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Abstract—This paper proposes an energy efficient collaborative
cyclostationary spectrum sensing approach for cognitive radio sys-
tems. An existing statistical hypothesis test for the presence of cy-
clostationarity is extended to multiple cyclic frequencies and its
asymptotic distributions are established. Collaborative test statis-
tics are proposed for the fusion of local test statistics of the sec-
ondary users, and a censoring technique in which only informative
test statistics are transmitted to the fusion center (FC) during the
collaborative detection is further proposed for improving energy
efficiency in mobile applications. Moreover, a technique for numer-
ical approximation of the asymptotic distribution of the censored
FC test statistic is proposed. The proposed tests are nonparametric
in the sense that no assumptions on data or noise distributions are
required. In addition, the tests allow dichotomizing between the
desired signal and interference. Simulation experiments are pro-
vided that show the benefits of the proposed cyclostationary ap-
proach compared to energy detection, the importance of collabo-
ration among spatially displaced secondary users for overcoming
shadowing and fading effects, as well as the reliable performance
of the proposed algorithms even in very low signal-to-noise ratio
(SNR) regimes and under strict communication rate constraints
for collaboration overhead.

Index Terms—Censoring, cognitive radio, collaborative spec-
trum sensing, cyclostationary detection, energy efficient detection.

I. INTRODUCTION

W IRELESS communication systems rely on the use of
scarce resources, most notably the radio frequency

spectrum. The dramatic increases in the number of wireless
subscribers, the advent of new applications and the continuous
demand for higher data rates call for flexible and efficient use of
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the frequency spectrum. Cognitive radios have been proposed
as a technology for dynamic spectrum allocation [1]–[3]. Cog-
nitive radios sense the radio spectrum in order to find temporal
and spatial spectral opportunities and adjust their transceiver
parameters and operation mode accordingly. Spectrum sensing
has to be done reliably in the face of propagation effects such
as shadowing and fading. Moreover, the level of interference
caused to the primary (legacy) users of the spectrum must be
maintained at a tolerable level.

Different approaches for spectrum sensing for cognitive radio
applications have been proposed, e.g., [2] and [4]–[8]. The com-
monly considered approaches are based on power spectrum es-
timation, energy detection, and cyclostationary feature detec-
tion. Power spectrum estimation may not work reliably in the
low signal-to-noise ratio (SNR) regime. Energy detection, on
the other hand, is subject to uncertainty in noise and interference
statistics. In addition, neither power spectrum estimation nor en-
ergy detection are able to distinguish among the primary user
signals, secondary user signals, or interference. Cyclostationary
detection allows classifying co-existing signals exhibiting cy-
clostationarity at different cyclic frequencies, relaxing assump-
tions on noise statistics and has reliable performance even in the
very low SNR regime.

In this paper we propose an extension of the time-do-
main Neyman–Pearson (NP) type test for the presence of
second-order cyclostationarity of [7] to simultaneous use of
multiple cyclic frequencies. Moreover, the maximum and
sum of the cyclic autocorrelation test statistics over the cyclic
frequencies of interest are considered. The proposed multicycle
detectors are based on the classical cyclic autocorrelation
estimator and its asymptotic properties. The method is non-
parametric in the sense that no assumptions on the noise and
data distribution are required. The only essential assumption
required is the knowledge of at least one cyclic frequency of the
primary user’s signal. Under the null hypothesis the asymptotic
distribution established provides an accurate approximation for
all the signal lengths of interest. The NP formulation provides
a rigorous way of limiting the false alarm rate to an acceptable
level, which is necessary for allowing the cognitive radio to
access the available spectrum on a regular basis, independently
of the underlying noise and interference statistics. Finally,
the method is applicable for detecting almost cyclostationary
signals where the cyclic period may not be an integer number.
See [9] for a discussion of the benefits and limitations of the
method of [7] among others for cyclic period estimation.

In order to guarantee that the interference caused to the pri-
mary users is below an allowed level, the secondary users need
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to perform spectrum sensing reliably in the face of severe shad-
owing and fading effects. Overcoming these effects without
excessively long detection times requires collaboration among
secondary users. Collaboration among spatially displaced
secondary users allows mitigation of shadowing and fading
effects. However, collaborative detection schemes may lead to
substantial overhead traffic generated by the transmission of the
observed data, local test statistics or decisions to the FC. The
amount of data transmitted should be minimized especially in
mobile, battery operated terminals due to stringent battery life
constraints or when the control channel has low capacity.

We further extend the single user multicycle tests proposed in
this paper to accommodate collaboration among the secondary
users. The global decisions are made by combining the local test
statistics in a dedicated FC or in an ad hoc manner by the sec-
ondary users. The proposed tests allow simple decision making
and threshold selection at the FC. Furthermore, in order to re-
duce the amount of data transmitted during collaborative de-
tection, we propose a censoring scheme in which only infor-
mative test statistics are sent to the FC. In addition to the test
statistics, the only parameters transmitted to the FC during the
censoring process are the communication rate constraints of the
individual secondary users. We propose a comprehensive way
of determining the censoring and detection thresholds given the
communication and false alarm rate constraints. The proposed
method is easy to implement in practice and causes only min-
imal performance loss compared to the uncensored approach
even under very strict communication rate constraints.

Multicycle detection has received considerable amount of at-
tention in the past. Optimum and locally optimum multicycle
detectors have been proposed in [10] and [11]. However, these
detectors cannot be implemented without the knowledge of the
signal phase. Moreover, they require an explicit assumption on
the noise distribution. Many suboptimum multicycle detectors
with different requirements and properties have been proposed
in the literature. A comprehensive bibliography on cyclosta-
tionary detection and cyclostationarity in general is provided
in [12].

Many of the collaborative detection techniques stem from dis-
tributed detection theory; see e.g., [13] and [14]. Collaborative
spectrum sensing methods based on energy detection have been
proposed, e.g., in [5] and [6]. In [15] and [16] cooperation strate-
gies using amplify-and-forward (AF) protocol have been pro-
posed. Cyclostationarity based collaborative detection has been
previously considered in [17] where binary decisions of the sec-
ondary users using cyclic detectors are combined. Optimal test
thresholds at the FC and the secondary users are determined
using an iterative algorithm. However, due to the iterative nature
of the algorithm, multiple expensive transmissions between the
FC and the secondary users are required.

