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The experimental work presented in this Thesis addresses fundamental aspects of modern low temperature mesoscopic
physics and nano-electronics. It focuses on noise and full counting statistics of electrical charge, and heat transport in
superconducting circuits with sub-micron tunnel junctions. The Thesis summarizes the experiments on shot noise
asymmetry, heat relaxation in a superconductor, and radiative electronic refrigeration, which are performed at
sub-kelvin temperatures, when quantum phenomena of charge and energy transport take place.

The detailed mechanisms of electron transport in mesoscopic conductors can be revealed by studying their noise
properties. Yet a sensitive noise detector with a broad bandwidth is required for a complete characterization of
fluctuations. In this work, we employ a Josephson junction as an on-chip detector of shot noise and its non-Gaussian
statistics in tunnel junctions. The detectable noise bandwidth is determined by the plasma frequency of the detector,
which is about 50 GHz in our case. The non-Gaussian component of shot noise is related to the observed asymmetry of
the switching rates of the Josephson junction when reversing the polarity of the noise current. The shot noise
asymmetry is analyzed with the model of a non-resonant response of the detector to the third order fluctuations.

Thermalization and heat transport is an important issue to secure proper functioning of superconducting mesoscopic
systems. We have investigated heat relaxation in a superconductor by injecting hot electrons into it and measuring the
energy flux from electrons into phonons. The observations showed strong suppression of the flux at low temperatures,
in qualitative agreement with the theory for clean superconductors. The quantitative comparison between the data and
the theory suggests presence of an enhanced or additional energy relaxation mechanism.

Finally, we demonstrate the effect of remote electronic refrigeration in a superconducting circuit. We show that
matching the circuit impedance enables refrigeration at a distance with a cooling power limited by the quantum of heat
conductance. We also observe and analyze the crossover between electromagnetic and quasiparticle heat transport
mechanisms in a superconductor. The observed effect can be applied to reduce harmful hot electron effects in
mesoscopic devices operating close to the quantum limit.
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Introduction and Thesis Overview

Mesoscopic nanophysics studies solid-state systems and conductors of small dimensions,

typically of the order of a micron or smaller. The electrical and thermal properties of

mesoscopic systems and based on them micro- and nano-devices are determined by the

laws of quantum mechanics. This is due to the fact that wave nature of electrons and

quantization of the electron charge become essential in the description of charge and

heat transport at short length scales. A tunnel junction is a well-known mesoscopic

object in which the wave nature of electrons manifests itself. The electrons can tunnel

through a thin insulating barrier between two conducting electrodes of the junction,

making electrical current flow possible through the junction. Another consequence of

quantum mechanics is transition of a normal metal into a superconducting state at low

temperatures. The electrons form so-called Cooper pairs in a superconductor, which

carry current without dissipation. A superconducting tunnel junction, often known as

a Josephson junction, has found many different applications in mesoscopic physics and

cryogenic electronics, e.g. in single electron devices, in magnetic field sensors (SQUIDs)

used in magnetoencephalography to study human brain, and as a building element for

a yet-to-be-realized quantum computer. This Thesis is devoted to the experimental

studies of charge and heat transport phenomena in superconducting circuits with tunnel

junctions.

The basic information about charge transport properties of mesoscopic systems can

be obtained from conductance measurements. However this information is far from

complete. The quantization of the electron charge leads to the appearance of shot noise in

mesoscopic conductors. The studies of shot noise reveal detailed mechanisms of electron

transport in mesoscopic conductors, providing information about electron correlations

and effective transferred charge, which is not obtainable from ordinary conductance

measurements [1]. The recent theoretical advance such as full counting statistics (FCS)

of electron charge [2, 3] gives a complete characterization of fluctuations in mesoscopic

conductors, allowing to calculate any order charge correlations. However, to measure

noise and verify the results of FCS in practice is a non-trivial task. Only fairly recently

the first experiments on FCS have been performed [4], and this research field is rapidly

developing, aiming towards measurements of frequency dependent high order correlations

in various mesoscopic systems. Yet there is a need for a detector which could be used to

measure shot noise and electron transport statistics at high frequencies. In this Thesis

a Josephson junction is implemented as a wideband detector of shot noise and higher
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2

order current fluctuations in tunnel junctions.

Thermalization and heat transport represent another important issue in mesoscopic

systems, especially in superconducting structures. A mesoscopic system can be consid-

ered as two interacting subsystems, the electrons and the phonons (quantized vibrations

of the atomic lattice), whose temperatures can differ in a general case. In a typical

situation, when a mesoscopic structure is electrically biased, the electron temperature

is usually higher than that of the phonon system. This may lead to hot electron effects

which strongly influence and limit the performance of low temperature mesoscopic de-

vices, in particular electronic refrigerators, thermometers and radiation detectors. The

studies of heat relaxation mechanisms are essential to secure proper thermalization of

the devices. At higher temperatures, the electron-phonon interaction is the basic mech-

anism of electron heat relaxation. At lower temperatures, when the atomic lattice is

sufficiently cold, another electron energy relaxation mechanism due to electromagnetic

radiation becomes dominant in small metallic structures. In this work both of the relax-

ation processes are investigated.

This Thesis includes the results of the experiments on three themes: on shot noise

asymmetry, on heat relaxation in a superconductor, and on radiative electronic refrig-

eration. In all of the experiments, tunnel junctions are employed as sensitive detectors

to study either charge or heat transport in superconducting and hybrid normal metal -

superconductor structures.

The Thesis is organized as follows. Chapter 1 briefly discusses properties of supercon-

ductors and tunnel junctions. Chapter 2 describes the experimental aspects of the work.

Chapter 3 is devoted to the experiments on shot noise. A Josephson junction is shown to

be a sensitive detector to measure non-Gaussian statistics of electrical current in tunnel

junctions. The influence of non-Gaussian noise on the detector dynamics is described

with a model of a slow response to the third order fluctuations. Chapter 4 describes

the experiments on energy relaxation in a superconductor. The electron-phonon heat

flux in a superconductor is found to be suppressed with respect to that in the normal

state, in a qualitative agreement with the theory of electron-phonon relaxation for clean

superconductors. The quantitative comparison with the theory indicates that the energy

relaxation also depends on additional, still to be investigated microscopic mechanisms.

Chapter 5 is devoted to the experiments on radiative electronic refrigeration. A remote

refrigeration of a metallic island is demonstrated with a cooling power limited by the

quantum of thermal conductance. The relevance of circuit matching is shown experi-

mentally. Also, the crossover between electromagnetic and quasipartcile heat transport

is observed and analyzed. The Thesis conclusions and future prospects are discussed in

Summary and Outlook.



Chapter 1

Basic characteristics of superconductors and tunnel

junctions

According to the microscopic Bardeen-Cooper-Schrieffer theory [5], the superconducting

state is formed of Cooper pairs of electrons due to a weak attractive interaction between

the two electrons with opposite momenta and spins, coherently scattering on atomic

lattice vibrations or phonons. The Cooper pairs are condensed in the ground state of

the superconductor, and they can be described by a single macroscopic superconducting

wave function ψ(r) = |ψ(r)|eiφ(r) with amplitude |ψ(r)| and phase φ(r), where |ψ(r)|2
represents the density of Cooper pairs. The single particle excitations are separated by

the temperature dependent energy gap ∆(T ) from the ground state. The energy gap

vanishes at the critical temperature Tc, at which the transition between the supercon-

ducting and the normal state occurs. The density of single particle states with energies

E in the ideal superconductor at zero temperature is given by:

Ns(E) = N(0)
|E|√

E2 −∆2
θ(|E| −∆). (1.1)

Here, N(0) is the density of states in the normal metal state at the Fermi level EF
1, and

the Heaviside step function θ(x) = 1 for x > 0 and 0 otherwise.

The conductance measurements of superconducting tunnel junctions allow one di-

rectly to investigate the energy gap and the density of states in superconductors, as it

was first demonstrated in the pioneering experiments by Giaever and Megerle [7]. Also,

certain characteristics of tunnel junctions show exponential dependence on bias current

and on temperature, and therefore they can be used as very sensitive detectors for study-

ing charge and heat transport in mesoscopic systems, as we discuss in more detail below.

1Throughout the Thesis, the energies of single particle excitations are given with respect to the
Fermi energy EF . For the aluminium, which is used in this work as a superconductor, EF ' 12 eV,
N(0) ' 2 · 1047J−1m−3, and the Fermi velocity vF ' 2 · 106 m/s [6]. For aluminium films, a typical
measured value of the critical temperature is Tc ' 1.4 K and of the energy gap is ∆ ' 0.2 meV at
temperatures below 0.4 K.
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SIS junction

In a superconductor-insulator-superconductor (SIS) junction, a non-dissipative current

of Cooper pairs can flow due to the interference between the wave functions of the two

superconducting electrodes. The supercurrent Is(ϕ) depends on the phase difference

ϕ across the tunnel barrier according to the DC Josephson relation Is(ϕ) = Ic sin ϕ.

The critical current Ic determines the maximal non-dissipative current through the junc-

tion, showing how strong the superconducting electrodes are coupled to each other.

The critical current is related to the tunnel resistance RT and temperature T via the

Ambegaokar-Baratoff relation Ic =
π∆

2eRT

tanh
∆

2kBT
[8]. When the current through the

junction is larger than the critical current, a finite time-periodic voltage appears across

the junction, and the phase difference evolves in time according to AC Josephson re-

lation dϕ/dt = 2eV/~. The coupling energy of a SIS junction is determined by the

Josephson energy EJ = ~Ic/2e. The phase dynamics of a Josephson junction depends

on the relation between the Josephson energy EJ , charging energy EC = e2/2C (C is the

junction capacitance), and thermal energy kBT , and it is also determined by the damp-

ing parameter, which depends on the admittance of the electromagnetic environment

of the junction. An under-damped Josephson junction with EJ > EC has a hysteretic

current-voltage characteristic — the junction switches from the superconducting to a

normal state when the current through the junction reaches or exceeds the critical cur-

rent Ic. Furthermore, the switching rate is exponentially sensitive to the bias current.

The threshold property and high sensitivity to fluctuations make a Josephson junction to

be used as a very sensitive detector to study shot noise, as discussed in detail in Chapter

3.

SIS junction can be also used as a thermometer to probe quasiparticle temperature in

a superconductor by biasing the junction at sub-gap voltages V < 2∆/e. The current-

voltage IV characteristic of such a junction has a sub-gap current plateau [9], whose

height magnitude I depends almost exponentially on temperature according to

I =
1

eRT

∫ ∞

−∞
dEns(T1, E − eV )ns(T2, E)[fT1(E − eV )− fT2(E)]. (1.2)

Here, fT1 and fT2 are the distribution functions, and ns(T1) and ns(T2) are normalized

to N(0) densities of states in the two superconducting electrodes at temperatures T1 and

T2, correspondingly. In the equilibrium case, the electron distribution is described by the

Fermi-Dirac function f(E, T ) = (1 + eE/kBT )−1. This method of probing temperature

with a SIS junction is used in the studies of energy relaxation in a superconductor in

Chapter 4.

NIN junction

A IV -characteristic of a normal metal-insulator-normal metal NIN junction has no tem-



5 Chapter 1. Basic characteristics of superconductors and tunnel junctions

perature dependence and thus is ohmic in the limit of a very high tunnel barrier. There

is a correction to this result due to a finite barrier height [10], which makes NIN junction

suitable for thermometry in a wide temperature range (50-400 K in the experiments by

Gloos et al. [11]). Yet a NIN junction can be also used as Coulomb blockade ther-

mometer (CBT)[12]. The CBT is a primary thermometer, i.e. it requires no calibration

— the thermometer signal depends on temperature only via fundamental constants.

The operation principle is based on measuring the lowest order corrections in EC/kBT

to the junction conductance, which originates due to a weak Coulomb blockade, when

EC . kBT . For a high precision thermometry, typically an array of few tens of NIN

junctions in series is used where the fluctuations of a voltage bias are well suppressed

[13, 14, 15]. The current-voltage characteristic of such an array of N tunnel junctions

has no sharp Coulomb blockade gap, but it is smeared over a bias range eV ∼ NkBT .

The voltage dependent conductance G(V ) = dI/dV of an array of N junctions with a

charging energy EC is related to temperature via [12]

G(V )

GT

= 1− EC

kBT
g

(
eV

NkBT

)
. (1.3)

Here, GT is the asymptotic conductance of the junction and function g(x) = [x sinh(x)−
4 sinh2(x/2)]/[8 sinh4(x/2)]. The conductance correction (1.3) represents a bell-shaped

symmetric curve around V = 0 (Fig. 1.1). In the limit EC ¿ kBT the width of G(V )/GT

-0.5 0.0 0.5

0.97

0.98

0.99

1.00

∆G
 / 
G T

G 
/ G

T
V, mV

V1/2

Figure 1.1: CBT conductance peak (1.3), calculated for N = 2 junctions with EC/kB = 20
mK at T = 0.1 K.

at half minimum is given by V1/2 = 5.44NkBT , which allows one to determine temper-

ature straightforwardly without calibration. Also, the depth of the conductance mini-

mum is inversely proportional to temperature as ∆G/GT = EC/(6kBT ). The method of

Coulomb blockade thermometry is used to investigate energy relaxation in the normal

metal state in Chapter 4.
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NIS junction

A normal metal-insulator-superconductor NIS junction can be used as a thermometer to

probe the electron temperature Te of the normal electrode [9]. The current through the

NIS junction

I =
1

2eRT

∫ ∞

−∞
dEns(E)[f(E − eV, Te)− f(E + eV, Te)]. (1.4)

depends only on Te. It is insensitive to the temperature of S-electrode as long as the

superconducting gap almost equals to its zero temperature value, i.e. at temperatures

T . 0.3Tc. In a case of low temperatures kBTe ¿ ∆, the current at voltages 0 ¿ eV ¿ ∆

can be approximated by I(V ) ' ∆
eRT

√
πkBTe

2∆
e(eV−E)/kBTe [16]. The IV characteristic of a

thermometer becomes increasingly rounded with temperature increase as shown in Fig.

