs (75)

does not induce equalising p + 1 currents in the rotor cage from the control
winding. When the self-bearing force actuator is used in order to compensate the
rotor weight, a static force is needed, which induces currents in the rotor cage.

The simulation results for the vibration attenuation at the rated operational
conditions predict a good performance of the built-in force actuator and CC
algorithm. The results are shown in Fig. 24. However, as was pointed out in
Publication III, a pre-compensator was needed in order to smooth the system
dynamics stemming from the control winding RL resonance.

The results from the experimental vibration suppression in Fig. 28 and Fig. 29
show that the CC algorithm works well in the simultaneous suppression of mul-
tiple harmonic vibration components. In the experiments, however, due to the
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flexible and bowed rotor, the rated operation condition of the machine could not
be achieved. Hence, the operation point with a main winding supply of 17 Hz,
15A was chosen for experiments (rated 50 Hz, 50 A). At this operation point, a
pre-compensator was not needed due to the higher damping of the control winding
RL circuit. Despite this, the CC algorithm was successfully demonstrated.

5.4 Future research

In terms of the electromechanical modelling of the actuator-rotor system, in this
work the aim was to cover the governing electromechanical phenomena in a low-
order linear model. In particular, the LTI formalism was adopted which is a
standard framework in control design. The results show that this approach pro-
vides a good approximation of the actuator-rotor system. However, because of
the restriction to LTI dynamics, some electromechanical effects were left unmod-
elled. These effects may have a significance in some applications or operation
conditions.

In Fig. 35, frequency-domain results from time-discretised FEA are shown for
the complete model with non-linear magnetic materials and saturation and, also,
for the linearised FE model. In order to perform an impulse test, the voltage
impulse (duration 5 ms, peak value 10 V) shown in Fig. 35(a) was supplied to
the control winding (real part of the space-vector) and the horizontal component
of the output force on the rotor was recorded for calculation of FRF. In the
simulation, the rotor was concentric (no eccentricity). It can be seen that the
non-linearity has a considerable effect on the system dynamics. Consequently,
the validity of the linear FEM (or low-order LTI) is suppressed to a low-frequency
domain under 100 Hz.

In terms of systems theory, a more detailed analytical air-gap field analy-
sis including the stator and rotor slotting with saturation leads to a system
with time-periodic coefficients [71, 109–111]. Previously, such LTP systems have
been encountered in analysis and control of various industrial applications such
as rotating machinery [112], inverter locomotives [113], satellites [114] and heli-
copters [115]. In electrical machines, various air-gap field harmonics may couple
with the eccentric rotor motion and produce the UMP giving rise to LTP sys-
tems [105]. During recent years, motivated by various applications in engineering,
biochemistry and economics, analysis and control of LTPs have been under active
research [116–119].

In this work, the experiments were performed in idealised circumstances. The
motor was run at no-load and fed by a generator which provided smooth volt-
age supply compared to frequency converters commonly used to supply variable-
speed drives. In the experiments, no coupling between the control winding and
main winding was observed. However, in a real application with the frequency-
converter supply, the capacitive coupling between the control winding and main
winding may induce high-frequency disturbance to the control winding. Exci-
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Figure 35: Comparison of the FRFs calculated by using linear and non-linear
FEA: (a) the spectrum of the voltage impulse in the control winding and (b) the
voltage-force FRF calculated by a linear FEA (dashed line) and non-linear FEA
(solid line). The frequency response is 11 N/V (DC) and 2700 N/V (50 Hz).

tations originated from the machine load and transients impose challenges for
the vibration suppression in a real application, as well. In order to bring the
approach closer to real applications, these aspects have to be considered in the
future. Bearing this in mind, the experimental work related to this study only
presents a first step towards a real application in a large electrical machine.

One matter to which attention must be paid to in future developments is
the effect of the changing operation conditions on the control operation. It was
observed that a change in the rotation speed or the fundamental air-gap flux den-
sity changes the system dynamics considerably. Indeed, an increase of the air-gap
flux at certain rotation speed enhanced the RL resonance which suppressed the
CC control performance. In the model, the effect was included in Eq. (60). In
general, however, the system has to be identified again when the operational
conditions change. In future developments, the changing operational conditions
have to be taken into account. One approach could be the development of an
adaptive, or model-predictive, CC algorithm in which the FRFs at harmonic fre-
quencies are modified with respect to the operation point along to the model
given by Eqs. (60) – (63). Recent developments in control design including the
LQR based pre-compensator enabled a wide-frequency domain operation includ-
ing critical speed operation [107].
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6 Conclusions

In this thesis, a model-based control for the attenuation of flexural rotor vibration
in cage induction machines was considered. For actuation of control force, a
built-in force actuator based on a self-bearing machine working principle was
considered.

In the modelling of eccentric-rotor cage rotor machines, a methodology for cou-
pling an analytical electromechanical model to a 3-D structural mechanics model
was presented. The methodology provides a computationally efficient means to
model low-frequency rotor vibration in electrical machines. The parametric elec-
tromechanical model of an eccentric-rotor machine was coupled with the built-in
force actuator. As a results, a model for the coupled actuator-rotor system was
introduced.

In order to validate the parametric actuator-rotor model, a system simulator
was built based on a detailed time-discretised FEA of the magnetic fields in
the machine cross-section. In this work, the simulator was applied for a 30 kW
two-pole cage induction machine equipped with an additional four-pole winding
for lateral force generation. In the simulations, the machine was at the steady-
state operation condition at the rated speed and load. From the results, it was
concluded that the actuator-rotor system can be approximated by the low-order
linear model within the low-frequency domain. However, it was observed that (1)
there is a considerable non-linearity with respect to the disturbance force and (2)
the validity of the model is strongly limited to the low-frequency domain roughly
up to 100 Hz. Beyond the low-frequency domain, unmodelled system dynamics,
presumably dominated by rotor and stator slotting harmonics, suppressed the
validity of the low-order model. The parametric model was identified on the
low-frequency domain by using time-discretised FEM.

In this thesis, an algorithm for compensating harmonic disturbance forces was
applied in the built-in force actuator. Based on the identified parametric model,
a control design based on the combined LQR and CC controllers was proposed.
The controller was embedded into the system simulator and harmonic disturbance
frequencies were compensated successfully.

The identification procedure of the parametric model and the model-based
control design was experimentally demonstrated in a 30 kW two-pole cage induc-
tion machine in which an additional four-pole winding for radial force generation
was installed. The results show that the proposed modelling and model-based
control design are suitable in attenuation of rotor vibration in induction machines.
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