Censoring techniques have been previously proposed for en-
ergy efficient sensor networks in [18], [19], and in [20] where
the energy efficiency is further improved by ordering the node
transmissions. Collaborative spectrum sensing with censoring
for cognitive radios has been considered in [21] where energy
detection is combined with censoring and transmission of bi-
nary decisions. In this paper censoring is combined with cyclo-
stationary detection and secondary users transmit their local test

statistics instead of binary decisions. Hence, the thresholds for
detection and censoring must be determined differently.

The contributions of the paper are as follows. The paper
proposes a powerful energy efficient approach for spectrum
sensing that combines cyclostationary detection and user
collaboration with censoring. Single user multicycle tests for
detecting the primary user signals are proposed. Reduced
complexity versions of the multicycle detectors are proposed
as well. The proposed multicycle detectors are extended to
accommodate collaboration among multiple secondary users.
A censoring scheme reducing the amount of data transmitted
in collaborative detection of secondary users is proposed. The
asymptotic distributions of the test statistics under the null
hypothesis are established. The established asymptotic distri-
butions are based on the asymptotics of the cyclic correlation
estimators. Hence, the proposed tests are nonparametric in the
sense that no assumptions on data or noise distributions are
required. Simulation experiments showing the benefits of the
proposed cyclostationary approach compared to energy detec-
tion, the importance of collaboration among spatially displaced
secondary users for overcoming shadowing and fading effects,
as well as the reliable performance of the proposed algorithms
even in very low SNR regimes and under strict communication
rate constraints are provided.

The paper is organized as follows. Novel single user mul-
ticycle detectors are proposed in Section II. In particular, the
problem is formulated as an hypothesis testing problem, and
corresponding generalized likelihood ratio tests (GLRTs) are
developed. The asymptotic distributions of the test statistics are
also derived. In Section III the multicycle detectors are extended
to allow collaborative detection by multiple secondary users.
Censoring of the test statistics transmitted to the FC is consid-
ered in Section IV. Simulations results in multipath radio envi-
ronments are given in Section V, and the paper is concluded in
Section VI.

II. SINGLE USER DETECTION USING MULTIPLE CYCLIC

FREQUENCIES

Communication signals typically exhibit cyclostationarity at
multiple cyclic frequencies. These cyclic frequencies may be
related to symbol rate, coding and guard periods, or carrier fre-
quency, for example. The cyclic frequencies present may vary
depending on the waveforms used and on channel quality.

In order to benefit from the rich information present in typ-
ical communication signals, we extend the time domain second-
order cyclostationarity test of [7] to multiple cyclic frequencies.
In cognitive radio applications there typically exists prior in-
formation about the primary user waveforms. For example, the
cyclic frequencies of the primary user signals (or at least some
of them) are typically known since the waveforms are carefully
specified in a standard. Hence, we assume the cyclic frequencies
of the primary user signal to be known and focus on detecting
the presence of the primary user signal rather than determining
its cyclic frequencies.

A. Hypothesis Testing

In the following a test for a number of time delays as well
as a set of cyclic frequencies of interest (e.g., for an orthog-
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onal frequency division multiplex (OFDM) signal the cyclic fre-
quencies of interest could be the symbol frequency and a few of
its multiples) is constructed. The proposed tests are based on
testing whether the expected value of the estimated cyclic auto-
correlation is zero or not for the cyclic frequencies of interest.
Let denote the set of cyclic frequen-
cies of interest and

(1)

denote a vector containing the real and imaginary parts of
the estimated cyclic autocorrelations at the cyclic frequencies of
interest stacked in a single vector. is the number of cyclic fre-
quencies in set and where
are the number of time delays for each different cyclic frequency
in (1). That is, cyclic autocorrelations for each cyclic frequency
may be calculated for different time delays as well. The time
delays are integer valued and , , where is the
number of observations. The cyclic frequencies can take on
real value in the interval [ ). Compared to [7](1) is an exten-
sion of to multiple cyclic frequencies, each with a set of
possibly distinct time delays. In [7], the cyclic autocorrelation
vector is given by

(2)

An estimate of the (conjugate) cyclic autocorrelation
may be obtained using observations as

(3)

where denotes the received complex valued signal, is the
discrete time index, and denotes an optional complex con-
jugation. The notation covers both cyclic autocorrelation and
conjugate cyclic autocorrelation with only one expression. It is
assumed that has zero mean (in practice the mean can be es-
timated and subtracted from the signal). In addition, we assume
the signal to be sufficiently oversampled. Oversampling at rate

, where is the order of cyclostationarity and
is the monolateral signal bandwidth (i.e., ), guarantees
that there is no aliasing in the cyclic frequency domain.

In order to test for the presence of second-order cyclostation-
arity at any of the cyclic frequencies of interest simulta-
neously, the hypotheses are formulated as follows:

(4)

where is the nonrandom true cyclic autocorrelation
vector. Furthermore, under commonly assumed circumstances
(i.e., when samples well separated in time are approximately
independent) is asymptotically normally distributed, i.e.,

where is the
asymptotic covariance matrix of . This result

follows from [7] where the asymptotic normality of the cyclic
autocorrelation estimator is established and the covariance
of two cyclic autocorrelation estimates for arbitrary cyclic
frequencies and time delays is derived. Hence, the extension to
the above case is straightforward as well.

The asymptotic covariance matrix can be divided into
blocks, one block for each different cyclic frequency

pair . Note that is different from , although
in practice symmetry can be used to reduce calculation. The

blocks can be calculated as [7]

(5)

where the entries of the two covariance matrices
and are given by

(6)

Here, and denote the nonconju-
gated and conjugated cyclic spectra of ,
respectively. These spectra may be estimated, e.g., by using fre-
quency smoothed cyclic periodograms as follows:

(7)

and

(8)

where and is a nor-
malized spectral window of odd length .