1.2. In typical experiments, the thermometer is biased with a small constant current

-1.0 -0.5 0.0 0.5 1.0-0.6-0.4-0.20.00.20.40.6
T/Tc 0.30.250.20.150.10.050.03

 
 

eIRT / ∆
eV / ∆

Figure 1.2: Calculated IV curves of a NIS junction at several temperatures, normalized to the
critical temperature Tc.

(in pA range) to achieve high sensitivity, and one measures a temperature dependent

voltage across the junction.

NIS junctions are also used in electronic refrigeration of the normal metal electrode

[9, 17, 18]. The physical mechanism of the refrigeration is based on a selective tunneling

of hot quasiparticles through the insulating barrier. When the junction is biased at

voltages |V | . ∆/e, only the quasiparticles with energies E > ∆ can tunnel from the

normal metal into the superconductor, since the states within the superconducting gap

are forbidden. Thus, each tunneling electron removes energy of amount E − eV from
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the normal metal. The rate of the net heat flux in NIS junction is given by

Q̇ =
1

e2RT

∫
dE(E − eV )ns(E)[f(E − eV, Te)− f(E, Te)]. (1.5)

Q̇ is positive at voltages |V | < ∆/e, corresponding to the cooling of a normal metal,

and the maximum of Q̇ is achieved at eV ≈ ∆. At voltages eV > ∆, Q̇ is negative, and

both the N and S electrodes are heated up. Using a SINIS structure doubles the cooling

power, since the cold quasiparticles with energies E < −∆ are injected from the second

superconducting electrode into the normal metal below the Fermi level. The SINIS

structures are used both as electronic thermometers and refrigerators in the experiments

on radiative heat transport described in Chapter 5.



Chapter 2

Experimental methods

The structures investigated in this work are made of thin metallic films (typically 20−100

nm thick) of aluminium, copper, or gold-palladium, deposited on an oxidized silicon sub-

strate with planar geometry design. They are fabricated with the standard methods of

electron beam lithography and thin film shadow deposition (electron beam evaporation)

techniques. A tunnel barrier can be formed by oxidation of aluminium film (AlOx) and

its thickness is about 1-2 nm. The low frequency electrical measurements (up to 10 kHz)

of the structures are carried out in a dilution refrigerator at temperatures 30 mK - 1

K. At these temperatures, the aluminium is used as a superconducting bottom junction

electrode. Copper and gold-palladium are used as normal metal top electrodes of the

junction. These techniques allow one to study electronic properties of the structures

of desired planar geometry with superconductor-insulator-superconductor (SIS) or/and

superconductor-insulator-normal metal (SIN) junctions (Fig. 2.1).

Sample fabrication

The samples were fabricated on an oxidized silicon wafer with the oxide thickness 300 nm.

The first fabrication step was to form the mask of the desired geometry in the electron-

sensitive resist by electron beam lithography. Two different resist layers were spun on

top of the wafer. The bottom resist layer is a copolymer, a polymethyl-metacrylate-

methacrylic acid (PMMA-MAA) dissolved in ethyl lactate (8%), which is used as a

buffer support for the top resist layer. The function of the bottom layer is to give a

sufficient undercut to allow for the shadow deposition. The copolymer was spun at 4000

rpm for 40 sec and baked on the hot plate at 170 - 180 ◦C for 15 min, which formed a

resist layer with the thickness of about 200 - 300 nm. To form large area junctions > 1

µm2, the latter step was repeated a few times to achieve the desired thickness (of about

1 µm) of the bottom resist. The top resist layer is polymethyl-metacrylate (PMMA)

dissolved in anisole (3% solution), and it was spun at 2500 rpm and baked for 15 min.

This final top resist layer is fairly robust to form suspended bridges and its thickness

is ∼ 100 - 200 nm. After the electron beam exposure, which breaks the polymer chain

structure of the resist, the sample is developed in methyl-isobutyl-ketone isopropanol

8



9 Chapter 2. Experimental methods

(MIBK-IPA) solution in 1:3 proportion for 20 - 60 sec and rinsed with isopropanol. The

second main fabrication step was angle deposition of metallic films onto the sample in

an ultra-high-vacuum chamber of the electron beam evaporator. The oxidation of alu-

minium film was done in the same chamber for 2 - 10 min at pressures 0.1 - 10 mbar.

After the evaporation, the unexposed resist with covering metallic films is removed with

a lift-off process in acetone.

3 µm

(b)
nm

60

40

20

0

(a)

Figure 2.1: (a) A typical NIS junction (Al-AlOx-AuPd) fabricated by electron beam lithography
and shadow evaporation. (b) Colored atomic force microscopy image of the gold palladium
island, which is the part of the sample measured in the experiments on quantum electronic
refrigeration, described in Chapter 5. The island is contacted by four NIS tunnel junctions
(AuPd-AlOx-Al) in the middle and direct metal-to-metal contacts at the ends.

Measurement setup

The measurements were carried out in a 3He - 4He dilution refrigerator with a plastic

heat exchanger, whose base temperature is about 30 - 50 mK. The sample chip with

the formed structure was thermally anchored to the cryostat sample holder and elec-

trically connected to it with ultrasonically bonded aluminium wires. The cryostat has

12 DC-signal lines and its electrical wiring scheme is shown in Fig. 2.2. The man-

ganin twisted-pair wires are used for the connection between room temperature and the

1 K plate. The Thermocoaxr lines between 1 K plate and 50 mK are of about 1 m

long to provide sufficient attenuation of high frequency noise [19]. To suppress small

inductively coupled noise, which may lead to large noise currents in the superconduct-

ing bonding wires and in the sample, we used surface mounting resistors of 220 Ω on

the sample stage. For sample biasing, both commercial1 and custom battery powered

voltage sources were used. The bias voltages were attenuated and low-pass filtered at

room temperature. The voltage across the sample was amplified by low noise differential

pre-amplifiers2. The current was measured by DL-instrument 1211 current pre-amplifier.

1Agilent 33220A function generators and SRS DC SIM928 isolated voltage sources.
2HMS 568 electronik or DL-instrument 1201 differential voltage pre-amplifiers.
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Figure 2.2: Schematics of the cryostat wiring for DC-measurements.

All the pre-amplifiers were powered with batteries. The home made optoisolator, based

on commercial optoisolation amplifier Burr-Brown 3650, was used for galvanic decou-

pling of voltage preamplifiers from digital data reading electronics3 to avoid digital noise

and ground loops. The commercial voltage sources and data acquisition electronics were

controlled by Matlab computer software through GPIB IEEE-488 interface bus.

3data acquisition voltmeter Agilent 34970A.



Chapter 3

Josephson junction as a detector of shot noise

3.1 Shot noise in mesoscopic physics

The electrical fluctuations in a conductor are a consequence of stochastic motion of

electrical charges. The intrinsic equilibrium fluctuations of current and voltage in a

conductor arise from random thermal motion of its charge carriers at finite temperatures,

and they are usually called thermal noise. Another type of electrical fluctuations is shot

noise — it appears in a non-equilibrium case, when the conductor is biased with an

external current or voltage. Shot noise originates from the finite probability for the

discrete electron charges to be transmitted or scattered in the conductor. The effects

of shot noise become pronounced in mesoscopic systems, i.e. in conductors with small

dimensions, and especially when the conductor is at low temperatures, so that wave

properties of the electrons play a dominant role in the charge transport. One of the

well-known examples is non-vanishing shot noise in a cold metallic diffusive wire [20]

of a length shorter than an electron-phonon relaxation length, the distance on which

the electrons thermalize with the atomic lattice of the wire. Moreover, as the wire

length is further decreased, the power of shot noise becomes smaller because the number

of available electron states, that contribute to the shot noise due to electron-electron

scattering, is reduced [21]; the electrons display phase coherent properties at shorter

length scales. Thus the studies of shot noise provide information about correlation

mechanisms of electron transport in mesoscopic conductors [1, 22, 23].

The noise power, being the second order current correlator, represents the main

characteristic of the probability distribution of current fluctuations. However, the distri-

bution of shot noise contains an infinite set of non-vanishing correlators or cumulants of

nth-order, n = 1, 2, ... This is in contrast to thermal noise, whose distribution is purely

Gaussian — it has only the first and the second order non-zero cumulants. We note

that alternatively we can consider the probability P (N, t) that N charge carriers have

passed through the conductor in a given time t, since the average current is proportional

to the average number of transmitted charges. The recently developed full counting

statistics (FCS) of charge transport [2, 3] allows one to calculate the probability distri-

bution P (N, t) and all of its cumulants, thus entirely characterizing the shot noise in

11
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mesoscopic conductors. In case of tunnel junctions, when the electron transport is un-

correlated and the transmission probability of the electrons through the tunnel barrier

is small, the shot noise at low temperatures is well described by Poisson distribution

with all the cumulants equal to the mean value of transmitted charge. From this point

of view, a tunnel junction can be used as a reference noise source to study shot noise in

different mesoscopic conductors, with sub- or super-Poissonian statistics, (e.g., in carbon

nanotubes [24]). Despite of the theoretical advances of FCS, only few experiments on

the detection of higher-than-second order fluctuations have been performed, and only in

a few mesoscopic systems such as tunnel junctions [4, 25, 26, 27], quantum dots [28, 29],

and a quantum point contact [30].

In the first experiment with conventional amplifiers and signal mixers used as de-

tectors of the third moment of shot noise [4], the measurement setup was restricted to

low impedance samples (50 Ω), resulting in strong feedback effects of electromagnetic

environment on the result. In a similar experiment on high impedance samples [25, 30],

the circuit corrections were negligibly weak but the bandwidth was limited to low fre-

quencies (few tens of MHz). An alternative and perhaps a more natural way to measure

noise and FCS of charge in mesoscopic structures is to use another mesoscopic system as

an on-chip noise detector. A quantum point contact was successfully used to detect the

first five cumulants of electron charge in a quantum dot in the frequency regime of a few

tens of kHz [28, 29]. Another choice is to use Josephson junctions as wide bandwidth

detectors of noise. They are extremely sensitive to the fluctuations and can be coupled

to noise sources with a wide range of impedances. In the experiment with Coulomb

blockaded Josephson junction as a detector [26], the influence of high frequency non-

Gaussian shot noise on the detector conductance was observed, but mapping the result

back to the different cumulants has not been carried out. In this work, we employed a

hysteretic Josephson junction as an on-chip threshold detector [31, 32] of non-Gaussian

shot noise generated by small tunnel junctions. We studied the shot noise asymmetry

by comparing the switching probabilities of the Josephson junction detector for the op-

posite directions of the noise current. The detectable bandwidth of fluctuations in our

experiment is determined by the plasma frequency of the Josephson junction, which is

about 50 GHz.

3.2 Noise characteristics. Full Counting Statistics of charge

We summarize here the noise characteristics and the results of full counting statistics

for tunnel junctions, which are used in the analysis of our experiments on the shot noise

asymmetry. Let us consider a conductor biased with an external constant voltage V .

The instantaneous current I(t) of the conductor fluctuates in time around its average

value 〈I(t)〉 with random variations δI(t) = I(t)−〈I(t)〉, which can be described by the

probability distribution ρ(I(t)). Here, we focus our studies on stationary fluctuations,

when the average current 〈I〉 and the nth-order current correlators or central moments
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〈δI(t)n〉 = 〈δIn〉 remain constant in time:

〈δIn〉 =

∫ ∞

−∞
(I − 〈I〉)nρ(I)dI. (3.1)

The low order moments 〈δIn〉 with n > 1 determine the shape of the probability dis-

tribution ρ(I): the second moment or the variance 〈δI2〉 determines the width of the

distribution, the third moment 〈δI3〉 — the skewness or the asymmetry of the distribu-

tion around the average, and the fourth moment — the kurtosis or the sharpness. In the

theory of FCS it is convenient to introduce a characteristic function χ(λ) which is the

Fourier transform of ρ(I):

χ(λ) = 〈eiλI〉 =

∫ ∞

−∞
eiλIρ(I)dI, (3.2)

and the cumulants Cn:

Cn = (−i)n

(
dn

dλn
ln χ(λ)

)

λ=0

. (3.3)

Once the characteristic function is known for a certain type of the conductor, all the

cumulants and thus the probability distribution can be derived, giving the complete

characterization of the fluctuations. The cumulants describe how a certain distribution

deviates from Gaussian; the lowest four cumulants are related to the central moments

as follows: C1 = 〈I〉, C2 = 〈δI2〉, C3 = 〈δI3〉, C4 = 〈δI4〉 − 3〈δI2〉2. Similarly, the

cumulants of the number N(t) of transmitted charges in a time t are introduced through

the characteristic function of the probability distribution P (N, t). The charge cumulants

are related to the current cumulants in the following way:

〈〈N(t)n〉〉 =
1

en

∫ t

0

〈I(t1)...I(tn)〉dt1...dtn. (3.4)

In the frequency domain the noise is usually characterized by the noise power or the

current noise spectral density SI(ω). For stationary fluctuations, the noise power at

frequency ω is defined through the Fourier transform of the second central moment,

which depends only on a time difference τ = t2− t1 between the random events at times

t1 and t2:

SI(ω) =

∫ ∞

−∞
〈δI(τ)δI(0)〉eiωτdτ, (3.5)

where we have assumed that noise is invariant in time translation. The time order-

ing is especially relevant for the third and higher order current correlators and their

actual expressions depend on how the noise is detected [33, 34]. The influence of fre-

quency dependent third order correlations on the Josephson junction dynamics is weak,

as discussed in Paper II and the appendix of Paper III, and further we consider only

non-Gaussian noise in zero-frequency limit. On a long time scale t À τ , the cumulants
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are proportional to the zero-frequency noise spectral densities:

〈〈N2〉〉 =
t

e2
SI(0), (3.6)

〈〈N3〉〉 =
t

e3
SI

3(0). (3.7)

Let us discuss the statistics of the transferred charge in zero frequency limit for

a coherent conductor (with a length shorter than the electron dephasing length), and

the particular case of a tunnel junction. We consider a conductor with transmission

coefficients Tj between two normal metal probes (N-c-N), at temperature T , biased with

a constant voltage V . The corresponding Fermi distributions of electron energy E on the

left and on the right electrodes are fL = (1 + e(E+eV )/kBT )−1 and fR = (1 + eE/kBT )−1.

