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Abstract. We consider the current fluctuations in a mesoscopic circuit
consisting of nodes connected by arbitrary connectors, in a setup with multiple
normal or superconducting terminals. In the limit of the weak superconducting
proximity effect, simplified equations for the second-order cross-correlators can
be derived from the general counting-field theory, and the result coincides with
the semi-classical principle of minimal correlations. We discuss the derivation of
this result in a multi-node case.
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Figure 1. A schematic circuit consisting of nodes, terminals and connectors,
specified by the transmission eigenvalues T ij

n , voltages Vα and temperatures Tα at
the terminals. The Langevin noise generators sij, characteristic potentials bi

α, and
distribution functions fi arise when Green’s function is expanded in the counting
fields χα.

1. Introduction

Fluctuations of charge current in mesoscopic structures are in general sensitive to the interactions
and the fermionic nature of electrons. In multi-terminal setups, the geometry of the circuit is
important for the cross-correlations, and in superconducting heterostructures, also the Andreev
reflection, the superconducting proximity effect and transmission properties of NS interfaces
need to be accounted for.

The general theory for the full counting statistics of current fluctuations in multi-terminal
structures was outlined in [1]. The calculation of the second-order correlators using this theory
can be simplified, from complicated 4 × 4 matrix equations to a Kirchhoff-type system for
scalar parameters (see figure 1), using an approach discussed also, for example, in [2, 3].
In the incoherent case [2, 4, 5], the result coincides with the semi-classical principle of
minimal correlations [2, 3]. We show a derivation of this result in arbitrary multi-node
systems.

The theory considers a network of normal (TN) and superconducting (TS) terminals
(T = TN ∪ TS) and nodes (N ), connected by connectors. Each connector (i, j) is described
by its transmission eigenvalues T ij

n [6], and each node j is characterized by a Keldysh Green
function Ĝj, which is a 4 × 4 matrix in the Keldysh( ˇ ) ⊗ Nambu( ˆ ) space. In the quasi-
classical approximation, assuming stationary state and isotropicity, these are only functions of
energy, Ĝ(ε).

The statistics of the current in the circuit is connected to the generating function S({χk}k∈T )

of charge transfer, which can be found by solving transport equations for the Green functions.
In the stationary case at zero frequency, the noise correlations S̃kl between the fluctuations
δIk = Ik − 〈Ik〉 of currents flowing into the terminals k, l ∈ T relate to it through [1, 7]

S̃kl ≡
∫ ∞

−∞

dt

2
〈{δIk(t), δIl(0)}〉 = − e2

t0

∂2S

∂χk∂χl

∣∣∣∣
{χj}=0

. (1)

The equality applies provided the duration t0 of the measurement is much larger than the
correlation time of the fluctuations.
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The boundary conditions for transport are assumed such that the terminals are in an internal
equilibrium, where the Green function has the form

Ǧeq =
(

R̂ K̂

0̂ Â

)
,

R̂ = uτ̂3 + viτ̂2, K̂ = R̂ĥ − ĥÂ,

Â = −τ̂3R̂
†τ̂3, ĥ = fL + τ̂3fT .

(2)

Here, u = |ε| /√ε2 − �2, v = sgn(ε)
√

u2 − 1 are the coherence factors and � is the
superconducting pair amplitude. The functions fT (ε) = 1 − f0(−ε) − f0(ε) and fL(ε) =
f0(−ε) − f0(ε) are the symmetric and antisymmetric parts of f0(ε) = [e(ε−eV)/(kBT) + 1]−1, where
T is the temperature and V the potential of the terminal. We assume V = 0 in all S terminals to
avoid time-dependent effects. For calculation of the statistics of the current, the counting field
theory additionally specifies the rotation

Ǧk(χk) = eiχkτ̌K/2 Ǧk,eq e−iχτ̌K/2, τ̌K ≡ τ̌1 ⊗ τ̂3, (3)

at each terminal k, which connects the ‘counting fields’ χk to the Green functions.
In circuit theory [8], transport is modelled by the conservation of the matrix current at each

node i

∑
j∈C

Ǐ ij = 0̌, Ǐij = 2e2

π h̄

∑
n

T ij
n [Ǧj, Ǧi]

4 + T
ij
n ({Ǧi, Ǧj} − 2)

. (4)

The sum runs over all nodes and terminals (C = T ∪ N ): we assume the convention that T ij
n = 0

for i = j and nodes that are not directly connected.The resulting matrix is related to the observable
charge and energy currents by

Iij = 1

8e

∫ ∞

−∞
dεTr

[
τ̌KǏij

]
, I

ij

E = 1

8e2

∫ ∞

−∞
dε ε Tr

[
τ̌1Ǐ

ij
]
. (5)

Their dependency on {χi}, in turn, describes the generating function of charge transfer: [1]

dS({χl}) = − t0

e

∑
k∈T

∑
j∈C

Ijk({χl}) d(iχk). (6)

Determining the Green functions at the nodes from (3) and (4) and finally applying (5) and (6),
one can in principle find the distribution of the fluctuations in the current. However, the problem
becomes considerably simpler if one is interested only in the second moment of this distribution,
i.e., the current noise as given in (1).