In the following the GLRT and its asymptotic distribution are
derived. We begin from the likelihood ratio and derive the GLRT
statistic. Finally, we employ an asymptotic theorem to obtain
the distributions under both hypotheses. The distributions de-
rived here are extensions to multiple cyclic frequencies of the
ones derived in [7]. The asymptotics for the single cyclic fre-
quency situation derived in [7] are obtained as a special case. In
addition, the distribution under derived here is more accu-
rate than the one in [7]. As we will later explain, the distribution
under provided in [7] is obtained from the distribution de-
rived here using a normal approximation.
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B. Generalized Likelihood Ratio Test (GLRT)

Using the asymptotic normality of , the likelihood ratio
(LR) is given by (note that there is only one observation of

)

(9)

The generalized likelihood ratio (GLR) is obtained by substi-
tuting for and for , i.e.,

(10)

The final generalized log-likelihood ratio test statistic is ob-
tained by taking the logarithm and multiplying the result by 2,
i.e.,

(11)

In case set contains only one cyclic frequency then the test
statistic in (11) reduces to the test statistic in [7].

C. Asymptotic Distribution of the GLR Test Statistic

In order to derive the asymptotic distribution of the GLR test
statistic, the following theorem is employed [23].

Theorem 1: Let , where is nonsin-
gular, suppose that the real matrix is symmetric, and let

denote its rank. Then the quadratic form follows a
chi-square distribution if and only if is idempotent, in which
case has degrees of freedom and noncentrality pa-
rameter .

Here , under and

under , , and . Since is

mean-square sense convergent [7], i.e.,

,
and thus the matrix product is asymp-

totically idempotent. The convergence in probability follows
from application of a Cramér–Wold device (e.g., [24, p. 147])
and from the fact that convergence in the mean-square implies
convergence in probability. Hence, from Theorem 1 it follows
that under

(12)

and under we can approximately write for large

(13)

where .
That is, under the null hypothesis is asymptotically

(central) chi-square distributed with degrees of freedom
and under the alternative hypothesis noncentral chi-square dis-
tributed with degrees of freedom and noncentrality param-

eter .
The normal distribution approximation under for

the single cyclic frequency case derived in [7] follows

from (13) with a normal approximation and assuming that

. Note that this may not be a very
reasonable assumption in the low SNR regime when the value

of can be relatively small compared to .
The test is now defined as follows. Accept if ,

where is the test threshold chosen so that
, and is the false alarm rate parameter.

D. Computationally Efficient Test Statistics

The Fourier coefficients of a wide-sense stationary random
process for different frequencies are asymptotically uncorre-
lated [22]. Moreover, the Fourier coefficients of a Gaussian
random process are asymptotically independent. Since the
cyclic autocorrelation estimates are the Fourier coefficients of
the autocorrelation function, they are asymptotically uncorre-
lated for different cyclic frequencies. Under the null hypothesis
there is no cyclostationarity present. Thus, the cyclic correlation
estimates at different cyclic frequencies (i.e., the Fourier coef-
ficients) are asymptotically uncorrelated. Hence, under the null
hypothesis is a block-diagonal matrix. Consequently,
the test statistic in (11) simplifies to

(14)

where denotes the cyclostationary test statistic calcu-
lated for single cyclic frequency in the set of cyclic frequen-
cies of interest . Note that the asymptotic distribution under
the null hypothesis remains the same.

Using (14) instead of (11) is computationally more efficient
especially if the number of cyclic frequencies of interest in the
set is large (more than 3 or 4). However, since the whole cor-
relation structure of the signal is not taken into account the de-
tection performance may degrade. On the other hand, depending
on the signal and employed cyclic frequencies, in the high SNR
regime, the cyclic autocorrelation estimates for different cyclic
frequencies may be linearly dependent. If the full correlation
structure is taken into account this may cause problems in the
detection since it may make the estimated covariance matrix
rank deficient. This problem may be avoided by removing one of
the linearly dependent parameters. In practice, as will be demon-
strated in the simulation section, there is not a significant differ-
ence in detection performances between the full and simplified
models.

The multicycle detector of (11) and the multicycle sum
detector of (14) are best suited for situations where the primary
signal has multiple strong cyclic frequencies. That is, the
primary signal exhibits significant spectral correlation at these
cyclic frequencies. Otherwise the performance may deteriorate
since each test statistic for different cyclic frequency increases
the number of degrees of freedom of the asymptotic distribu-
tion. Consequently, including cyclic frequencies that do not
provide substantial contribution is not beneficial.

Another interesting test statistic is obtained by calculating
the maximum of the cyclostationary test statistic over the set
of cyclic frequencies of interest, i.e.,

(15)
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Finding the maximum over the cyclic frequencies of interest
may prove to be useful if the cyclic frequencies are due to dif-
ferent signal properties or if the primary user system has mul-
tiple alternating operation modes that result in different cyclic
frequencies. For example, adaptive modulation and coding may
lead to such signals.

Under the null hypothesis the asymptotic cumulative distri-
bution function (cdf) of is given by

(16)

The null hypothesis is rejected if
where is the false alarm rate and is the number

of tested cyclic frequencies. See the Appendix for detailed
derivation.

III. COLLABORATIVE DETECTION

In cognitive radio systems, there are typically multiple spa-
tially distributed secondary users that are trying to find underuti-
lized spectrum, i.e., spectral holes. User cooperation can be real-
ized in a number of different ways. All the secondary users may
sense the entire band of interest, or in order to reduce power con-
sumption monitor just a partial band. In the latter case each sec-
ondary user senses a certain part of the spectrum, and then shares
the acquired information with other users or an FC. With mul-
tiple spatially distributed users sensing each frequency band,
the diversity gains necessary for mitigating the shadowing and
fading effects can be achieved. Here, the focus is on collabo-
ration of a group of secondary users all sensing the same fre-
quency band.