The characteristic function of such a conductor reads [35]

χ(λ) = exp

[
t

h

∑
j

∫
dE ln[1 + TjfL(1− fR)(eiλ − 1) + TjfR(1− fL)(e−iλ − 1)]

]
,

(3.8)

where the unity in the argument of the logarithm stands for no transmission, and the

second and third terms are the transmission probabilities from left to right and from right

to left electrodes in the channel j, correspondingly. The summation is carried out over

all the transmission channels of the conductor. In the low temperature limit kBT ¿ eV ,

the characteristic function (3.8) describes the binomial process:

χ(λ) =
∏

j

[1 + Tj(e
iλ − 1)]N (3.9)

with the number N = eV t/h of attempts for the electron in channel j to be transmitted

through the scattering region with success probability Tj in a time t. Expanding Eq.

(3.8) in charge cumulants we find that the cumulants are proportional to the average

number of transmitted charges 〈N〉:
〈〈N〉〉 = 〈N〉

∑
j

Tj, (3.10)

〈〈N2〉〉 = 〈N〉
∑

j

Tj(1− Tj), (3.11)

〈〈N3〉〉 = 〈N〉
∑

j

Tj(1− Tj)(1− 2Tj). (3.12)

In the case of a tunnel junction (NIN), when all the transmission probabilities are small,

Tj ¿ 1, the characteristic function (3.8) reduces to:

χ(λ) ≈ exp[− V t

eRT

(
coth

(
eV

2kBT

)
(1− cos λ) + i sin λ

)
], (3.13)

where RT =
(

e2

h

∑
j Tj

)−1

is the tunneling resistance of the junction. The charge cumu-

lants are thus given by:
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〈〈N(t)n〉〉 =

{
〈I〉t
e

coth( eV
2kBT

), if n is even,
〈I〉t
e

, if n is odd

Thus, the zero-frequency noise power for the tunnel junction with the average current

Ī = 〈I〉 = V/RT is:

SI(0) = eĪ coth(
eV

2kBT
). (3.14)

In the limit kBT ¿ eV , the binomial distribution P (N, t) of the tunnel junction reduces

to Poissonian:

P (N, t) =
〈N〉N
N !

e−〈N〉, (3.15)

with all the cumulants equal to the mean value 〈N〉 of charge. This is the case of pure

shot noise:

SI(0) = eĪ, (3.16)

SI
3(0) = e2Ī . (3.17)

For a N-c-N conductor the shot noise is reduced with respect to Poissonian by Fano

factors (F2 and F3):

SI(0) = F2eĪ, F2 =

∑
j Tj(1− Tj)∑

j Tj

(3.18)

SI
3(0) = F3e

2Ī , F3 =

∑
j Tj(1− Tj)(1− 2Tj)∑

j Tj

(3.19)

The Fano factors give information about the correlation of electron transport in a con-

ductor as compared to that of the tunnel junction, for which all the Fano factors equal

unity, F2 = F3 = ... = Fn = 1. Thus a tunnel junction can be used as a reference noise

source in studies of shot noise of other conductors [24].

The comparison of Poisson and Gaussian distributions is shown in Fig. 3.1. For

the Poisson distribution, the positive fluctuations (with the same sign as the average

current) occur with larger probability than the negative fluctuations, and thus the shot

noise distribution is asymmetric with respect to the average current. Such an asymmetry

arises due to the odd moments of the Poisson distribution. For large currents I À eωp

as in our experiment, the asymmetry is exponentially weak (due to the central limit

theorem), and it is pronounced only on the tails of the Poissonian distribution (Fig. 3.1b).

To detect such a weak asymmetry, we use a Josephson junction threshold detector. It has

exponential sensitivity to the current fluctuations in a very wide frequency bandwidth

determined by the plasma frequency ωp/2π of the junction, which is about 50 GHz in our

case. Throughout we ignore the supposedly negligible contributions of the fourth and

higher order fluctuations. In the experiments we describe the shot noise with a white,

i.e. frequency independent spectrum up to the relevant frequency scale ωp/2π.
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Figure 3.1: Poisson distribution P (N, t) of shot noise in the tunnel junction is compared to
the Gaussian distribution with the same variance. The distributions are calculated with the
average number of charges N̄ = 50 (which corresponds to the average current Ī = 0.4 µA),
transmitted in a time 2π/ωp (ωp/2π = 50 GHz), which is the typical response time of the
Josephson junction detector. The shot noise asymmetry is clearly visible only on the logarithm
scale in panel (b), showing that the effects of non-Gaussian noise are exponentially weak.

3.3 Influence of noise on Josephson junction dynamics

A Josephson junction was recently proposed [31, 32] as a threshold detector of full

counting statistics of electrical current. Indeed, a Josephson junction is a natural current

threshold detector, which ideally would instantaneously switch from a superconducting

zero-voltage state to the normal finite-voltage state (escape out of a metastable state)

each time when the current I = I0 + δI through it exceeds the critical current Ic.

Here, I0 is a constant bias current, and δI is an external fluctuating current from a

nearby mesoscopic conductor to be investigated. The switching probability P 0
sw(I0) of

such an ideal detector would be straightforwardly related to the distribution of current

fluctuations ρ(δI), P 0
sw(I0) =

∫ ∞

Ic−I0

ρ(δI)d(δI). In a real situation, we have to take into

account the influence of thermal and quantum fluctuations on the escape. Also, the

Josephson junction has a finite response time, determined by the plasma frequency ωp,

since its resonant activation represents a sharp cut-off around ωp [36]. Therefore the

escape is not affected by the fluctuations on a time scale faster than τ = 2π/ωp, but it

is determined by the noise at plasma and sub-plasma frequencies. In the experiment, we

probe the escape with current pulses I0 of duration ∆t À τ . The switching probability

measured in the experiment depends on the fluctuating current through the escape rate

Γ(I0 + δI), Psw = 1 − e−Γ(I0+δI)∆t. Below, we consider the escape dynamics of the

Josephson junction and the influence of noise on the escape rates.
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3.3.1 Escape dynamics in thermal activation regime

We first discuss the escape process in the absence of shot noise. The phase dynamics of

a Josephson junction can be well described by the Resistively and Capacitively Shunted

Junction model (Fig. 3.2). The equivalent circuit represents an ideal junction with a

supercurrent Ic sin ϕ in a parallel combination with a capacitance C and a frequency-

dependent admittance Y (ω) = 1/Z(ω), which is an inverse impedance Z(ω) of the

surrounding electromagnetic circuit. The junction is biased with the current I(t) =

I0 + δI(t), where the fluctuating current component δI(t) arises due to the equilibrium

thermal noise generated in the admittance Y (ω). In the simplest case of a frequency-

independent ohmic environment Y (ω) = 1/R, when the impedance is a pure resistor

Z(ω) = R, δI(t) represents a white Gaussian noise with the variance 〈δI(t)δI(t′)〉 =

2kBTδ(t − t′)/R. In the classical regime of high temperatures kBT À ~ωp, the phase

Iδ CCI)(ωY

0I

Figure 3.2: Resistively and Capacitively Shunted model of a Josephson junction.

dynamics is described by the equation

~
2e

(I0 + δI(t)) = ∂ϕU(ϕ) +
1

R

(
~
2e

)2

ϕ̇ + C

(
~
2e

)2

ϕ̈. (3.20)

where the dot denotes time derivative. The equation (3.20) can be interpreted as an

equation of motion of a phase particle of a mass m = (~/2e)2C with kinetic energy
~2ϕ̈

8EC

in

a tilted cosine washboard potential U(ϕ) = −EJ(
I0

Ic

ϕ + cos ϕ), affected by the damping

force

(
~
2e

)2
ϕ̇

R
and the stochastic force

~
2e

δI(t). Here, EJ =
~Ic

2e
is the Josephson energy

and EC =
e2

2C
is the charging energy of the junction. At low enough currents I ¿ Ic,

the particle stays at one of the minima of the potential, oscillating with the plasma

frequency ωp =
√

8EJECϕ0/~, where ϕ0 =
√

1− (I0/Ic)2 is a renormalization of the

oscillating frequency due to the bias-dependent tilt of the potential. As the bias current

is increased towards the critical current, the height of the potential ∆U is reduced, and

the particle can escape out of the well over the barrier due to thermal fluctuations. The
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decay rate of the metastable state in this thermal activation (TA) regime is proportional

to the frequency of escape attempts ωp/2π and the Boltzmann activation factor:

ΓTA(I) ' ωp

2π
e
−∆U(I)

kBT , (3.21)

where the barrier U(ϕ) is well approximated by the cubic parabola at currents I0/Ic → 1,

with the height ∆U(I0) ' (4
√

2/3)EJ(1−I0/Ic)
3/2. The damping of the phase motion at

plasma frequency is given by the quality factor Q = ωpRe[Z(ωp)]C. The value of Q > 1

corresponds to underdamped junctions. Then the particle, once escaped, rolls down

over many potential minima before being retrapped. Q < 1 corresponds to overdamped

junctions, when the particle gets retrapped in the very next minimum when escaped.

In our experiments, we use underdamped Josephson junctions as noise detectors. The

transition from the normal state back to the superconducting state in underdamped

junctions occurs when the biasing current becomes lower than the retrapping current

Ir ' 4Ic/πQr, so that the dissipated energy of the rolling particle exceeds the energy

difference between two adjacent local minima of the Josephson tilted potential. Here, Qr

is the quality factor at low frequencies, determined by the electromagnetic environment

of the junction, generally different from Q(ωp) at plasma frequency.

3.3.2 Underdamped phase diffusion

In the superconducting state the voltage across the junction is not necessarily zero.

The 2π-slips of the phase lead to a small average voltage across the junction. When

the temperature becomes comparable with the barrier height, although remaining lower

kBT . EJ , there is a finite probability that, upon escape from the well, the oscillating

particle is retrapped in the next well instead of running down the potential, if the dis-

sipation is strong (Q & 1). The phase then moves diffusively from one well to another.

This is the case of underdamped phase diffusion [37, 38, 39]. The maximum possible

phase diffusion current is given by Id = 4Ic/πQ(ωp). For bias currents I0 < Id there is

a non-zero probability that the phase relocalizes after the escape. The rate of the phase

diffusion events can be estimated from the finite voltage Vd in the supercurrent branch

as 2eVd/h.

3.3.3 Escape in the macroscopic quantum tunneling regime

In the quantum limit which is achieved at low temperatures ~ωp À kBT as in our

experiment, the behavior of the junction is described by the hamiltonian with charge

q = CV and phase ϕ being the quantum conjugated variables, [q̂, ϕ̂] = 2ei:

H =
q̂2

2C
− EJ cos ϕ̂− ~

2e
Iϕ̂. (3.22)

The junction with EJ À Ec can be considered as a quantum system with the number ∼
∆U(I0)/~ωp of discrete energy levels within the metastable potential well. The distance
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between adjacent levels is determined approximately by the plasma frequency ωp. Due

to quantum fluctuations, the phase can escape from the well by tunneling through the

barrier. In such macroscopic quantum tunneling (MQT) regime the escape rate (in the

absence of shot noise) is given by

ΓMQT = A(I)e−B(I) (3.23)

with

A(I) =
ωp

2π
12
√

6π

√
∆U

~ωp

(3.24)

and

B(I) =
36

5

∆U

~ωp

. (3.25)

This follows from the treatment of tunneling out of a cubic potential in the semiclassical

limit EJ À EC with low damping. Also, in the lowest order approximation the well

can be considered as parabolic, with the energy levels of a harmonic oscillator: En =

~ωp(n + 1/2). The crossover between TA and MQT regimes occurs at temperature

Tcr ' ~ωp/2πkB.

(a) (b)

( )f ( )f

ff

k,k+1

f

Figure 3.3: (a) Thermally activated escape. The transitions between energy levels in the well
are induced by shot noise. (b) Macroscopic quantum tunneling. The effect of fluctuations at
sub-plasma frequencies is to slowly vary the Josephson potential around its average value.

3.3.4 Influence of Gaussian noise on the escape

The noise strongly affects the phase dynamics of the Josephson junction and modifies

the escape rate. We first discuss the influence of the second order fluctuations on the

escape in the MQT regime. The effect of noise is to induce transitions between different

energy levels in the potential well [40]. The result of the Fermi Golden rule calculations
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is that the transition rate γm,n between the m:th and the n:th level is proportional to

the noise spectral density SI
tot(ω) at the level spacing frequency ωm,n:

γm,n =
1

~2
|Mm,n|2SI

tot(ωm,n), (3.26)

where the matrix element Mm,n ≡ ~ϕ̂/2e determines the transition probability between

the levels. Relaxation (excitation) rate is determined by the noise spectral density at

positive (negative) frequencies. Due to nearly harmonic shape of the well, the transitions

between neighboring levels are dominating in the well dynamics. The level spacing is

then determined by the plasma frequency ωp, and the matrix elements between the

adjacent levels k and k + 1 can be approximated by |Mk,k+1|2 ' k/(2~ωpC). The noise

spectrum SI
tot =

∫∞
−∞〈δI(t)δI(0)〉 exp(iωt)dω has two contributions, SI

tot = SI
env +SI , one

due to equilibrium environment SI
env, and the other due to the shot noise SI .