2. Second correlator

We proceed calculating the noise by assuming that the superconducting proximity effect is
negligible, so that the anomalous parts (∝ τ̂1, τ̂2) of the functions vanish in each node [2, 4].
Then, one can expand the Green function at node j to the first order in the counting fields {χk},
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in the Nambu-diagonal form [2, 3, 9]:

Ǧj =
(

τ̂3 2ĥjτ̂3

0 −τ̂3

)
+

∑
k∈T

iχk

(−ĥjb̂
j

k 4ĉ
j

k − b̂
j

k

b̂
j

k ĥjb̂
j

k

)
+ · · · , (7)

where b̂
j

k(ε) = 1̂b
j

k(|ε|), ĉ
j

k = c
jk

T + τ̂3c
jk

L and ĥ = fL + τ̂3fT . This satisfies the quasi-classical
normalization Ǧ2

j = 1̌ up to the second order in {χk}. For the matrix currents, the above
corresponds to the expansion

Ǐ ij =
(

0̂ Î
ij

0

0̂ 0̂

)
+

∑
k∈T

iχk

(
0̂ Î

ij

c,k − Î
ij

b,k

Î
ij

b,k 0̂

)
+ · · · + Ǐ

ij

coh (8)

of (4), where Î0, Îb,k and Îc,k have the structure Î = τ̂3I(τ̂3ε), due to symmetries in the Nambu
space. Here, Ǐcoh({χk}) contains the off-diagonal Nambu-elements, present if j corresponds to a
superconducting terminal. In what follows, we neglect this coherent part of the current, assuming
there are additional decoherence-inducing sink terms in (4). This is valid if the superconductors
are weakly connected to the rest of the system, the Thouless energy describing the inverse time-
of-flight through the node or the connector is much less than the characteristic energy scales of the
problem, or, if there is a strong pair-breaking effect in the node, e.g., due to magnetic impurities
or a suitably large magnetic field. Conditions for reaching this incoherent limit are discussed in
detail in [2, 4]. The coherent corrections to the current correlators due to the superconducting
proximity effect are described, for example, in [9]–[11].

One can then consider expansion (8) in detail, assuming node i ∈ N is connected to node
or terminal j. This yields four independent equations of conservation:∑

j∈C
I

ij

T = 0,
∑
j∈C

I
ij

L = 0,
∑
j∈C

I
ij

b,k = 0,
∑
j∈C

I
ij

c,T,k = 0, (9)

in which IT corresponds to the spectral charge current, IL to the energy current, and the last
two to a ‘noise’ current, with the symmetric part defined as Ic,T,k(ε) = Ic,k(ε) + Ic,k(−ε). The
corresponding antisymmetric current I

ij

c,L,k is not needed, as we concentrate on the noise in the
charge current. The spectral currents have the form

I
ij

T = gij(f
j

T − f i
T ), I

ij

b,k = gij(b
j

k − bi
k), (10a)

I
ij

L =
{

0 for j ∈ TS and |ε| < |�| ,
gij(f

j

L − f i
L) otherwise.

(10b)

Thus, no energy current flows to the superconductors for |ε| < |�|. The fourth current is

1
4I

ij

c,T,k = gij(c
ik
T − c

jk

T ) − (bi
k − b

j

k)[sij(ε) + sij(−ε)], (11)

but it can be eliminated, see below.
The factors gij and sij(ε) appearing in the expansion can be identified as the conductances

and spectral noise densities characteristic of the connectors, and their exact form depends on
whether the connector lies between two normal nodes (NN) or between a normal node and a
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superconducting terminal (NS). The expressions for the NS case are lengthy, so for simplicity
we use here only the limits ε 	 � and ε 
 � for superconducting Green’s functions, effectively
neglecting the exact form of the superconducting density of states. In this approximation, for an
NS connector at |ε| 
 |�| or an NN connector,

sNN
ij (ε) = 1

4g
NN
ij [2 − (f i

L + f i
T )2 − (f

j

L + f
j

T )2 + FNN
ij (f i

L + f i
T − f

j

L − f
j

T )2], (12a)

gNN
ij = e2

π h̄

∑
n

T ij
n , FNN

ij = e2

gNN
ij π h̄

∑
n

T ij
n (1 − T ij

n ). (12b)