In addition to being coordinated by an FC, the cooperation
may take place in an ad hoc manner without a dedicated FC,
i.e., the secondary users distribute their local quantized infor-
mation to all the other users and each user performs the fusion
locally. Here it is assumed that an FC collects information from
all secondary users and makes a decision about whether the
frequency band is available or not. Each secondary user sends a
quantized version of its local spectrum sensing statistics (such
as the LR) to the FC. In the case of very coarse quantization,
binary local decision may be sent. Assuming that the secondary
users are independent given or , the optimal fusion rule
is the LR test over the received local LRs :

(17)

In case the secondary users send binary decisions, the sum of
ones may be calculated and compared to a threshold. Here, a
simple way of making the decision using GLRs is considered.
Note that due to using GLRs optimality cannot be claimed.

Equivalently to the product of the LRs, (17) can be written
as the sum of log-LRs. Hence, the following test statistic is
obtained:

(18)

where is either the full correlation test statistic in (11) or
the simplified sum test statistic in (14) of user .

In addition, the following maximization test statistic is
proposed:

(19)

Under the conditional independence assumption the asymp-
totic distribution of the test statistic in (18) is under
the null hypothesis. This is due to the fact that the sum of
independent chi-square random variables is also a chi-square
random variable whose degrees of freedom is the sum of
the degrees of freedom of the independent random variables.
The cumulative distribution function of in (19) is

under the null hypothesis where is
the number of tested cyclic frequencies.

A censoring scheme for reducing the amount of transmitted
data, taking into account the relevance of the information pro-
vided by secondary users as well as how to deal with commu-
nication rate constraints, will be introduced in the following
section.

IV. COLLABORATIVE DETECTION WITH CENSORING

In a collaborative spectrum sensing scheme the transmission
of the spectrum sensing results by the secondary users to an
FC or other secondary users in ad hoc scenarios generates
substantial overhead traffic. A significant reduction in the
amount of data transmitted may be achieved by transmitting
only the relevant or informative test statistics to the FC or the
other users. This operation is called censoring. It reduces the
energy consumption of the secondary user terminals since fewer
terminals are transmitting at any given time. In the following a
censoring strategy for cyclostationarity based spectrum sensing
under communication rate constraints is proposed. Censoring
has been employed in energy efficient sensor networks in [18]
and [19].

Let denote the total number of collaborating secondary
users and denote the number of users transmitting their test
statistics to the FC or the user making the decision. Each user is
assigned a separate communication rate constraint defined by

(20)

where is the communication rate constraint of user
and is the upper limit of the censoring (no-send) region of the
user . That is, each user will transmit its test statistic to the FC
only if its value is above where is chosen such that the prob-
ability of the user transmitting the test statistic to the FC under

is . This type of strategy in which each user is assigned
a separate communication rate constraint has been suggested
in [19] for censoring in sensor networks. The choice is nat-
ural in a scenario where the secondary user terminals may have
very different capabilities for data transmission. Moreover, the
threshold values needed to meet the communication rate con-
straints can easily be selected independently by the secondary
users. Recall that under the null hypothesis the test statistic
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in (20) is asymptotically distributed. However, the
threshold values (or the communication rate constraints) must
be communicated to the FC. Note that the maximum achievable
false alarm rate without randomization for this strategy is given
by .

The test statistic of the proposed censoring test is given by

(21)

where the latter sum corresponds to the generalized log-LRs in
the no-send region. The idea is that the test statistics of the sec-
ondary users not transmitting are replaced by a constant value
denoted by . Here, the value chosen for is the conditional
mean of the local generalized log-LR of the th user (i.e., the
test statistic ) in the no-send region under , i.e.,

(22)

Since is under the null hypothesis distributed
random variable, the value of is easily obtained at the FC
using the threshold [that is defined by the communication
rate constraint , see (20)]. Thus, there is no need to transmit

. The communication rate constraint is the only parameter
transmitted to the FC.

Determining the value of can be considered as quantiza-
tion to only one value. In other words, the whole distribution of
values in the no-send region is represented by a single value.
With this analogy it is obvious that choosing the conditional
mean as the value for is optimal in the minimum mean-square
error (MMSE) sense. Finally, note that although the value of
is constant and can be set offline, the value of the second sum in
(21) is a random variable since is random. Hence, the second
sum cannot be included in the test threshold if a single threshold
is used for all .

Here only FC test statistics based on summation of local test
statistics of the secondary users are employed. Maximization
over the cyclic frequencies of interest at the FC requires trans-
mission of test statistics for all cyclic frequencies. Thus, it gen-
erates times more data than summation based test statistics
where is the number of cyclic frequencies of interest.

To summarize, apart from the secondary user test statistics
exceeding the censoring thresholds, the only additional infor-
mation that has to be transmitted to the FC during the censoring
process is the set of communication rate constraints (or alter-
natively the censoring thresholds ). Moreover, each commu-
nication rate constraint has to be transmitted only once when
the cooperation is initiated and afterwards only whenever it is
changed.

Censoring affects the distribution of the global test statistic
at the FC or secondary user where the statistics are combined.
Essentially, the task is to determine the distribution of a sum of
truncated chi-square distributed random variables.

The distribution of the test statistic can be defined using
conditional distributions as follows:

(23)

where the probabilities of different values of are obtained by
enumerating all possible combinations and computing their re-
spective probabilities. In case all the secondary users have equal
communication rate constraints, i.e., , then the prob-
abilities are given by

(24)

Now let us consider only the terms of the first sum in

(21). The probability density function (pdf) of at the
FC is given by a truncated chi-square pdf, i.e.,

(25)

where is the number of degrees of freedom and denotes
the gamma function. The censoring threshold (i.e., the upper
limit of the censoring region) is denoted by and denotes
the cumulative distribution function of the chi-square distribu-
tion. For , .

Determining the distribution of a sum of truncated chi-square
distributed random variables in a closed form is very difficult.
Here, the fact that the cumulative distribution function may be
obtained by inverting the characteristic function is employed
to approximate the distribution numerically. One form of the
inversion theorem between the characteristic function and
the cumulative distribution function is given by [25]

(26)

where denotes the imaginary unit. Before the actual method
employed for the numerical inversion of the characteristic func-
tion is presented, the characteristic function of the test statistic
is derived.

The characteristic function of a random variable is defined
by

(27)

where denotes the expectation operator. The characteristic
function always exists. Moreover, it uniquely defines the distri-
bution of the random variable.