The spectrum of equilibrium noise is related to the admittance of the junction circuit

Y (ω) via the fluctuation-dissipation theorem:

SI
env(ω) = ~ωRe[Y (ω)]

[
coth

(
~ω

2kBT

)
+ 1

]
. (3.27)

At low bath temperatures kBT ¿ ~ωp as in our case, the excitation due to equilibrium

environment noise is strongly suppressed, SI
env(ω < 0) → 0, and the relaxation occurs

due to quantum fluctuations of the environment, SI
env(ω > 0) → 2~ωReY (ω).

The shot noise (from the noise source with a current ĪN as in the experiment) with

a spectrum

SI(ω) = eF eff
2 ĪN, (3.28)

induces both excitations and relaxations in the well. Here F eff
2 = F2G(ω)G(−ω) is

the effective Fano factor. The frequency-dependent factor G(ω) characterizes the circuit

impedance between the noise source and the detector junction, by relating the fluctuating

current δI through the detector to the fluctuations δIN as δI(ω) = G(ω)δIN. We would

have F eff
2 = 1 in case of an ideal Poisson noise source and if all the shot noise would run

through the detector junction.

The influence of noise on the level dynamics can be taken into account by requiring

that excitation and relaxation rates are described with pure equilibrium fluctuations at

an effective noise temperature T ?. The effective temperature can be then expressed as

[40]:

kBT ? ' ~ωp / 2arcoth[1 +
F eff

2 e|ĪN|Q
~ω2

pC
], (3.29)

and the escape rate is given by

Γ ' ωp

2π
e
− ∆U

kBT? . (3.30)

The effective temperature model is valid at high noise temperatures T ? > Tcr, when the

thermal activation due to equilibrium bath fluctuations is weak. In the limit of large noise
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currents |ĪN| À ~ω2
pC/(eQF eff

2 ), the effective temperature can be further approximated

by

kBT ? ' QF eff
2 e|ĪN|

2ωpC
=

e|ĪN|RF eff
2

2
, (3.31)

where R = Q/ωpC is the effective real part of the circuit impedance.

Thus the influence of the second moment of shot noise on the escape is taken into

account through the resonant transitions at plasma frequency ωp. This leads to the

thermally activated escape at the effective noise temperature T ? (3.29).

3.3.5 Influence of non-Gaussian noise on the escape

The influence of the third order fluctuations on the transition rates can be taken into

account via higher order perturbation corrections to the Fermi golden rule result (3.26),

and also including the anharmonicity of the cubic potential. However, the effect on

the resonant transitions due to the third order fluctuations is weak and vanishes in a

strictly harmonic potential. Also in the case of anharmonic potential, the corrections

vanish for the frequency independent third order spectral density [41, 34],[Paper II].

Therefore we consider in what follows the effect of non-Gaussian fluctuations at sub-

plasma frequencies. The effect of such fluctuations is to slowly vary the tilt of the

washboard potential around its average value. We can then describe the escape rate

(3.23) by averaging over the distribution of slow fluctuations as follows. The escape rate

up to the first order in the exponent is given by:

Γ(I0 + δI) ' Γ(I0) exp

[
−

(
∂B

∂I

)

I=I0

δI

]
, (3.32)

where the effect of the second moment of shot noise on the escape rate is accounted for

by the dependence of B = ∆U/kBT ? on the effective temperature. Neglecting the weak

current dependence of the prefactor A(I) (3.24), we can identify the averaged escape rate

〈Γ(I)〉 over sub-plasma fluctuations with the moment generating characteristic function

(3.2):

〈Γ(I)〉 = Γ(I0)〈eλδI〉 = Γ(I0)

∫ ∞

−∞
ρ(δI)d(δI)eλδI , λ ≡ −

(
∂B

∂I

)

I=I0

. (3.33)

Expanding the exponent 〈eλδI〉 up to the third cumulant of δI, we get

〈Γ〉 ' Γ(I0) exp

[
1

2

(
∂B

∂I

)2

〈δI2〉 − 1

6

(
∂B

∂I

)3

〈δI3〉
]

. (3.34)

Taking into account that the odd moments of shot noise change the sign when changing

the sign of the fluctuations (the polarity of the noise current in the experiment), the

asymmetry
∆Γ

Γave

≡ 〈Γ+〉 − 〈Γ−〉
1
2
(〈Γ+〉+ 〈Γ−〉) (3.35)
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between escape rates 〈Γ±〉 at different polarities of either pulse or noise currents can

then be written as:
∆Γ

Γave

' −1

3

(
∂B

∂I

)

I=I0

〈δI3〉, (3.36)

or via an effective temperature

∆Γ

Γave

' 16
√

2

3

(
~
2e

)3

(1− I0/Ic)
3/2 〈δI3〉

(kBT ?)3
. (3.37)

Here, 〈δI3〉 = (∆ω
2π

)2S3(0), where ∆ω ∼ ωp is the bandwidth of the fluctuations, and

SI
3 = e2ĪF3 is the low frequency limit of the third order spectral density with Fano factor

F3. The rate asymmetry (3.37) can be measured directly in the experiment allowing to

determine the intensity and the sign of the third order fluctuations.
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3.4 Experimental setup and results

The picture of the studied sample with the employed measurement circuit is shown in

Fig. 3.4. The Josephson junction detector is an Al-AlOx-Al SIS junction of an area

SIS

JJ detector

noise source

I
0

± IN

± I
0

± I

5M

5M

+IN

± IN

V

2
0
0
k

± I
0

+IN
±

Dt

I
0

t

100 µm

Figure 3.4: Measurement scheme with an optical image of the sample. The currents ±I0

and ±IN are injected into the structure through large (200 kΩ and 5 MΩ) resistors at room
temperature. The current amplifier with low input impedance connected to the other side
of the JJ detector verifies the DC-current balance. The voltage V across the JJ detector is
measured by a high impedance (> 1 GΩ) voltage amplifier. The sketch below depicts details
of the structure.

of ' 2 µm2. It is connected to the shot noise source via a superconducting line. The

noise source is another SIS or NIS tunnel junction with an area of ' 0.2 µm2. It is

biased with the DC current ±IN À ∆/(eRN) above the superconducting gap ∆ into the

shot noise regime (RN is a tunnel resistance of the noise junction). Simultaneously, a

balancing current ∓ĪN of the opposite polarity is applied so that no DC component ĪN of
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the noise current flows through the detector, and only fluctuations are admitted across

it. The balance of the DC-currents through the detector is verified with a low input

impedance current amplifier within the accuracy of < 1 nA. To suppress the leakage of

shot noise into the bias lines, narrow (2 µm) and few millimeters long superconducting

inductive leads are used on the chip for the current injection. The superconducting line

between the detector and the noise source is 12 µm wide to lower the inductance and

obtain better noise coupling. The large bonding pad with an area ∼ 1 mm2 close to the

detector junction plays a role of a capacitor of ∼ 1 pF to shunt the noise. The distance

between the detector and the noise source is about 100 µm to avoid overheating of the

detector due to the Joule heating from the noise source.

We report results on two samples which we denote as NIS and SIS, corresponding

to the actual noise source junction in the sample. The on-chip design of sample SIS

was slightly different from that of sample NIS — the superconducting line between the

detector and the noise source was narrower (2 µm), and the inductive lines were shorter

(∼ 1 mm). The parameters of the samples are given in the table I. The shot noise

Table 3.1: Parameters of the samples.

Sample
detector noise junction

Ic (µA) C (fF) ωp0

2π
= 1

2π

√
2eIc

~C (GHz) RN (kΩ)

SIS 2.51 80 49 1.9
NIS 2.88 80 53 15.4

measurements were carried out at the base temperature of 30 mK. The two samples

showed similar behavior, and below we refer to the data on sample NIS unless otherwise

specified. A rough idea of the shot noise influence on the Josephson junction detector

can be obtained from the detector IV characteristics shown in Fig. 3.5a. With an

increase of the average noise current ĪN, the switching threshold current of the detector

gets suppressed. In the supercurrent branch, the weak slope of the IV curve is such that

the voltage Vd is below 0.2 µV up to the switching current. This gives an estimate for

the rate of the phase diffusion events from one well to another — 2eVd/h < 100 MHz.

Also, the gap voltage is constant in the wide range of noise current ĪN up to 5 µA. This

indicates that there is no excess overheating of the bath and that the escape dynamics

can be described in terms of the effective noise temperature Teff .

To study the influence of the shot noise on the escape dynamics in more detail,

the current pulses of duration ∆t = 100 µs - 3 ms and of amplitude I0 are applied at

different values of noise currents ĪN, so that the noise is imposed on top of the pulse,

and the escape probability P (I0) is obtained as a fraction of the current pulses which

led to voltage pulses across the detector junction. Typically 103 - 104 pulses at each

current amplitude I0 are applied to obtain good statistics for the escape probability.

The time delay between the pulses was 1 ms or longer to allow the detector junction

to be retrapped back into the superconducting state after the escape before the next
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Figure 3.5: (a) Current-voltage characteristics of the detector at different noise currents IN =
0, 1, 5 µA. (b) An I − V characteristic of NIS noise source.

pulse. The average escape rate 〈Γ(I0)〉 can be deduced from the escape probability as

〈Γ(I0)〉 = − ln(1− P (I0))/∆t. The escape histogram P (I0) is typically characterized by

the current threshold I0.5 = I0(P = 0.5), and the width ∆I = I0(P = 0.9)−I0(P = 0.1).

The measured escape histogram P (I0) of the detector junction as a function of the

current pulse amplitude I0 in the MQT regime (with no noise current applied, ĪN = 0)

is shown in Fig. 3.6. The given values of critical current Ic and capacitance C for the

detector are obtained from the MQT fit to the escape histogram in Fig. 3.6. The plasma

frequency of the detector at zero bias current I0 = 0 is then determined as ωp0 =
√

2eIc

~C .

It gives the relevant detectable bandwidth of fluctuations up to ∆ω/2π ∼ 50 GHz.

The increase of the average noise current |ĪN | and hence of the noise power leads to the

enhancement of the escape rate, and consequently the threshold current gets suppressed

resulting in a significant shift of a histogram towards lower pulse amplitudes I0. This

is the dominating effect on the escape due to the second moment of the shot noise [40].

To study the influence of the third moment on the escape, the switching probability is

measured with four different combinations of current polarities: I++, I−−, I+−, and I−+.

Here the first superscript refers to the sign of the pulse I0, and the second to that of the

noise current ĪN. One pair of the escape characteristics, P (+I0, +ĪN) and P (−I0,−ĪN),

should give mutually identical results, since the pulse current and fluctuations are of

the same polarity. Similarly, the second pair, P (+I0,−ĪN) and P (−I0, +ĪN), should

also lead to an identical result, which is different from that of the first pair due to the

presence of odd moments. Indeed, for positive skewness of shot noise distribution, the

threshold current for the pair of histograms P (+I0, +ĪN), P (−I0,−ĪN) is expected to be

lower than that for the other pair. In the experiment, we detect the small shift of the

threshold current between the two pairs of histograms at each value of ĪN, I+ − I− =
1
2
[(I+− + I−+) − (I++ + I−−)]. On this short current interval I+ − I−, we can make
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Figure 3.6: The measured escape histogram of the detector of sample NIS with pulse length
∆t = 480 µs. The fit to the data using MQT escape rate (Eq. 3.23) is shown by the solid line.

a linear approximation of P (I0) on I0 and express the current shift through the rate

asymmetry (3.35) ∆Γ/Γave ≡ 〈Γ+〉 − 〈Γ−〉
0.5(〈Γ+〉+ 〈Γ−〉) :

I+ − I− ' (1− P ) ln(1− P )

(
∂P

∂I0

)−1 (
∆Γ

Γave

)
. (3.38)

The measured results on the influence of shot noise on the escape histograms for

sample NIS are shown on Fig. 3.7. Suppression of the mean threshold current with

increasing ĪN and change in the width is evident from the histograms. Furthermore, the

pair of histograms P++ and P−− lie on top of each other and similarly data P+− lies on

top of P−+. The switching threshold currents for the latter two polarity combinations

lie at higher values of I0 than for the former one. This experimental result is consistent

with what we expect due to positive skewness of the current distribution.

Before analyzing the shot noise asymmetry, let us first discuss the effect of the second

moment of shot noise on the escape. The width of the histograms, plotted in Fig. 3.8b,

has a non-monotonic behavior. We attribute the maximum of the width at the noise

current ĪN = 2.6 µA to the crossover from the escape dynamics to the underdamped

phase diffusion [37, 38, 39], now induced by the effective temperature. This is typical

behavior of the width of the escape histogram as a function of temperature when the

phase diffusion sets in [16, 37]. From the value I0.5 ' 0.52Ic of the threshold current
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Figure 3.7: Measured escape histograms for different combinations of the pulse and the noise
current polarities [ I+−(M) and I−+(¤), I++(O) and I−−(×)] at different values of the average
noise current ĪN = 0...3.8 µA.

for histograms at ĪN = 2.6 µA, we obtain the quality factor Q(ωp) = 4Ic/πI0.5 = 2.5 at

plasma frequency.

The suppression of the threshold current due to the increase of the noise power can

be described by the model of the resonant activation at the effective temperature (3.29).

The effective temperature, obtained from the histograms positions at P = 0.1; 0.5; and

0.9, is plotted in Fig. 3.8a. The result of the model (3.29) with the parameters F eff
2 = 1

and Q = 2.5 for P = 0.5 is shown by the solid line, and it is in good agreement with the

data up to |ĪN| ' 2.6 µA. At higher noise currents |ĪN| > 2.6 µA the effective temperature

is not single-valued and deviates from the theoretical result particularly for P = 0.1 due

to the onset of phase diffusion. This is quite natural because here the bias current is

lowest which favors phase diffusion. Also, the result for the histogram width from the

effective temperature model in Fig. 3.8b lies above the data and does not predict the

non-monotonic behavior of the histogram width. For more accurate analysis, both the

escape and retrapping processes have to be taken into account [42]. For Sample SIS the

measurements yielded a similar result, with F eff
2 = 1 and Q = 2.5.