The result for an NS connector at |ε| 	 |�| is, with i ∈ N , j ∈ TS ,

sNS
ij (ε) ≡ sNS

ji (ε) = 1
2g

NS
ij [1 − (f i

L)2 − (f i
T )2 + FNS

ij (f i
T )2], (13a)

gNS
ij = e2

π h̄

∑
n

2(T ij
n )2

(2 − T
ij
n )2

, (13b)

FNS
ij = (gNS

ij )−1 e2

π h̄

∑
n

16(T ij
n )2

(2 − T
ij
n )4

(1 − T ij
n ), (13c)

as found through an expansion of (4). Naturally, the results above agree with expressions for the
noise generated between two terminals, with Fij being the differential Fano factor [6, 12].

The above equations are supplied with the boundary conditions

bl
k = δkl, ckl

T = 0, fk(ε) = f0(ε, Vk, Tk), (14)

where k and l are indices of terminals. These can be found by comparing expansion (7) to (3)
(for N terminals), and by examining the expression for Ǐ (for S terminals).

We now note that the solution to the conservation equations for Ic,T can be written directly,

cil
T =

∑
j∈N ;m∈C

γ−1
ij (b

j

l − bm
l )[sjm(ε) + sjm(−ε)] ≡

∑
j∈N ;m∈C

γ−1
ij xl

jm, ∀i ∈ N , (15)

in terms of the elements γ−1
ij of the inverse of the positive definite conductance matrix

γij = −gij + δij

∑
k∈C gik. Substituting this solution back to (11) and making use of (1), (5) and

(6) finally yields the result

S̃kl =
∑
m∈C

∫ ∞

−∞
dε1

8I
mk
c,T,l = 1

2

∫ ∞

−∞
dε


 ∑

i,j∈N ;m∈C
gkiγ

−1
ij xl

jm +
∑
m∈C

xl
km




= 1

2

∫ ∞

−∞
dε

( ∑
i∈N ;m∈C

bi
kx

l
im +

∑
i∈T ;m∈C

bi
kx

l
im

)

=
∑
(i,j)

∫ ∞

−∞
dε(bi

k − b
j

k)(b
i
l − b

j

l )sij(ε), (16)

for the correlations between terminals k and l. The last sum runs over all connectors (i, j ) in the
circuit. To assemble this expression, we made use of the boundary conditions (14) and the facts
that

∑
j∈N γ−1

ij gjk = bi
k and γ−1

ji = γ−1
ij .
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3. Discussion

3.1. Equivalence to Langevin formalism

It is illustrative to note that the above quantum-mechanical counting-field result agrees with the
well-known principle of minimal correlations, which is often used in semi-classical calculations
[2, 6]. In a typical model, assuming only N-terminals, one has the Langevin equations∑

j∈C
Iij = 0, Iij = gij(fj − fi) + δIij, (17)

where fi are the electron distribution functions at the nodes, and δIij are the microscopic
fluctuations of the current generated in connector (i, j ) within the energy interval [ε, ε + dε].
Assuming the distribution functions fi do not fluctuate at the terminals, one can perform a
similar calculation as above and find the result

δIk =
∑
(i,j )

(bi
k − b

j

k)δI
ij, (18)

for the fluctuations δIk in the current flowing to terminal k. The variables bi
k coincide exactly

with the characteristic potentials often used in semi-classical multi-terminal calculations [13].
Assuming δIij are stochastically independent, one finds an analogue to (16):

S̃kl =
∫ ∞

−∞
dε 1

2 〈{δIk, δIl}〉 ,

=
∑
(i,j)

∫ ∞

−∞
dε (bi

k − b
j

k)(b
i
l − b

j

l )
1
2〈{δIij, δIij}〉. (19)

The result coincides exactly with the prediction from the counting field theory, for an arbitrary
circuit, showing that sij correspond to correlators of the microscopic fluctuations that should be
evaluated using the (average) distribution functions at the nodes (see figure 1). The distribution
functions may in general be in non-equilibrium, and should be obtained from a kinetic equation.
Moreover, in the incoherent limit, the Langevin equations can be applied also in the presence of
superconducting terminals [2, 4, 5].

The above discussion also clearly shows that an attempt to evaluate the higher correlators of
noise using the principle of minimal correlations fails, as this corresponds to truncating expansion
(7) after the first two terms. The higher-order semi-classical corrections needed to fix this are
discussed for example in [3].