Using (27) the characteristic function of the truncated chi-
square pdf is defined by

(28)

Using repeated integration by parts the following result is
obtained

(29)

Since the individual test statistics are independent, the
characteristic function of the first sum in (21) (i.e., the charac-
teristic function of ) factors to a product of the characteristic
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functions of the individual test statistics. That is, the character-
istic function of for a given is given by

(30)

For equal communication rate constraints among the secondary
users, the characteristic function of for a given is
given by

(31)

Finally, the characteristic function of for a given
is given by . The result
follows directly from (27) since the ’s are nonrandom.

The distributions can be approximated
by numerically inverting the characteristic function. Here a
Fourier-series method introduced in [26] for numerical inver-
sion of the characteristic function is employed. The chosen
method is very simple and easy to use. Although there exists
many more sophisticated and accurate methods, the accuracy
of the chosen method is more than sufficient for the application
at hand. For a comprehensive review of Fourier-series methods
for numerical inversion of characteristic functions, Laplace
transforms, and generating functions, see [27].

The value of cumulative distribution function of a
random variable with zero mean and unit variance can be
approximated by [26]

(32)

where denotes the characteristic function of . The dis-
tribution is approximated at different points. is a con-
stant chosen such that the full range of the distribution is repre-
sented (i.e., values of include both 0 and 1). In order to be
able to use the fast-Fourier transform (FFT) to calculate the sum
in (32) the points are chosen as the Fourier frequencies, i.e.,

, . Note that
the undefined value for index has to be excluded from the
final sum.

Since (32) is defined for a normalized random variable with a
mean zero and unit variance, the test statistic has to be normal-
ized as well. The mean and variance can be easily calculated
by differentiating the characteristic function since

and the variance . The mean and
variance of a truncated chi-square distributed random variable

with pdf defined by (25) are given by

(33)

and

(34)

Since the test statistics of the secondary users are independent,
the mean and variance of the FC test statistic are obtained by
summing the mean and variances of the secondary user test sta-
tistics, respectively. Note that for the mean of the FC test statistic
the term in (21) has to be added as well. The variance
does not change since the are nonrandom. Finally, the char-
acteristic function of a normalized variable is
given by .

The distributions can be approximated by
using (32). The combined distribution is obtained by
multiplying the conditional distributions with the probabilities
of different values of . The distribution values between the
FFT points can be interpolated.

In order to obtain a desired false alarm rate , a single test
threshold may be set using the following equation:

(35)

Alternatively, different thresholds may be used for different
values of the number of received test statistics . The desired
false alarm rate is obtained if the thresholds , ,
satisfy the following condition:

(36)

In the above expression, it is assumed that if none of the users
transmits, the decision is always . For example, the thresh-
olds may be chosen such that

. Furthermore, a constant false
alarm rate (CFAR) can be maintained also if the thresholds are
defined by . This is a nonop-
timal strategy but may be used if the total number of collab-
orating users is not known (note that the communication rate
constraints still need to be known). In that case the combined
distribution does not have to be calculated since only
the conditional distributions are required.
Note that in this case it is necessary to use , since the
number of users not transmitting is not known.

In case the communication rate constraints are chosen equal
for each secondary user, i.e., , the amount of required
computation is considerably reduced. If the communication rate
constraints are not equal, the approximation of the distributions

means that the Fourier-series approximation
has to be done for all different combinations of different users
transmitting (and then combining the cdfs using their respec-
tive probabilities). Hence, from a practical point of view it is
advisable to limit the number of different communication rate
constraints the secondary users can select in order to reduce the
number of different combinations.

Finally, we point out that the proposed censoring scheme may
be directly applied also to other test statistics that are under
the null hypothesis chi-square distributed, such as the energy
detector.

V. SIMULATION EXAMPLES

The primary user signal considered in the simulations is
the OFDM signal. OFDM is employed by many of the current
as well as future wireless communications systems. OFDM
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based systems include 3GPP Long term evolution (LTE), IEEE
802.11a/g Wireless local area networks (WLAN), Digital video
broadcasting (DVB) standards DVB-T and DVB-H, as well as
IEEE 802.16 and WiMax Wireless metropolitan area networks
(MAN), for example. A baseband OFDM signal is given by

(37)

where is the number of subcarriers, is the symbol length,
denotes the rectangular pulse of length , and ’s denote

the data symbols. The symbol length is given by
where is the length of the useful symbol data and the
length of the cyclic prefix.

In addition to possibly other cyclic frequencies, a cyclic prefix
OFDM signal exhibits cyclostationarity at the integer multiples
of the symbol rate , . In the fol-
lowing simulation experiments the single cycle detector em-
ploys the cyclic frequency of while the multicycle de-
tectors employ and . Furthermore, if not otherwise
mentioned all the detectors use two time lags . That is,
the detectors assume the knowledge of the symbol frequency
and the useful symbol length. The cyclic autocorrelation of the
OFDM signal has a peak for the above time lags [8].

The cyclic spectrum estimates were calculated using a length
2049 Kaiser window with parameter of 10. The Fourier-series
method for approximating the cdfs of the FC test statistics after
censoring employs the parameter values and
(see (32) and the explanation after it). The plotted simulation
curves are averages over 1000 experiments.

Detection performance is measured as a function of the SNR.
The SNR in decibels is defined by

(38)

where and are the powers of the transmitted signal and
the noise, respectively. The channels are normalized to have an
expected channel gain of one. In all of the simulations the sec-
ondary users experience independent channels (i.e., fading and
shadowing) and receiver noises. However, the statistics of the
fading, shadowing, and noise processes are identical among sec-
ondary users.

A. Theoretical Analysis versus Simulation Results

Fig. 1 illustrates the accuracy of the asymptotic distribution
under the null hypothesis in (12) for the multicycle detectors in
(11) and (14). In the figure the theoretical cdf of the dis-
tribution with and simulated empirical cdfs for white
Gaussian noise for two different number of samples have been
plotted. Already with 1000 samples the accuracy of the asymp-
totic distribution is very good. The accuracy of the asymptotic
distribution for the simplified sum test statistic is slightly worse
with 1000 samples in the most important region for detection,
the upper tail of the distribution, than for the test statistic that
takes the correlations between the different cyclic frequencies
into account. The sum test statistic requires slightly more sam-
ples for the asymptotic distribution to hold true in the upper tail
of the distribution.