Let us focus now on the effects of non-Gaussian noise on the escape which is the main

result of this work. The shot noise asymmetry deduced from the escape histograms

(Fig. 3.7) for samples NIS and SIS is shown in Fig. 3.9 in a from of (I+ − I−)/Ic

for P = 0.5. The open circles refer to the vanishing signal when the current ĪN is

injected through the supercondcuting line without the noise source. Also, in sample

SIS the signal vanishes when the noise source is in the superconducting state at ĪN <
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Figure 3.8: Results related to the second moment of shot noise. (a) Effective temperature T ?

extracted from measured escape histograms using Eq. (3.30) for P = 0.1 (•), 0.5 (M), and 0.9
(∗). The solid line is obtained using Eq. (3.29) with F eff

2 = 1 and Q = 2.5 determined from
the bias current at which the underdamped phase diffusion sets in. This is shown by the arrow
in (b), where the width of the histogram is plotted against ĪN. The dashed line is from the
effective temperature model, ignoring phase diffusion.
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Figure 3.9: The measured shot noise asymmetry for sample NIS (filled dots) and sample SIS
(triangles). The open circles are the results of reference measurements. The solid lines are the
result of the theoretical model for Samples NIS and SIS. At currents ĪN ≤ 0.2 µA the noise
source of Sample SIS is in superconducting state, and the signal due to shot noise vanishes.

0.2 µA. This verifies the good balance of the injected DC-currents. As expected, the

measured asymmetry corresponds to the positive third moment of shot noise 〈δI3〉 =

e2F3ĪN

(
∆ω
2π

)2
. The solid lines in Fig. 3.9 are the results of the model of slow non-

Gaussian fluctuations at sub-plasma frequencies. The lines are constructed using Eqs.

(3.37) and (3.38), with parameters (∂P/∂I) and T ? extracted from the experiment. Due
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to the experimentally determined derivatives (∂P/∂I0)I0.5 from the linear interpolation

of the histograms around P = 0.5, the fit lines are not smooth. The only fit parameter in

the model is then the bandwidth of the third order fluctuations ∆ω (assuming Fano factor

F3 = 1). For sample NIS, we have set ∆ω = ωp. This is in very reasonable agreement

with the model, provided that the bandwidth of the fluctuations is determined by the

plasma frequency of the Josephson junction detector. For SIS sample, the bandwidth

was found to be 0.8ωp (with F3 = 1).

The lower value of the bandwidth for SIS sample can be attributed to the circuit

effects. The finite impedance of the electromagnetic environment leads to an imperfect

constant voltage bias of the noise source. The fluctuations of the bias voltage across

the noise source lead to a change of the current fluctuations δI and hence affect the

current statistics. In our model, the circuit corrections are included phenomenologically

in the effective Fano factor F eff
2 and the effective bandwidth ∆ω. In the case when a

tunnel junction with a resistance RN in the shot noise regime is placed in the circuit

of impedance Z, the correction to the third moment can be roughly estimated as ∼
Z/(RN + Z). In our experiment the circuit impedance at relevant frequencies ωp/2π ∼
50 GHz is of the order of a vacuum impedance, Z(ωp) ∼ 100 Ω. This offers a way to

explain the lower bandwidth value for sample SIS with a resistance RN = 1.9 kΩ of the

noise source. In sample NIS with RN = 15.4 kΩ the circuit corrections are expected to

be much weaker.

3.5 Discussion

We have demonstrated that a Josephson junction (JJ) can be used as a sensitive threshold

detector of non-Gaussian current fluctuations in a tunnel junction. We have analyzed

the observed shot noise asymmetry assuming that the third order fluctuations result

in slow variations of the JJ washboard potential over the bandwidth determined by

the plasma frequency of the JJ detector. The influence of the second moment of shot

noise is taken into account via a resonant activation in the JJ well which leads to the

escape at the effective noise temperature. In addition, our model coincides apart from

the numerical prefactor with recently developed theories [43, 44, 45] for a JJ as a noise

detector in the classical regime of high temperatures kBT À ~ωp. In a very recent

similar experiment by Saclay group [27], the JJ threshold detector in this regime kBT À
~ωp with a specially engineered circuit was used to detect shot noise asymmetry of

a SIS tunnel junction. The experiment showed good agreement with the theory [45],

although the measured asymmetry was 50 % larger than predicted. Yet it still appears

as a challenging engineering task to design the electromagnetic circuit of the Josephson

junction such that no uncertainty remains in the frequency-dependence of the circuit

parameters, and thus to use a JJ as an absolute on-chip detector of noise and Fano

factors in various mesoscopic conductors.
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Heat relaxation in a BCS superconductor

Heat transport and thermalization at subkelvin temperatures is an important issue in

superconducting mesoscopic devices. This chapter focuses on the measurements of quasi-

particle energy relaxation in a superconducting island, reported in Paper IV. The ob-

tained results show qualitative agreement with the theory of energy relaxation for clean

superconductors, determined by electron-phonon coupling. The quantitative discrepancy

suggests the presence of enhanced or additional relaxation processes.

4.1 Quasiparticle relaxation in normal metals and in supercon-
ductors

Energy relaxation of hot electrons in normal metals has been studied for several decades

and it was measured down to very low temperatures [46, 47, 48, 49, 50, 51]. Typically,

in thin metallic films at very low temperatures, the hot electrons interact between them-

selves via fast electron-electron relaxation, and in the case of quasi-equilibrium they

remain at a well defined temperature Te, which is higher than temperature T0 of the

phonon bath [47, 48]. The rate γe−e of electron-electron energy relaxation is proportional

to temperature as γe−e ∝ (kBT )2

~EF
[46]. The energy relaxation from hot electrons to cold

phonon bath occurs at much longer times. The microscopic process of the energy transfer

between electrons and phonons is that the electron with wave vector k and energy Ek

is scattered to state k′ = k± q with energy Ek′ , absorbing or emitting a phonon with

wave vector q and energy ε = |Ek − Ek′ |. At low temperatures, the electron-phonon re-

laxation rate depends on temperature as γe−ph ∝ T 3 for a clean metal, when the electron

mean free path `e is much longer than the thermal phonon wavelength 2π/q ∼ hv/kBT .

Here, v ∼ 3 − 5 km/s is a typical sound velocity in metals. The electron scattering on

impurities, defects and surfaces destroys the single-particle picture of electron-phonon

interaction [50]. Consequently in disordered metals, where the electron mean free path

is shorter than the wave length of a thermal phonon, the electron-phonon relaxation rate

can scale with temperature as γe−ph ∝ T 2 or T 4, depending on the nature of disorder

[50]. The calculations of the net heat flux Pe−ph from electrons to phonons for a bulk

30
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clean metal yield the following result [48]:

Pe−ph = ΣΩ(T 5
e − T 5

0 ). (4.1)

Here, Σ is a material constant [9], and Ω is the volume of the system. This equation gives

a good account of the heat flux for most experiments at sub-kelvin temperatures. The

observed deviations from T 5 law arise from disorder [49] or reduction in dimensionality

[51], when the wave length of a thermal phonon becomes of the order of the sample size.

In superconductors the relaxation processes are much slower than in normal metals,

due to the fact that quasiparticle excitations are separated by the superconducting en-

ergy gap from the ground state. The relaxation of a quasiparticle with energy E > ∆

in a clean superconductor can be described in a two-step process [52]. First, the quasi-

particle relaxes to the state with energy ∆ at a certain scattering rate τ−1
s , emitting

the phonon(s), whose total energy is E − ∆. The concentration of such quasiparticles

with energies ≈ ∆ can be large due to high density of states closely above the gap.

Second, the quasiparticle recombines with another quasiparticle to form a Cooper pair,

emitting the phonon of energy 2∆. At temperatures well below Tc, the total number

of thermally excited quasiparticles in the superconductor is exponentially small: it is

proportional to e−∆/kBT . Thus, the recombination rate τ−1
rec of quasiparticles slows down

exponentially at low temperatures. The theoretical calculations of the rates [52, 53] give

the following results: τ−1
s ∝ T 7/2 and τ−1

rec ∝ T 1/2e−∆/kBT . Hence the recombination

is the main mechanism that slows down energy relaxation at lower temperatures. The

rates were measured soon after theoretical predictions [52], and the recent experiments

[54, 55, 56, 57] at very low temperatures suggest to confirm the exponential behavior

of recombination rate down to T/Tc ' 0.2. At lower temperatures, the relaxation rate

saturates due to presently poorly known reasons, possibly due to the disorder, as the

latest experiment indicates [57].

Like the recombination rate, the heat flux between quasiparticles and phonons in a

BCS superconductor is also expected to be suppressed exponentially at lower temper-

atures. However, this issue has not been addressed explicitly before. In Paper IV, we

presented both experimental and theoretical results which demonstrate the importance

of slow thermal relaxation in superconductors.

The theoretical calculations of the quasiparticle-phonon energy flux Pe−ph for a clean

superconductor (derived in paper IV in a similar way to Eq. (4.1) from the quasiclassical

theory [58]) yield the suppression of Pe−ph, which is shown in Fig. 4.5 at the end of the

chapter where it is compared with the experiment. At low temperatures T0 ¿ Te ¿
∆/kB, Pe−ph ' 64

63ζ(5)
ΣΩT 5

e e−∆/kBTe , which is by a factor 0.98e−∆/kBTe smaller than that

in the normal state (Eq. (4.1) with T0 ¿ Te).

We have studied experimentally quasiparticle energy relaxation in aluminium islands,

both in superconducting and normal metal states. First, we discuss the measurements

when the island is in a superconducting state.
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4.2 Heat relaxation measurements in a superconducting state

Energy relaxation of quasiparticles was investigated by injecting hot electrons into the

superconducting island through a small tunnel junction and measuring quasiparticle

current using another small SIS junction. The typical sample design and measurement

configuration are illustrated in Fig. 4.1.

Iinj

Iprb
Vprb

1.5µm

4.9µm

Iinj

Iprb
Vprb

1.5µm

4.9µm

Figure 4.1: Electron micrograph of a sample for relaxation measurements (sample C). The
aluminium block is the volume in which energy relaxation is measured. The circuits indicate
the injection of hot quasiparticles and probing the island temperature.

The superconducting island is contacted by two small and two large SIS junctions.

We have studied three samples (denoted as A, B, and C) with different island dimensions

and different tunnel resistances of the junctions. The parameters of the samples are given

in Table 4.1.

Table 4.1: Sample dimensions and junction resistances.
Sample volume (µm3) R1, R2, R3, R4 (kΩ)

A 21 × 1.5 × 0.44 840, 4, 4, 1160
B 4.9 × 1.5 × 0.44 760, 5.7, 5.7, 1290
C 4.9 × 1.5 × 0.44 485, 20, 20, 980

The hot quasiparticles are injected via one of the small tunnel junctions in series

with a large one. The injecting current Iinj has a floating connection and it is swept

in the range of ' 0.5 − 100 nA, so that a small SIS junction with tunnel resistance

RT ∼ 1 MΩ is biased into the quasiparticle regime, with voltages 2∆ < eVinj < 500∆

across it. Because of the large asymmetry between small and large junctions, essentially

all the power is injected by the small junction. Since the junction is biased into a

resistive state, it behaves as a normal metal (NIN) tunnel junction, for which the power

is divided evenly between the two junction electrodes. The power deposited into the

island equals P = IinjVinj/2 and it is in the range ' 0.1 pW - 10 nW. We assume that
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the absorbed power in the island in the steady state equals the power transferred to

the phonons, emitted by the quasiparticles. The quasiparticle current I is detected by

measuring the current-voltage characteristic of the second pair of junctions, biased at

voltages 0 < eV < 2∆. We observe the quasiparticle current of a small junction, the

large junction remained in the superconducting state. We neglect the power input due

to the probing voltage V , since it is orders of magnitude smaller than that due to the

injection. We have also carried out measurements with two small junctions in series as

injectors and two large junctions as quasiparticle current probes, which gave essentially

identical results.

In the measurements we aim at realizing the situation when the hot electrons injected

into the island are in quasi-equilibrium at a temperature Te decoupled from the heat bath

which consists of thermal phonons at much lower temperature T0. The validity of these

assumptions is discussed below.

The results of the measurements and the theoretically calculated IV curves using

eRT I =

∫
dEnTe(E − eV )nT0(E)[fTe(E − eV )− fT0(E)], (4.2)

are presented in Fig. 4.2. In Eq. (4.2), it is assumed that quasiparticles have Fermi

distributions fTe in the island and fT0 in the leads, and nTe(E − eV ) and nT0(E) are the

superconducting densities of states in the island and in the leads, correspondingly.

First, we measured equilibrium IV curves of the probing junction at different bath

temperatures T0(= Te), without current injection, see Fig. 4.2(b). The calculated equi-

librium IV curves from Eq. (4.2) with Te = T0 are shown in Fig. 4.2(a). The plateaus

on the IV curves at voltages 0 < eV < 2∆ emerge due to the quasiparticle current I.

The value of I at eV = ∆ for different temperatures T0/Tc is plotted in Fig. 4.2(c). The

agreement between the data (triangles) and theory (lines) is good down to T0/Tc ' 0.25.

Here, Tc ' 1.45 K is the measured critical temperature. The temperature increase due

to the low bias voltage V is assumed to be vanishingly small. At lower temperatures,

the data saturates. There are at least two possible reasons for this: 1) the quasiparticle

current becomes lower than a supercurrent, and 2) there is excess current due to the pres-

ence of quasiparticle states within the superconducting gap1. Yet the data can be fitted

using a pair-breaking parameter γ. We focus our analysis to the range 0.3 < Te/Tc < 1

where no such fit parameter is needed.