We implicitly assumed above that there is no inelastic scattering which would drive the
system towards equilibrium. However, following [14], a strong relaxation of the distribution
function in a node may be modelled by assuming that fj has the form of a Fermi function. In the
case of relaxation due to strong electron–electron scattering, the corresponding potential Vj and
temperature Tj can be determined by taking the two first moments,

∫
dε and

∫
dεε of (9):

∑
j∈C

gij(Vi − Vj) = 0, L ≡ k2
Bπ2

3e2
, (20a)

∑
j∈C\TS

gij[V
2
i − V 2

j + L(T 2
i − T 2

j )] = 0. (20b)
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Figure 2. Two multi-node circuits and the cross-correlations S̃ between the
normal terminals when both are biased to voltage V and are at temperature T = 0.
Connectors are assumed to be single-channel conductors with transparency �.

These describe the conservation of charge and energy currents. If some of the nodes are in non-
equilibrium, one can define the effective voltages and temperatures so that the above equations
still apply for the whole circuit. In addition, relaxation due to strong electron–phonon coupling
can be modelled by forcing Ti coincide with the lattice temperature, so that only Vi need be
determined.

3.2. Application to two-node circuits

As an example of multi-node structures, consider the two circuits in figure 2, consisting of two
normal and superconducting terminals joined by two nodes. It is straightforward to calculate
the cross-correlation between the normal terminals, and the result in a simple case is shown in
figure 2. When the setup (a) is assumed symmetric on an interchange of the two normal or the
two superconducting terminals, we get from (9)

b5
1 = b6

2 = r

R
b5

3 = r

R
b6

4 = r(2r + R)

(r + R)(3r + R)
, (21a)

b6
1 = b5

2 = r

R
b6

3 = r

R
b5

4 = r2

(r + R)(3r + R)
, (21b)

where r = 1/gNS, R = 1/gNN. The correlators can now be evaluated using the knowledge that in
general f i

T = ∑
α∈T bi

αfT,α, and here f 5
L = 2

3f
1
L + 1

3f
2
L, f 6

L = 1
3f

1
L + 2

3f
2
L. The integration over

the energy is convenient to perform by writing (16) in terms of fL, fT in terminals and
collecting the quadratic terms. At T = 0, this results in

∫
dε f i

Lf
j

L �→ − ∣∣Vi + Vj

∣∣ − ∣∣Vi − Vj

∣∣
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and
∫

dε f i
T f

j

T �→ ∣∣Vi + Vj

∣∣ − ∣∣Vi − Vj

∣∣, so that the N–N correlator reads

S̃12,(a) = −z2 d1(|V1| + |V2|) + d2 |V1 + V2| + d3 |V1 − V2|
18R(z + 1)4(3z + 1)4

. (22)

Here, z = gNN/gNS and the full expressions for the coefficients d are

d1 ≡ z(2z + 1)(4z + 1)(21z2 + 20z + 5) + F
(
48z4 + 169z3 + 146z2 + 49z + 6

)
−18fz2(2z + 1)(5z2 + 4z + 1), (23a)

d2 ≡ 2z(2z + 1)(39z3 + 44z2 + 16z + 2) + F
(
33z4 + 128z3 + 106z2 + 32z + 3

) − 36fz3(2z + 1)2

(23b)

d3 ≡ 2z(2z + 1)(4z + 1)(9z3 + 12z2 + 8z + 2)

+F
(
54z6 + 288z5 + 537z4 + 416z3 + 160z2 + 32z + 3

)
+ 36fz3(2z + 1)2, (23c)

with f = FNS and F = FNN. The cross-correlation can be positive due to the presence of the
superconductors: while the coefficient d3 is always positive, d1 and d2 can be negative for large
z and f , i.e., when the coupling to the superconductors is weak and the NS contact produces
enough noise [15]. The largest effect is achieved for a voltage configuration where all normal
terminals are biased at the same potential.

The setup (b) in figure 2 can be reduced to a cross [16] or Y-shaped [15, 17] one-node
system, if we are not interested in cross-correlations between the superconductors. Setup (a),
however, cannot. This is simply due to the fact that in (a) the distribution functions at 5 and 6
are linearly independent combinations of fT/L,1 and fT/L,2, whereas in (b) the two enter in the
same ratio at both nodes. For example, if the setup is required to be symmetric with respect to
an interchange of the normal terminals, in (b) the terms |V1|, |V2|, and |V1 + V2| have the same
prefactor. This does not occur in (a), resulting in a different voltage dependence.

4. Conclusions

In conclusion, we discuss a simple model for the transmission of noise in multi-node incoherent
normal–superconducting structures, applying the microscopic counting field theory. We show
that the formalism coincides exactly with the semi-classical principle of minimal correlations
also in arbitrary multi-node circuits.
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