Fig. 1. Comparison of theoretical and simulated cdfs for white Gaussian noise
(i.e., under� ) for two different number of samples. As the number of samples
increases the accuracy of the theoretic asymptotic distribution improves. The
detectors use two random cyclic frequencies and two random time delays. The
theoretical cdf has been obtained using the distribution in (12).

Fig. 2. Comparison of theoretical and simulated performance curves for a
WLAN OFDM signal in AWGN for three different signal lengths. As the
number of samples increases the accuracy of the theoretic asymptotic distri-
bution improves. The theoretical and simulation curves practically overlap
with 12 000 samples. The signal lengths in time are 0.2, 0.4, and 0.6 ms. The
detectors use two cyclic frequencies and one time delay equal to � . The
theoretical curves have been obtained using the distribution in (13).

Fig. 2 compares theoretical and simulated performance
curves for a WLAN OFDM signal in additive white Gaussian
noise (AWGN) for 3 different number of samples. The number
of subcarriers of which are occupied,
and the cyclic prefix length . The subcarrier modula-
tion is QPSK (quadrature phase shift keying). The false alarm
rate . The signal was sampled at the Nyquist rate;
that is, the oversampling factor with respect to the symbol rate
is . The accuracy of the theoretical asymptotic
distribution improves as the number of samples increases. The
asymptotics start to hold very accurately when the number of
samples approaches 12 000. The number of samples required
for the asymptotic distribution to hold true depends also on the
signal and its characteristics and the sampling rate. Note that
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Fig. 3. Probability of detection versus SNR (dB) for a DVB-T signal in (a)
AWGN and (b) frequency flat Rayleigh fading channels. Collaboration among
secondary users improves performance through diversity. It mitigates the ef-
fects of fading. Using multiple frequencies further improves the detection per-
formance. (SU � secondary user, cf � cyclic frequency).

the fact that the asymptotic distributions under do not nec-
essarily hold true for small number of samples does not mean
that the algorithm cannot be used if the sample size is not large
enough. Merely, the performance cannot be predicted using the
theoretical curves. The more important factor is the accuracy
of the asymptotic distribution under which holds true for
far less number of samples (roughly 1000). This guarantees the
CFAR nature of the algorithm.

B. Multicycle and Collaborative Detection

Fig. 3 depicts the performance of the proposed multicycle
detectors as a function of the SNR for a DVB-T (Digital video
broadcasting, Terrestrial television) signal in (a) AWGN and
(b) frequency flat Rayleigh fading channels. The DVB-T signal
parameters are as follows: , ,
and . The subcarrier modulation is 64-QAM
(quadrature amplitude modulation). The length of the signal is

three OFDM symbols ( 3 ms). The signal was sampled at the
Nyquist rate; that is, the oversampling factor with respect to
the symbol rate is . Thus, the number of samples
is 27 648 samples. The same sampling
strategy is used in all of the following simulations as well.

The figures show that in order to obtain reliable perfor-
mance in challenging propagation environments, collaboration
among secondary users is necessary. The performance for a
single secondary user operating alone is significantly worse in
Rayleigh fading channel than in AWGN. Collaboration among
secondary users brings the overall detection performance in
Rayleigh fading on the same level with the overall collabora-
tive detection performance in AWGN. Collaboration provides
spatial diversity and thus reduces the impact of fading on the
overall detection performance. That is, the probability that
every secondary user is simultaneously in a deep fade is smaller
as the number of spatially displaced secondary users increases.
Using multiple cyclic frequencies further improves the perfor-
mance. The performance improvement is 1–2 dB. The gain
obtained from collaboration is far greater. In addition, it can
be seen that taking into account the full correlation structure
between estimates at different cyclic frequencies provides the
best performance. However, the performance difference to the
best simplified multicycle detector, the sum detector , is not
significant. Hence, in the following simulations the multicycle
detectors are all sum detectors.

C. Comparison to Energy Detection

In the following we will compare the proposed cyclic de-
tectors to energy detector in AWGN. The primary user signal
is an IEEE 802.11a/g WLAN OFDM signal. The primary user
signal parameters are as follows: , , and

. The subcarrier modulation is 64-QAM. The sensing
time is 1 ms (= 20 000 samples).

We have implemented an energy detector that estimates the
noise power from the guard bands. In order to obtain tolerance
against carrier frequency offsets and leakage from the possibly
occupied spectrum, we employ a noise power estimator that es-
timates the average power in 3 of the unoccupied subcarrier fre-
quencies at both ends of the spectrum (i.e., six subcarrier fre-
quencies in total). The obtained noise power estimate is em-
ployed in the energy detector to make it a CFAR detector. In ad-
dition, we consider the energy detector with known noise power
and noise uncertainty denoted by in decibels (i.e., noise power

).
Fig. 4 depicts the performance of the detectors for the pri-

mary user signal as a function of the SNR. The energy detector
outperforms the cyclic detector when the noise power is known
perfectly. However, with 1-dB noise uncertainty there is roughly
a 5-dB performance gap between the cyclic detector and the en-
ergy detector. Moreover, due to the noise uncertainty the perfor-
mance of the energy detector does not improve if the number of
samples increases. This behavior is predicted by the SNR wall
[28]. That is, due to the noise uncertainty the energy detector
cannot distinguish the weak primary user signal from slightly
higher noise power. Consequently, the energy detector is very
susceptible to noise uncertainties and thus its performance is
dictated by the accuracy of the noise power estimate. This is
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Fig. 4. Probability of detection versus SNR for a WLAN OFDM signal in
AWGN. Noise estimation from the guard bands suffers from uncertainty that re-
duces the reliability of the CFAR energy detector. The noise uncertainty scaled
CFAR energy detector has roughly the same performance as the cyclic detector.
That is, in this example, the noise uncertainty must be less than 0.18 dB in order
to have equal performance to the cyclic detector. Moreover, noise uncertainty
makes robust energy detection impossible beyond certain SNR as predicted by
the SNR wall. (ED � Energy detector.)