1The inelastic scattering of quasiparticles on the impurities and defects in a superconductor [59] leads
to the finite quasiparticle density of states ns within the superconducting gap and makes ns to be smeared
in a real experimental situation. This smearing can be modelled by including a phenomenological pair-
breaking parameter γ into the expression for ns:

ns(E) =

∣∣∣∣∣Re
E + iγ∆√

(E + iγ∆)2 −∆2

∣∣∣∣∣ . (4.3)

The parameter γ is often used to determine the quality of the tunnel barriers, and for the junctions in
the present work its values are typically in the range 10−4...10−3.
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Figure 4.2: Tunnel currents for a superconductor in equilibrium and quasi-equilibrium. (a)
Theoretical and (b) experimental IV s of a junction at several bath temperatures when Te = T0

(Sample A). (c) Theoretical and experimental currents at eV = ∆ (Sample B). The two theory
lines correspond to pair breaking parameters γ = 10−3 (upper curve) and γ = 10−4 (lower
curve). (d) Calculated IV s when the leads (at T0 = 50 mK) and the island have different
temperatures, Te 6= T0. (e) The measured IV s under a few injection conditions (Sample C).
(f) The current in Sample A on the plateau between the initial peak and the rise of the current
at the conduction threshold around 2∆/e. The theoretical prediction for the lowest T0 is shown
by the solid line. The value of ∆ at zero temperature is 200± 5 µeV, and Tc = 1.45± 0.03 K.
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Next, we discuss the case when the power has been injected into the island. Fig-

ure 4.2(d) shows the calculated IV curves of the probe junction, assuming that only

the island temperature Te is elevated, and the leads of the probe junctions remain at

T0 = 0.05Tc. A peak in the IV s arises at eV = ∆(Te) −∆(T0) due to the difference of

superconducting gaps of the island and the leads. Figure 4.2(e) shows the corresponding

measured curves at various levels of injected power at T0 = 50 mK. The data 4.2(e)

resemble the behavior of the calculated curves 4.2(d), yet the peak at the gap difference

and the strong quasiparticle onset at the gap voltage are smeared, which could originate

from a noisy electromagnetic environment [60] (attributing it to the smearing due to the

sub-gap states yields unreasonably large γ parameter). The measurements of current

injection were performed at several bath temperatures. The minimum of the current

(Fig. 4.2e) in the plateau regime between the peak and the quasiparticle onset as a

function of injected power is plotted in Fig. 4.2(f) for different bath temperatures. In

a wide temperature range T0 = 30 − 380 mK, (0.02-0.26)Tc, the quasiparticle current

is independent of bath temperature T0 and depends only on the injected power. This

indicates that the phonons remain at much lower temperatures T0 and all the quasipar-

ticles are created only due to the current injection. This is also a typical case in normal

metals when the hot electrons at low temperatures are thermally decoupled from the

phonon bath [48]. Therefore, in what follows we compare our experimental results with

the theory at the base phonon temperature T0 = 50 mK ¿ Te.

To compare the measured results with the theory, the minimum quasiparticle current

on plateau in Fig. 4.2(e) is converted to temperature Te by comparing it to temperature

dependent minimum plateau current of the theoretical IV curves in Fig. 4.2(d). For

the data at Te/Tc & 0.9, when the minimum vanishes and the plateau becomes tilted,

we use the current at the value of V where the curvature of the IV changes the sign

in the interval ∆ < eV < 2∆. Consequently, the uncertainty in determining Te above

0.9Tc is larger. The reduced quasiparticle temperature Te/Tc as a function of injected

power is plotted in Figure 4.3. The power is normalized by that at Tc, to present data

from different samples on the same footing. For samples A, B and C, P (Tc) = 14 nW, 3

nW, and 3 nW, respectively. The data on the three samples are mutually consistent —

the normalized injected power is independent of the island volume indicating that the

electron-phonon is the main energy relaxation mechanism, consistent with the theoretical

discussion. The theoretical result for the heat flux Pe−ph is shown by the solid line.

The heat flux through the (probing) junction is given by the equation P (V ) =

(e2RT )−1
∫

(E − eV )nTe(E − eV )nT0(E)[fT0(E) − fTe(E − eV )]dE. Its value is low and

almost constant over a wide range of voltages within the gap region, and therefore it

can be neglected under most experimental conditions. Yet, to test this, we varied the

resistances of the large tunnel junctions by a factor of five between samples A and C,

without a significant effect on the results. Thus the junctions are opaque enough not to

conduct heat from the island into the leads.
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Figure 4.3: Energy relaxation from theory and experiment. The data in the superconducting
state are from sample A (squares), B (diamonds), and C (circles). The error bars indicate
the temperature uncertainty which arises when determining the temperature either from the
minimum current (from the current where the IV curvature changes the sign at Te & 0.9Tc),
or from the current at eV = ∆ on the plateaus in Fig. 4.2(e). The open triangles are the result
of the measurements of sample C in the normal state. The solid line shows the theoretical
result for the superconducting state. The dotted line indicates P/P (Tc) = (Te/Tc)5, and the
dashed-dotted line P/P (Tc) = (Te/Tc)4.3.

4.2.1 Conditions for quasi-equilibrium

The deviation from quasi-equilibrium distribution of hot quasiparticles is determined on

one hand by the rate η = (4e2N(0)ΩRT )−1 [61, 62], at which the electrons are injected

through the tunnel junction of a resistance RT into the volume Ω. The effects of non-

equilibrium quasiparticles were observed in the early experiments with large junctions

[63, 64] and later with Nb-AlOx-Nb junctions [61, 65, 66], where large injection currents

and low resistive junctions were used. This led to non-equilibrium quasiparticle distribu-

tions due to high current injection rates ∼ 108 s−1 [61]. In the present experiment, much

lower currents Iinj are injected into the superconducting island with a large volume Ω

through small and high resistive tunnel junctions, with slow injection rates: η ∼ 10 s−1

and η ∼ 103 s−1 for small and large junctions, correspondingly. Yet the large junctions

have a much lower voltage drop < 0.04Vinj. For aluminium at temperatures T ∼ Tc,

the electron-electron relaxation rate γe−e ∼ 108...109 s−1 [9, 67, 16], and the electron-
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phonon relaxation rate γe−ph= (τ−1
s +τ−1

rec) is ∼ 106...107 s−1. Thus the requirement of

quasi-equilibrium η ¿ γe−e, γe−ph is fulfilled in our experiment.

Very recently Kopnin et al. [68] presented a theory where the distribution of quasi-

particles created by high-voltage injection can deviate considerably from thermal, so

that at energies E ∼ eV À kBTe the electron-phonon relaxation rate can become

larger than the electron-electron relaxation rate. In this case, the quasiparticles with

E ∼ eV emit high-energy phonons, which carry away most of the deposited energy from

the sample into the substrate, due to good thermal contact with the island. The en-

ergy transferred to thermal phonons (emitted by quasiparticles with energies ∼ kBTe)

is then much smaller than the total deposited energy. Such a deviation from equi-

librium can be roughly estimated by comparing the tail of thermal distribution func-

tion ∼ e−∆/kBTe with a non-equilibrium correction φ(∆) to the quasiparticle distri-

bution function [68]. For not very high voltages eV ∼ 102∆, the correction can be

expressed as φ(E) ∼ η

γe−e

(
∆

E

)4 (
eVinj

∆

)2

. For the parameters in our experiment,

φ(∆) ∼ 10−7
(

eVinj

∆

)2

. 10−3, and e−∆/kBTe & 10−2 > φ(∆) for Te & 0.3Tc. Thus,

even for the injection voltages eVinj ∼ 100∆ used in the experiment, the deviations from

quasi-equilibrium are small.

Also, the shape of the IV curves in figure 4.2, the exponential dependence of the

plateau current vs power, and the consistency between the three samples with different

parameters (different injection voltages by factor of three under the same conditions)

support further that quasi-equilibrium is a good approximation in our experiment.

We have also assumed that the non-equilibrium distribution of phonons does not

play a role in our experiments. However, during the quasiparticle recombination mostly

phonons with energy 2∆ are created. If these phonons do not decay faster than quasi-

particles recombine, the phonon distribution is not an equilibrium one [69]. If that would

be the case in our experiment, a smaller power than expected by theory would be needed

to raise the temperature of the quasiparticle population, and the data would lie above

the theoretical line, which is contrary to our observation. Therefore, we can state that

non-equilibrium phonons are not the reason for the observed discrepancy between the

experiment and theory.

4.3 Heat relaxation measurements in a normal metal state

We measured heat relaxation in the normal state in one of the samples (sample C) as

well. Superconductivity was suppressed by applying a magnetic field of about 120 mT.

The temperature of hot electrons on the island was deduced by measuring the partial

Coulomb blockade (CB) signal [12]. The dependence of the junction conductance on the

temperature in the equilibrium case Te = T0 is discussed in Chapter 1. In the quasi-

equilibrium case, when the temperature on the two sides of the junction is unequal,
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T0 ¿ Te, the conductance is given by

Gquasi

GT

= 1− EC

2kBTe

1

cosh2(eV/4kBTe)
, (4.4)

as was presented in paper IV. The depth of the conductance minimum at V = 0 is

∆G/GT = EC/2kBTe which is 50% larger than that in the equal temperature case. The

full width is V quasi
1/2 = 4 ln(3 + 2

√
2)kBTe/e. This is about 65% of the equal-temperature

value, V eq
1/2 ' 10.88kBTe/e [12].

The two large junctions were used for probing the electron temperature, and the

small ones for power injection. The estimated charging energy of the large junctions

is EC/kB ' 20 mK, which is ideal for a measurement of the island temperature via

partial Coulomb blockade. The value V eq
1/2 yielded a good quantitative agreement with

the equilibrium temperature data over the whole range of the experiment. The three

measured conductance curves of the probing junctions under injection are shown in Fig.

4.4. The low base temperature permits the use of the expression of V quasi
1/2 above to

extract Te in the range displayed in Fig. 4.3. Power law type behavior can be observed

over the whole temperature range 0.3Tc < Te . Tc. The data approach those of the

superconducting state near Tc ' 1.45 K, as expected. The power law for Pe−ph can be

approximated by T 4.3
e (dashed line) instead of T 5

e (dashed-dotted line) of Eq. 4.1, with

a deviation of the same sign with respect to the theory as in the superconducting state.

-0.5 0.0 0.50.920.940.960.981

T0 = 50 mK
18pW450pW

P = 0  
 

G/GT
U, mV

Figure 4.4: The three Coulomb peaks measured in the normal state under different levels of
power injection: the solid lines are theoretical fits to them.

We have also estimated the temperature gradient of the aluminium island in the

normal state at Te ≈ Tc due to quasiparticle diffusion by solving numerically the heat
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diffusion equation
d

dx

(
κn

dTe(x)

dx

)
= ΣAlT

5
e (x), (4.5)

where x is a coordinate along the island of a length ` with the cross-section A = 1.5×0.44

µm2, and the boundary conditions are T ′
e(`) = 0 and Te(`) = Tc. Here, ΣAl = 0.3× 10−9

WK−5m−3 is the material constant for aluminium [9], the heat conductivity κn = L0Tc/ρ

is determined using the Wiedemann-Franz law, L0 ' 2.4 · 10−8 WΩK−2 is the Lorenz

number, and ρ =(0.9 - 1)×10−8 Ωm is the measured resistivity of the aluminium bar in

the normal state. The obtained temperature gradient along the island (` = 21 µm) for

sample A is about 5%, and for shorter islands (` = 4.9 µm) in samples B and C it is

only about 0.3%, and therefore the heat diffusion is negligibly small in our experiments.

4.4 Discussion

The theoretical and experimental results on the suppression of the electron-phonon heat

flux in the superconducting state with respect to that in normal state are shown in Fig.

4.5 in a form of α(Te/Tc). The factor α(Te/Tc) = Ps/PN is deduced as the ratio of the

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.80.9 11E-71E-61E-51E-41E-30.010.11
 

 
α

T / Tc

 theory experiment

Figure 4.5: Theoretical and experimental results on the suppression of the electron-phonon
heat flux in the superconducting state.

powers Ps in the superconducting and PN in the normal state (Fig. 4.3). The data

demonstrate that electron-phonon coupling in a superconductor is weaker than in the

normal state, by two orders of magnitude at Te/Tc = 0.3. But, like in the experiments on

quasiparticle relaxation time in a superconductor [54, 55, 56], the relaxation is faster than

that from the theory [52, 58]. This observation could suggest that the relaxation both
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in the superconducting and in the normal state might be sensitive to the microscopic

quality and the impurity content of the particular film [50]. The effect of impurities

on the electron-phonon relaxation may become pronounced when the thermal phonon

wavelength 2π/q = hv/kBTe is comparable with the electron mean free path `e. The

estimation of mean free path for aluminium2 yields `e ∼ 20 nm, which gives ql . 1 at

Te . 1 K.

Our experiments, performed on three samples with quite different parameters, yielded

essentially identical results when normalized by the island volume. Therefore we believe

that issues like thermal gradients, non-equilibrium, and heat leaks through tunnel con-

tacts have only a minor influence on the results. The data thus yield the intrinsic energy

relaxation of quasiparticles in the superconducting and in the normal state. Our exper-

imental data follow qualitatively the presented theoretical model. Quantitatively, our

observations suggest the presence of an additional relaxation process, which may arise

from the impurities and disorder, as it is briefly discussed in Summary section.

2The mean free path is estimated from Drude formula l = vF
m

ρne2 , where m = 9.1× 10−31 kg is the
electron mass, and the electron density for aluminium is n = 18× 1022 cm−3 [70].
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Electronic refrigeration at the quantum limit

In this chapter, we discuss the experiment of paper V on quantum limited heat transport

mediated by electromagnetic radiation. This photon heat relaxation mechanism was re-

cently pointed out to be relevant for metallic nanostructures at very low temperatures

[71], and it was observed not long after by Meschke et al. [72]. In the present experi-

ment, we show that such a radiative heat transport can be used for a distant electronic

refrigeration of small metallic islands. We also observe and analyze the temperature

crossover between quasiparticle and electromagnetic heat transport in a superconductor.

In addition, our observations are important for the realization of a so-called Brownian

electron refrigerator, which was recently proposed in [73].

5.1 Quantum limit of heat transport via a single channel

It is known that the maximum of heat conductance of a single channel is determined

by the universal quantum of thermal conductance GQ = πk2
BT/(6~) irrespectively of

the statistics of heat carrying particles [74, 75, 76]. Here, a single channel is associated

with a one of the variables used to describe the heat flow [74]. The maximum limit

for the single-channel heat flow can be derived from general physical principles, e.g.,

considering the bound for the entropy flow1 through a single heat channel between two

particle reservoirs [76].

The quantum limit of heat transport was experimentally observed for phonons in thin

suspended insulating bridges [77], for electrons in a semiconducting one-dimensional wire

[78], and for photons in a superconducting circuit with two microscopic metallic resistors

1The net flows of entropy Ṡ = Ṡ1 − Ṡ2 and heat Q̇ = Q̇1 − Q̇2 in the channel between reservoirs
1 and 2 are related as Ṡ2 6 1

3~πk2
BQ̇, which follows from the bound estimations of the integrals over

the energy distributions of the particles. In case of massless bosons, phonons or photons (as the latter
one in our experiment), when the chemical potentials of the two reservoirs are zero, we have for each
reservoir Q̇1,2 = 1

12~π(kBT1,2)2 and Ṡ1,2 = 1
6~πk2

BT1,2. According to the second law of thermodynamics,
the entropy tends to increase always (approaching maximum value at equilibrium), Ṡ1,2 > Q̇1,2/T1,2,
from where the upper limit for the single-channel heat flow can be deduced: Q̇1,2 6 1

3~π(kBT1,2)2. The
upper bound of single-channel heat conductance can be obtained from the tighter bound inequality
Ṡ2 6 πk2

B

3~ Q̇
(

T1−T2
T1+T2

)
, analytically derived for fermions [76].

41
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[72]. In the latter case of photons, the single heat channel can be associated with

the polarization of a one-dimensional electromagnetic wave in a planar superconducting

strip line [74, 79]. Such a radiative heat exchange between two resistors connected with

dissipation free line was originally discussed already by Nyquist back in 1928 [80], who

derived expressions for the power of thermal noise produced by the resistor in classical

and quantum regimes. The results for the electrical circuits in these two limits can

be summarized as follows. For macroscopic electrical circuits at high temperatures,

when the thermal frequency ωT = kBT/~ is much larger than the characteristic circuit

frequency ωc, the power of the radiative heat exchange is determined by the product of

the average energy kBT per each degree of freedom (an electromagnetic mode at a single

frequency ω/2π) and the circuit bandwidth, since the thermal noise is cut-off at the

circuit frequency ωc. For microscopic low temperature circuits as in our experiment, the

noise is cut-off at thermal frequencies which are much lower than the circuit frequencies,

the average energy per each mode is partitioned according to the Planck distribution.

The net power of electromagnetically exchanged energy between the resistors R1 and R2

with corresponding temperatures T1 and T2 can be written as [71]

Pν =

∫ ∞

0

dω

2π

4R1R2

|Zt(ω)|2~ω
(

1

e~ω/kBT2 − 1
− 1

e~ω/kBT1 − 1

)
, (5.1)

where Zt(ω) is the frequency dependent total series impedance of the circuit. For elec-

tronic metallic nanostructures, this radiative heat relaxation mechanism becomes domi-

nant at low temperatures when electron-phonon and normal electronic heat conduction

are sufficiently weak [71].

In the experiment by Meschke et al. [72], the two resistors were connected with su-

perconducting lines interrupted by SQUIDs, and due to that the circuit was not perfectly

matched and the full quantum of thermal conductance was not reached. In the exper-

iment described in paper V, we have studied the heat transport between the resistors

in a matched circuit, which allowed to observe the radiative heat flow directly at the

limit of one quantum. We showed that the impedance matching is indeed relevant for

the observation of the effect — we found no radiative heat exchange in the sample with

a mismatched circuit.

5.2 Measured samples. Electrical and thermal models

To observe quantum heat transport and to demonstrate the relevance of impedance

matching, we carried out measurements on two samples, with a matched and a mis-

matched circuit. The electron micrographs of the samples and their equivalent electrical

schemes are shown in Figs. 5.1 and 5.2. In the matched sample, the two identical gold-

palladium islands (resistors) are connected with the superconducting lines into a loop,

whereas in the mismatched sample the islands are connected with a single superconduct-

ing line. In the mismatched sample, one of the islands was made about 3 times shorter
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Figure 5.1: Electron micrographs of the samples with the matched (a) and mismatched (b)
circuits. In panel (a), the schematic electric connections indicate the voltage sweeping through
one pair of NIS junctions and the temperature measurements of the islands.
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Figure 5.2: Equivalent electrical circuits of the matched (a) and mismatched (b) samples.

than the other one, in order to further increase mismatching.2 The distance ` between

the islands in both samples was about 50 µm. The wavelength of thermal photons hc
kBT

is

several centimeters at temperatures 0.1 - 0.5 K, and we can consider equivalent lumped

electrical circuits of our samples. Thus, in the matched sample, due to the circuit shorted

by the loop, the voltage noise emitted by the resistors generates noise current in the loop

2The volume of each island in the matched sample is Ω = 3 × 0.2 × 0.02 µm3. In the mismatched
sample, the volumes of islands 1 and 2 are Ω1 = 3× 0.18× 0.02 µm3 and Ω2 = 1× 0.18× 0.02 µm3.
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leading to heat exchange between the two islands. In the mismatched circuit, the circuit

is closed only by small capacitance of the NIS junctions to the ground, and the radiative

heat exchange is suppressed. According to Eq. (5.1), the radiative net heat fluxes in the

matched Pm
ν =

πk2
B

12~ (T 2
2 − T 2

1 ) and the mismatched Pmism
ν ' π3k2

B

30~ (T 2
2 − T 2

1 )(kBTRC/~)2

circuits scale as Pmism
ν /Pm

ν ' 2π2

5
(ωT /ωc)

2 at low temperatures, ωT ¿ ωc. For the pa-

rameters in the experiment, R ' 200 Ω, C ' 10 fF, the electromagnetic power flow in

the matched circuit is estimated to be about 102 − 103 times stronger as compared to

that in the mismatched case at temperatures 0.3− 0.1 K.

To study heat transport between the islands, we perturbed and measured electronic

temperatures of the islands using NIS tunnel junctions, which are contacting each island

in the middle. One pair of NIS junctions was used to refrigerate or heat one of the

islands by sweeping DC-voltage V across the junctions. At voltages smaller than twice

the superconducting gap ∆ ' 0.2 meV of aluminium, eV < 2∆, the junctions work as a

SINIS-refrigerator [9, 17, 18], removing hot electrons from the island through the tunnel

barriers into the superconducting leads, which results in a reduction of the electronic

temperature of the island. The refrigeration effect is maximal at eV ' 2∆. To probe

the temperature of the refrigerated island, the second pair of NIS junctions is used as

a thermometer by applying a small DC current Ith through it, and by measuring the

corresponding temperature dependent voltage Vth. Another similar SINIS-thermometer

probes the temperature T2 of the second island. When the applied voltage V through the

SINIS-refrigerator is zero, the measured voltage Vth(V = 0) provides the thermometer

calibration against the bath temperature T0 varied in the range 50 − 500 mK. The

electronic temperature of the islands is then obtained from the fit of the dependence of

T0 on Vth(V = 0), shown in Fig. 5.3. At V = 0 the electronic temperature coincides with

the bath temperature down to T0 = 120 mK. At lower temperatures, the thermometer

signal saturates due to overheating of the electrons by residual parasitic noise via the

electrical leads. The estimated parasitic power at 100 mK is ∼ ΣAuPdΩT 5 ∼ 0.5 fW.

The thermometers have individual floating DC bias sources and do not cause excessive

heating or cooling of the islands due to the low bias current, Ith ' 0.001∆/eRT , used.

The thermal model that accounts for our set-up and observations is shown in Fig.

5.4. The resistors exchange energy at power Pν through the electromagnetic channel,

and, in parallel, at power Ps, due to quasiparticle heat conduction through the supercon-

ducting line. The latter contribution is significant at higher temperatures but diminishes

exponentially towards low temperatures kBT0 ¿ ∆ [81]. We analyze the contribution of

quasiparticle heat flux quantitatively with the heat diffusion equation

d

dx

(
−κs

dT

dx

)
= α(T0)ΣAl[T

5
0 − T 5(x)], (5.2)

assuming that the superconducting line has the temperature profile T (x) with boundary

conditions T (0) = T2 and T (`) = T1. Here, x is the coordinate along the line (x = 0

corresponds to the contact to island 2, x = ` to that to island 1). Factor α(T0) (see
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Figure 5.3: SINIS-thermometer calibration for the matched sample, measured with the ther-
mometer current Ith ' 14 pA. The line shows the fit to data points, which is linear below 300
mK.
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Figure 5.4: The thermal model illustrates electromagnetic (Pν , Gν) and quasiparticle (Ps, Gs)
heat conduction through the superconducting line between the two islands. The islands are
thermally coupled to the phonon bath with the heat fluxes Pep,1 and Pep,2. The weak electron-
phonon coupling of the superconducting line to the thermal bath is denoted by dPep. The
arrows show the direction of the heat flow for temperatures T1 < T2 < T0.

Chapter 4) defines the suppression of electron-phonon coupling in the superconducting

line with respect to that in the normal state [82], and ΣAl ' 0.3 · 109 WK−5m−3 is

a material constant for aluminium [9]. The heat flux Ps(0) = −κsAT ′(0) to island 1,

and the heat flux Ps(L) = −κsAT ′(`) from island 2 are determined through temperature

gradients T ′(0) and T ′(`) at the ends of the superconducting line with cross-sectional area

A = 200× 25 nm2. Here, κs = γ(T0)κn is the heat conductivity of the superconducting

line [81], suppressed by a factor 3 γ(T0) with respect to heat conductivity κn = L0T (x)/ρ

in the normal state. Here, ρ =(1.4 - 1.5)×10−8 Ωm is the measured resistivity of the

aluminium line. The electrons in each resistor of volume Ωi exchange energy with the

3γ(T0) = 3
2π2

∫∞
∆(T0)/kBT0

t2dt
cosh2(t/2)

.
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substrate, i.e., with the thermal bath at temperature T0 via electron-phonon coupling

at the rate Pep,i = ΣAuPdΩi(T
5
0 − T 5

i ) [47, 48], where ΣAuPd ' (2− 4) · 109 WK−5m−3 is

obtained from the measurements. Here, we assume that phonons in the islands are well

thermalized with the substrate phonons, since thermal Kapitza resistance is negligibly

small at the interface between two phonon systems. This is a typical case for thin films

at such low temperatures ∼ 0.3 K [48], when the wavelength of thermal phonons ' 1 µm

is large as compared to the film thickness (20 nm). Island 1 can be SINIS-refrigerated

(or heated) with the corresponding power Prefr. Also, we neglect phonon heat transport

based on experimental results detailed below. The steady-state of the system is then

described by the energy balance equations

Prefr − Pν − Ps(`)− Pep,1 = 0

Pν + Ps(0)− Pep,2 = 0. (5.3)

For the quantitative analysis of the heat transport, we solved numerically Eq. (5.2)

together with Eqs. (5.3) to obtain the relative temperature change of island 2 with

respect to that of island 1, ∆T2/∆T1 ≡ (T2 − T0)/(T1 − T0). For small temperature dif-

ferences, neglecting the electron-phonon coupling in the superconductor, we can linearize

the different contributions in Eqs. (5.3) and obtain a particularly simple expression for

∆T2/∆T1:
∆T2

∆T1

=
Gν + Gs

Gν + Gs + Gep,2

. (5.4)

Here, the photon coupling Gν is expected to be equal to GQ for the matched sample

and for the mismatched sample it is suppressed by a large factor as discussed above.

The electron-phonon conductance is given by Gep,2 = 5ΣAuPdΩ2T
4
0 , and Gs denotes the

ordinary heat conductance by quasiparticles in the superconducting line.

5.3 Measurement results

The results of the measurements are shown in Figure 5.5. We observed the quantum

limited refrigeration of the second island in the matched sample and found no such effect

in the mismatched one. The dependence of the two island temperatures ∆T1 and ∆T2

on the bias voltage V for the two samples are shown in Figs. 5.5(a) and 5.5(b) at few

bath temperatures T0.

For a quantitative comparison of the remote refrigerating effect, we plot the maximal

temperature drops of the two islands at the optimal bias point eV ' 2∆ against the

bath temperatures T0 = 0.1−0.5 K in Fig. 5.5(c) and 5.5(d), and also the corresponding

relative temperature drops ∆T2/∆T1 in Figs. 5.5(e) and 5.5(f). Clearly, in the sample

with the matched circuit, the temperature of the probing island 2 tends to follow the

temperature behavior of the main island 1, and at temperatures below 300 mK ∆T2/∆T1

increases rapidly, as can be expected based on strong electromagnetic coupling. In
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Figure 5.5: Measured data of matched (a, c, e) and mismatched B (b, d, f) samples, and
calculated results of the thermal model. (a), (b): Measured island temperatures T1 (blue
line) and T2 (red line) vs. bias voltage V at three bath temperatures T0. (c), (d): Absolute
temperature changes ∆T1 (blue dots) and ∆T2 (red dots) measured at T0 =120 - 500 mK. (e),
(f): Relative temperature change ∆T2/∆T1 at 120 - 500 mK are shown by the black dots. The
error bars show the standard deviation arising from the temperature calibration. (e), (f): The
black lines are obtained from the linearized thermal model. The red lines are the results of the
numerical thermal model. The solid lines are calculated with ΣAuPd = 2 · 109 WK−5m−3 and
the dashed lines with ΣAuPd = 4 · 109 WK−5m−3.
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contrast, the refrigeration of the remote island in the mismatched sample is suppressed

at low temperatures, ∆T2/∆T1 vanishes due to weak photonic coupling.