demonstrated by the CFAR energy detector. It can be seen that
if there is even minor uncertainty in the noise power estimation,
the CFAR energy detector cannot limit the false alarm rate re-
liably or obtain the same detection performance as the energy
detector with exactly known noise power. We have experimen-
tally determined from a pure noise signal that the uncertainty in
noise power estimation for the false alarm rate 0.01 in this case
is roughly 0.18 dB. That is, adding this uncertainty to the esti-
mated noise power results in a false alarm rate of 0.01. Using this
uncertainty to scale the noise power estimate the performance of
the CFAR energy detector is roughly on the same level with the
cyclic detector. This shows that the noise uncertainty must be
less than 0.18 dB in this scenario for the CFAR energy detector
to obtain the same performance as the cyclic detector. However,
this experiment assumes a white noise spectrum without any
interference. Practically all communication bands are interfer-
ence limited in their capacity. In interference limited communi-
cation channels it is hard to estimate the noise power reliably.
In [29] a 1-dB noise uncertainty is considered to be a typical
value without considering interference. If interference is taken
into account the noise uncertainty may be significantly higher
than 1 dB.

Fig. 5 depicts the performance of the detectors in the pres-
ence of one interfering signal. The interfering signal is another
OFDM signal ( , , , QPSK) with
different cyclic frequencies and a narrower bandwidth (1/7th of
the bandwidth of the primary user signal). The SNR of the in-
terference is 5 dB. Since the energy detector is not able to dis-
tinguish between the primary user signal and the interference, it
will either always detect the presence of the primary user regard-
less of the SNR of the primary user signal or if the SNR of the
interfering signal is low enough compared to the noise uncer-
tainty it will suffer from the SNR wall behavior. The cyclic de-

Fig. 5. Probability of detection versus SNR for a WLAN OFDM signal in
AWGN. The interfering signal is an OFDM signal with different cyclic frequen-
cies and a narrower bandwidth (1/7th of the primary user signal bandwidth). The
SNR of the interfering signal is �5 dB. The energy detector has no means for
distinguishing between the primary user signal and the interference. Hence, it
will either always detect the presence of the primary user even if only the inter-
fering signal is present or be restricted by the SNR wall depending on the SNR
of the interfering signal compared to the noise uncertainty.

tector is able to distinguish between the primary user and inter-
fering signals and consequently suffers only a roughly 1–2-dB
performance loss compared to the case where interference is not
present.

Energy detection has no means of distinguishing among dif-
ferent signals. It is intended for detecting random signals in
noise and it does not exploit any knowledge of signal wave-
forms. In cognitive radio applications we are operating in fre-
quency bands where interference, not just noise, is frequently
present. Examples of common interference sources are ultra-
wideband devices, other secondary users, device-to-device com-
munication, leakage from adjacent channels as well as electrical
devices with electromechanical switches. Cyclostationary de-
tection provides means for distinguishing among primary users,
secondary users, and interference.

D. Collaborative Detection With Censoring

Fig. 6 illustrates the performance of the censoring test based
on two cyclic frequencies for different communication rate con-
straints. The test signal is a WLAN OFDM signal with the fol-
lowing parameters: , , and .
The subcarrier modulation is 64-QAM, the signal length is 100
OFDM symbols (= 8000 samples = 0.4 ms), and the channel is
a frequency flat Rayleigh fading channel.

It can be seen from the figure that the performance loss due
to censoring is minor even under very strict communication rate
constraints.

Fig. 7 shows the number of users transmitting their test statis-
tics to the FC as a function of SNR under different communica-
tion rate constraints. The reductions in transmissions are largest
at low SNRs. At moderate-to-high SNRs more users start to “de-
tect” the presence of the primary user. The value of their local
test statistic increases and becomes informative by indicating
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Fig. 6. Probability of detection versus SNR (dB) for a WLAN signal in
frequency flat Rayleigh fading channel for different communication rate
constraints. The number of collaborating users is 10. The performance with
censoring is close to optimal even under very strict communication rate
constraints.

Fig. 7. Average number of users transmitting the test statistic to the FC versus
SNR for different communication rate constraints. The number of users trans-
mitting their test statistics to the FC are as imposed by the respective commu-
nication rate constraints.

the possible presence of the primary user and consequently they
transmit their test statistics to the FC. The very low SNR regime
corresponds to the situation when the primary user is not present
as well. Hence, we can see that the transmission rates under
are as imposed by the communication rate constraints. Since the
null hypothesis situation is the most likely situation in practice,
significant savings in overall transmission rates are obtained.

E. Doppler Effect

In this section, the goal is to determine the effects of carrier
frequency shifts and the subsequent change in cyclic frequen-
cies due to the Doppler effect on the performance of the cyclic
detectors. In order to study these effects, Doppler spread due to
the mobility of the receiver (and/or transmitter) is introduced to
the channel. In addition, the symbol period is changed propor-
tionally to the maximum Doppler frequency.

Doppler effects are caused by the relative motion of the trans-
mitter and receiver as well as by their relative motion with respect
to the reflectors. A sinusoidal transmitted waveform with wave-
length experiences a frequency shift given by

where is the speed of the transmitter relative to the re-
ceiver, is the speed of the light, and is the frequency of the
sinusoidal waveform. The change in symbol frequencies is pro-
portional to the ratio of the speeds as well, i.e., . For
example, for a DVB-T system in 8-K mode with a cyclic prefix of
1/8 of the useful symbol data, the symbol frequency is approxi-
mately 1 kHz. Hence, for a relative speed of 300 m/s the change
in symbol frequency is roughly . In addition, oscillator
mismatch between the transmitter and receiver may cause a fre-
quency offset. In practice instead of a single frequency shift
the signal experiences a complete Doppler spread. That is, each
propagation path experiences a different Doppler shift.

Two test signals are employed: 3GPP LTE (Long term evolu-
tion) [30] and DVB-T OFDM signals. The LTE signal parame-
ters are as follows. , , and .
The subcarrier modulation is QPSK, the carrier frequency is
2.5 GHz, and the length of the LTE signal is 14 OFDM symbols
(= 7672 samples 1 ms). The DVB-T signal parameters are:

, , and . The subcar-
rier modulation is 64-QAM, the carrier frequency is 750 MHz,
and the length of the DVB-T signal is three OFDM symbols
(= 27 648 samples 3 ms). Multicycle sum detectors are em-
ployed. The detection is performed at the cyclic frequencies of
the original transmitted signal (i.e., without Doppler effect).

Fig. 8 depicts the performance as a function of the SNR for
(a) the LTE signal in the 3GPP typical urban multipath channel
TUx ( 130.2 ns) [31] and (b) the DVB-T signal in ETSI
EN 300 744 V1.5.1 (2004–11) [32] Rayleigh fading channel
for different mobile speeds. The employed Rayleigh fading has
the Jakes’ Doppler spectrum generated using the model in [33].
It can be seen that the detectors are relatively insensitive to
Doppler effects. There is performance loss in the case of the
DVB-T signal. However, it is significant only at very high mo-
bile speeds. Such high speeds are not very realistic in prac-
tical cognitive radio applications. The DVB-T signal has longer
symbol length than the LTE signal, and thus it suffers more from
the time selectivity of the channel.

F. Log-Normal Shadowing

In the next simulation, in addition to a Rayleigh fading
multipath channel, a log-normal shadowing process is in-
cluded. The shadowing among secondary users is assumed to
be independent.

Fig. 9 illustrates the performance for an LTE signal in the
3GPP typical urban multipath channel TUx ( 130.2 ns)
[31] with a mobile speed of 3 km/h and log-normal shadowing.
The log-normal shadowing process has a zero mean and a stan-
dard deviation of 6 dB. These parameters have been chosen to
model a small-area shadowing process. The signal parameters
are as follows. , , and . The
subcarrier modulation is QPSK, and the length of the signal is
14 OFDM symbols (= 7672 samples 1 ms). All the detectors
are multicycle sum detectors. All secondary users have equal
communication rate constraints.
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Fig. 8. Probability of detection versus SNR (dB) for (a) an LTE signal in 3GPP
Typical Urban Rayleigh fading channel and (b) a DVB-T signal in ETSI EN 300
744 V1.5.1 (2004–11) Rayleigh fading channel for different mobile speeds. The
proposed detectors are fairly resistant to Doppler effects.

Fig. 9 shows that shadowing along with fading effects can
be effectively mitigated through collaboration among secondary
users. Moreover, collaboration is practically a must in order to
obtain reliable performance under shadowing and fading effects.
In practice, the shadowing processes may be correlated among
the secondary users. Thus, the performance gain from collabo-
ration may be reduced as well. Consequently, the importance of
spatial diversity among the secondary users is emphasized.

Fig. 9 also shows that censoring works extremely well in
shadowed environments compared to the uncensored approach.
The performance with strict communication rate constraint

is even slightly better in the low SNR regime in this
case.

Medium-scale variation of the received signal power is com-
monly attributed to shadowing. Comparing Fig. 9 to previous
figures [especially Fig. 8(a)] one might falsely conclude that
shadowing may produce performance gain. However, since
shadowing is caused by obstruction of buildings, trees, foliage,

Fig. 9. Probability of detection versus Average SNR (dB) for an LTE signal in a
Rayleigh fading channel. Shadowing process has a log-normal distribution with
mean of 0 dB and standard deviation of 6 dB. Cooperation among secondary
users mitigates loss due to shadowing and multipath.

and other obstacles it cannot be expected to produce any per-
formance gain. Shadowing should be viewed as an additional
loss on top of the distance dependent attenuation. Hence, these
results should be viewed as showing the performance for a
given average receiver SNR where the average SNR depends
on the path loss that includes both the distance dependent
attenuation as well as the average shadowing loss. The more
gentle slope of the performance curves is due to the variation
of the received signal power caused by the shadowing process.

VI. CONCLUSION

In this paper, cyclostationary spectrum sensing of primary
users in a cognitive radio system has been considered. We have
proposed single user multicycle detectors and extended them
to accommodate user collaboration. Moreover, we have pro-
posed a censoring technique for reducing energy consumption
and the number of transmissions of local test statistics during
collaboration. Unlike energy detection the proposed cyclosta-
tionary approach is able to distinguish among primary users,
secondary users, and interference. Furthermore, it is not suscep-
tible to noise uncertainty. Moreover, it is nonparametric in the
sense that no assumptions on data or noise distributions are re-
quired.

Collaboration among secondary users is essential for miti-
gating the effects of shadowing and fading, and consequently
shortening the detection time. However, collaboration gener-
ates reporting overhead that increases transmissions by the sec-
ondary users. In mobile applications battery life is a limited re-
source that has to be conserved. A censoring scheme in which
only informative test statistics are transmitted to the FC has been
proposed. The proposed censoring scheme has been seen as a vi-
able approach for significantly reducing the reporting overhead
without sacrificing the performance. Even under very strict con-
straints on communication rates only a minor performance loss
has been observed.
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In summary, the proposed method combining cyclostationary
detection and user collaboration with censoring provides a pow-
erful energy efficient approach for spectrum sensing in cognitive
radio systems.

APPENDIX

In the following the distribution of the maximum of in-
dependent (central) chi-square random variables is derived.
It is assumed that the chi-square random variables have

degrees of freedom, respectively. The
cumulative distribution function of the chi-square distribution
with degrees of freedom is given by

(39)

where is the lower incomplete gamma function and
is the ordinary gamma function. For a positive integer the
following identities hold:

(40)

(41)

Hence, the cumulative distribution function of the chi-square
distribution with degrees of freedom is given by

(42)

The cumulative distribution function of the maximum of
independent random variables is the product of the cumulative
distribution functions of the individual random variables since

Hence, the cumulative distribution function of the maximum
of (central) chi-square random variables with
degrees of freedom respectively is given by

(43)
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