We note that the cooling power of the NIS refrigerator itself is a non-monotonic

function of temperature, it has a maximum at T ' 0.25∆/kB in the simplest case of an

ideal tunnel barrier, decreasing both at lower and higher temperatures [9]. Also, at low

temperatures ∼ 100 mK, the cooling power is limited by several factors like nonidealities

in tunnel barriers (for instance, pin holes), possible non-equilibrium effects in normal

metal island and superconducting leads, Andreev current, and sub-gap quasiparticle

states, which all lead to heating of the island. Due to these reasons, we observe non-

monotonic temperature behavior of the ordinary NIS refrigeration and the saturation of

∆T2/∆T1 for the matched sample at low temperatures . 150 mK.

The rise of ∆T2/∆T1 for the matched sample at temperatures below 300 mK in Fig.

5.5(e) is in agreement with the simple linearized thermal model: the data lie between the

solid and dashed black lines, obtained from Eq. (5.4) assuming full quantum conductance

Gν = GQ and vanishing quasiparticle conductance Gs = 0. Alternatively, the dashed

black line can be obtained from Eq. (5.4) with Gν = 0.5GQ and ΣAuPd = 2 · 109

WK−5m−3, since only the photonic Gν and the electron-phonon Gep,2 coupling contribute

to the relative temperature drop ∆T2/∆T1 when Gs = 0. Based on these results we

conclude that the matching in this sample is close to ideal and the refrigeration is limited

by the quantum of thermal conductance. This effect is absent in the mismatched sample:

for reference we show the black line in Fig. 5.5(f) with Gν = GQ and Gs = 0.

The quantitative behaviour of ∆T2/∆T1 at high temperatures T0 & 300 mK is not

universal and depends on sample parameters. For the matched sample, ∆T2/∆T1 is non-

monotonic — it has a minimum around 300 mK, which we attribute to the crossover

between electromagnetic and quasiparticle heat transport. Also, at T0 & 300 mK, the

remote island of the mismatched sample is refrigerated more than that in the matched

one. This is because of stronger thermalization of the matched sample with larger island

2, and since there are, due to the deposition technique, extra normal (AuPd) shadows

covering the vertical parts of the aluminium looped line (see Fig. 5.1a). In the mis-

matched sample, the normal shadow is not in contact with the superconducting line,

which further enhances the quasiparticle mediated refrigeration. For the matched sam-

ple, the data over the full temperature range are accounted for by the upper red line in

Fig. 5.5(e), obtained from the numerical analysis with Pν = PA
ν and ΣAuPd = 2 · 109

WK−5m−3. To fit the data for the matched sample in the diffusion regime T0 & 300 mK,

we added a fitting parameter αN = 0.6 to the factor α: α → α + αN . The parameter

αN describes stronger thermalization of the superconducting line. The lower red line in

Fig. 5.5(e), calculated with αN = 0.6 and with no photonic heat exchange (Pν = 0),

shows the quasiparticle contribution for comparison. For the mismatched sample, the

numerically obtained red curves of quasiparticle conduction are shown in Fig. 5.5(f).

The dashed red curve shows good agreement with the data. The uncertainty in the

quantitative comparison between the model and data arises from only approximately
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known parameters of electron-phonon coupling for gold-palladium and aluminium thin

films.

In both samples the islands are strongly heated at voltages eV > 2∆ due to the

injection of hot quasiparticles. An additional thermometer, located near island 2, but

not connected to it, was monitoring phonon temperature on the substrate. It showed

negligibly weak temperature response as compared to the thermometers of islands 1

and 2. This supports our thermal model, which assumes that phonons provide a good

thermal bath and that the observed heat exchange between the resistors occurs due to

quasiparticles and electromagnetic radiation. This is a natural conclusion due to the

very weak electron-phonon coupling at low temperatures.

In the analysis, we have also neglected the voltage fluctuations on the island due to

the shot noise in the NIS junctions, since these fluctuations are small as compared to

the equilibrium voltage noise of the island resistors. This is because the junctions are

biased with a low voltage, of the order of the superconducting gap, eV ' ∆ (' 2.3 K

for aluminium), and the tunnel resistance RT ' 19 kΩ of the junctions is about two

orders of magnitude larger than the island resistance R ' 200 Ω. The estimation of the

voltage noise density on the island due to the shot noise yields SV
shot < eV

RT
R2, whereas

the equilibrium voltage noise is SV
eq ∼ 2~ωT R. Thus, the contribution of the shot noise

is weak:
SV

shot

SV
eq

< eV
kBT

R
2RT

∼ 0.02− 0.1 for temperatures T = 0.5− 0.1 K.

5.4 Discussion and prospects for Brownian electron refrigera-
tor

To summarize, we demonstrated electronic refrigeration of a metallic micro-island at the

quantum limit, when the heat transport occurs via the electromagnetic radiation gov-

erned by the quantum of thermal conductance. We showed that the impedance matching

of the circuit is vitally important for the observation of such an effect. Our measure-

ments and model suggest that even galvanically separated resistors can be refrigerated

by such a mechanism. This could be an option for the refrigeration of dissipative micro-

components and noise suppression in sensitive quantum devices, such as SQUIDs. Also,

we observed how two different heat conduction mechanisms in a superconductor — those

by quasiparticles and by photons — dominate in different temperature regimes. These

observations are also significant for the superconductor-based devices including micro-

bolometers and calorimeters. The issues of circuit matching and quasiparticle heating

are relevant for the realization of a recently proposed Brownian electron refrigerator [73],

when the normal metal island in the NIS junction can be refrigerated by thermal noise of

a hot resistor radiated via superconducting leads. For the experimental implementation

of such a device, the resistor has to be heated up so that the voltage fluctuations are of

appropriate magnitude to remove hot electrons out from the normal metal through the

tunnel barrier into a superconductor. The noise of the resistor will be strongly coupled
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to NIS junction if the circuit impedance is matched. The quasiparticle heating of the

superconducting line has to be suppressed to avoid parasitic heating of the island, which

can be done, e.g., by thermalizing the line to the surrounding cold bath. Yet another way

to eliminate quasiparticle heating issue would be to use a capacitive coupling between

the junction and the resistor.



Summary and outlook

The experiments reviewed in this Thesis showed that tunnel junctions can be used as

versatile devices to study charge and heat transport in mesoscopic systems.

A Josephson junction is demonstrated to be a sensitive noise detector to resolve

higher order current fluctuations in a wide bandwidth of about 50 GHz, determined by

the plasma frequency of the junction. The second moment of shot noise is detected via

resonant activation of the Josephson junction. The observed shot noise asymmetry is

described with the model of non-resonant response of the Josephson junction to the third

order fluctuations at subplasma frequencies. With a careful tailoring of the surrounding

electromagnetic circuit, a Josephson junction has a potential to be used as an absolute

detector of noise and current statistics in various mesoscopic conductors.

The experiments on electron heat relaxation showed the importance of slow electron-

phonon relaxation in the superconducting state at low temperatures, in qualitative agree-

ment with the theory for clean superconductors. Quantitatively the energy flux exceeds

the theoretical predictions both in the superconducting and in the normal state, suggest-

ing enhanced or additional still-to-be-investigated relaxation processes, which may arise

from microscopic imperfections, impurities and surfaces. One of the extra relaxation

mechanisms can be related to the presence of magnetic impurities in a superconduc-

tor, which give rise to the formation of electron states within the gap that are localized

in the vicinity of the impurity atom [83]. A quasiparticle can be trapped into such a

sub-gap state, and then recombine with another quasiparticle from the continuum spec-

trum above the gap resulting in an enhanced recombination, as the recent theoretical

result shows [84]. In other words, magnetic impurities can act as recombination centers

providing fast thermalization and changing the temperature dependence of quasiparti-

cle relaxation rates. Also, the recent experimental result [57] on measuring quasiparticle

lifetimes in superconducting Ta and Al films suggests that the recombination at low tem-

peratures can be also enhanced due to disorder, most likely involving unpaired magnetic

surface spins. Thus further theoretical analysis and experiments are required to eluci-

date the details of the microscopic mechanisms which lead to an enhanced quasiparticle

relaxation.

The radiative electronic refrigeration of a metallic micro-island was demonstrated

in a superconducting circuit with a cooling power limited by the universal quantum of

heat conductance. It was shown that matching the circuit impedance is necessary for the

observation of such radiative heat transport. Also, the crossover between electromagnetic

51
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and quasiparticle heat transport mechanisms in a superconductor was observed and

analyzed. The demonstrated effect brings relevant information for the realization of a

Brownian electron refrigerator [73], whose operating principle relies on the propagation

of thermal radiation in a superconducting circuit at sub-kelvin temperatures.

Finally, regarding the topic of fluctuations and heat transport in mesoscopic physics,

one can foresee experiments to study both equilibrium temperature fluctuations [85, 86]

and full statistics of energy transfer in nanoscale systems out of equilibrium to observe the

effects of temperature fluctuations beyond Gaussian regime, as it has been theoretically

considered in Refs. [87, 88].
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[6] B. Huard, Ph.D. thesis (Université Pierre and Marie Curie, Paris VI, 2006).

[7] I. Giaever and K. Megerle, Study of Superconductors by Tunneling, Phys. Rev. 122,

1101 (1961).

[8] V. Ambegaokar and V. Baratoff, Tunneling Between Superconductors, Phys. Rev.

Lett. 10, 486 (1963).

[9] F. Giazotto, T. T. Heikkila, A. Luukanen, A. M. Savin, and Jukka P. Pekola, Op-

portunities for Mesoscopics in Thermometry and Refrigeration: Physics and Appli-

cations, Rev. Mod. Phys. 78, 217 (2006).

[10] J. G. Simmons, Generalized Formula for the Electric Tunnel Effect between Similar

Electrodes Separated by a Thin Insulating Film, J. Appl. Phys. 34, 1793 (1963).

[11] K. Gloos, R. S. Poikolainen, and J. P. Pekola, Wide-range thermometer based on

the temperature-dependent conductance of planar tunnel junctions, Appl. Phys. Lett.

77, 2915 (2000).

[12] J. P. Pekola, K. P. Hirvi, J. P. Kauppinen, and M. A. Paalanen, Thermometry by

Arrays of Tunnel Junctions, Phys. Rev. Lett. 73, 2903 (1994).

53



Bibliography 54

[13] Sh. Farhangfar, K. P. Hirvi, J. P. Kauppinen, J. P. Pekola, J. J. Toppari, D. V.

Averin and A. N. Korotkov, One dimensional arrays and solitary tunnel junctions

in the weak coulomb blockade regime: CBT thermometry, J. Low Temp. Phys. 108,

191 (1997).

[14] J. P. Pekola, T. Holmqvist, and M. Meschke, Primary Tunnel Junction Thermom-

etry, Phys. Rev. Lett. 101, 206801 (2008).

[15] T. Holmqvist, M. Meschke, and J. P. Pekola, Influence of Environment on Tunneling

Thermometry, J. Low Temp. Phys. 154, 172 (2009).

[16] J. Kivioja, Ph. D. Thesis, Mesoscopic Superconducting Tunnel Junction Devices

(Helsinki University of Technology, Finland, 2005).

[17] M. Nahum, T. M. Eiles, and J. M. Martinis, Electronic Micro-Refrigerator Based

on a Normal-Insulator-Superconductor Tunnel Junction, Appl. Phys. Lett. 65, 3123

(1994).

[18] M. M. Leivo, J. P. Pekola, and D. V. Averin, Efficient Peltier Refrigeration by a

Pair of Normal Metal/Insulator/Superconductor Junctions, Appl. Phys. Lett. 68,

1996 (1996).

[19] A. B. Zorin, The thermocoax cable as the microwave frequency filter for single elec-

tron circuits, Rev. Sci. Instr. 66, 4296 (1995).

[20] A. H. Steinbach, J. M. Martinis, and M. H. Devoret, Observation of hot-electron

shot noise in a metallic resistor, Phys. Rev. Lett. 76, 3806 (1996).

[21] K. E. Nagaev, Influence of electron-electron scattering on shot noise in diffusive

contacts, Phys. Rev. B 52, 4740 (1995).

[22] Y. V. Nazarov, Quantum Noise in Mesoscopic Physics (NATO Science Series in

Mathematics, 1st ed., Kluwer, 2003).

[23] Quantum Information and Decoherence in Nanonsystems, Proceedings of the 39th

Recontres de Moriond (eds. D. Ch. Gattli, M. Sanquer, and J. T. T. Van, La Thuile,

Italy, 2004).

[24] F. Wu, T. Tsuneta, R. Tarkiainen, D. Gunnarsson, T.-H. Wang, and P. J. Hakonen,

Shot noise of a multiwalled carbon nanotube field effect transistor, Phys. Rev. B 75,

125419 (2007).

[25] Y. Bomze, G. Gershon, D. Shovkun, L. S. Levitov, and M. Reznikov, Measurement

of Counting Statistics of Electron Transport in a Tunnel Junction, Phys. Rev. Lett.

95, 176601 (2005).



55 Bibliography

[26] R. K. Lindell, J. Delahaye, M. A. Sillanpää, T.T. Heikkilä, E. B. Sonin, and P. J.
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