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We ezamine the thermopower Q of a mesoscopic normal-metal (N) wire in
contact to superconducting (S) segments and show that even with electron—
hole symmetry, ) may become finite due to the presence of supercurrents.
Moreover, we show how the dominant part of Q can be directly related to the
equilibrium supercurrents in the structure. We also discuss the thermopower
arising due to an anomalous kinetic coefficient which is finite in the presence
of supercurrent and in some situations gives the dominant contribution. In
general, a finite thermopower appears both between the N reservoirs and the
superconductors, and between the N reservoirs themselves. The latter, how-
ever, strongly depends on the geometrical symmetry of the structure. The
paper includes a detailed analytical derivation of the results and an exact
numerical solution of the quasiclassical equations in o few sample geome-
tries.

PACS numbers: 74.25.Fy, 73.23.-b, 74.45.+c.

1. INTRODUCTION

From time to time in the last century, the connection between the ther-
moelectric effects and superconductivity has attracted interest.! As early as
1927, Meissner found that the thermopower is absent in a steady-state su-
perconductor. This is due to the fact that the thermoelectric current is in
this case counterbalanced by the supercurrent. However, in 1944, Ginzburg?
pointed out that there can be other types of thermoelectric effects in su-
perconductors. Interestingly, many of them are still unobserved,! at least
partially due to the fact that they are based on the same electron-hole
asymmetry that produces the thermoelectric effects in nonsuperconducting
systems,® where Mott’s law connects the thermopower to the tiny difference
of the effective masses between electrons and holes (i.e., to the nonlinearity
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of the quasiparticle dispersion relation above and below the Fermi sea). Such
effects are governed by the factor kgT/Ep, and are thus very small in the
low temperatures required for superconductivity. Even after six decades, the
understanding of the experiments on some of these effects is still lacking.*?
For example, the measured thermoelectric flux in a bimetallic superconduct-
ing ring was orders of magnitude larger than predicted by the conventional
theories.

Anocther effect of thermoelectric type, finite even in the presence of com-
plete electron-hole symmetry, was observed and successfully explained in the
turn of the 1980s:59 It was found that the combination of a temperature
gradient and supercurrent could make rise to a charge (branch) imbalance,
t.e., a difference in the electrochemical potentials of the normal and super-
conducting components. The origin of this effect is similar to that considered
in this paper, but it manifests itself in quite a different form in the systems
studied here.

In the 1990s, many groups started to investigate the superconducting
effects induced in normal-metal (N} wires from nearby superconductors (for
review, see Refs. 10-12). For example, if the N metal is connected to two
superconducting segments, one can drive a supercurrent through it.'3 It
was found that this superconducting proximity effect influences both the
electrical'®!5 and thermal!® conductances of the N wire, in general break-
ing the Wiedemann-Franz relation between the two.!” In most cases, these
effects account for some tens of percent changes in the conductances.

In proportion, a much greater effect was experimentally observed in
the thermopower'®22 of “Andreev interferometers”, structures where the
normal-metal wire was connected to two ends of a broken superconducting
loop. The observed thermopower was found to be orders of magnitude larger
with the proximity effect (below the superconducting critical temperature
T¢) than without it (T > T¢). A thermally induced voltage was found both
between the ends of the normal metal'®-2022 (“N-N thermopower” Qyn) as
also between one end of the normal metal and the superconducting contacts
(“N-S thermopower” Qns).21'?2 Moreover, it was found that this induced
thermopower oscillates with the flux applied through the superconducting
loop.

It was shown in Ref. 23, including one of the present authors, that
Mott’s law is not in general valid in the presence of the proximity effect,
indicating that the reason underlying the observations is not necessarily de-
pendent on electron-hole symmetry. Indeed, the experimental observations
were partially explained, without invoking electron—hole asymmetry, in the
linear regime for Qng by Seviour and Volkov?* and another effect was sug-
gested for the presence of @nn by Kogan, Pavlovskii and Volkov.?® The full
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nonlinear regime, including important effects coming from asymmetries in
the structure, and a phenomenological explanation that connects the ther-
mopower to the temperature dependence of the supercurrent, was described
by the present authors in Ref. 26. This theory seems to be in quantitative
and qualitative agreement with most of the observations. The aim of the
present paper is to explain this theory in detail and describe a related ef-
fect, thermopower due to an anomalous kinetic coefficient, which is the main
source of thermopower in certain geometries.

Further, Ref. 27 shows that the presence of supercurrent can lead also to
a Peltier-type effect. This effect has not yet been experimentally observed.

This paper is organized as follows. In Sec. 2, we detail the quasiclassical
formalism applied in the calculation of the thermopower. This formalism as-
sumes complete electron—hole symmetry, and the predicted effects are hence
not limited by the factor kgT/Er. The analytic approximations necessary
for obtaining an expression for the thermopower are presented in Sec. 3,
including symmetry arguments for the full (without approximations) solu-
tions, a phenomenological picture of the effect, and a calculation of the
thermopower in the quasiequilibrium limit. The general behavior of this
thermopower is detailed in Sec. 4, and effects related to the geometry of
the studied structures are discussed in Sec. 5. Most of the results in these
sections are obtained numerically without any approximations (beyond the
quasiclassical diffusive limit). Section 6 includes a comparison of the the-
ory to the experiments and to the other theories on the effect. The main
spectral coeflicients responsible for the thermopower, the spectral supercur-
rent and the anomalous coefficient 7, are described in Sec. 7. Finally, the
results are shortly discussed in Sec. 8. An impatient reader should capture
mostly the kinetic equations (7) in Sec. 2, skip the detailed analytic deriva-
tions in Sec. 3.5 and proceed with the main results in Sec. 3.6 and their
characteristics in Secs. 4 and 5.

2. FORMALISM

Many well-understood phenomena in inhomogeneous superconductivity
have been explained through the use of quasiclassical Green’s functions. This
is in particular the case in mesoscopic superconductivity {see the reviews in
Refs. 10 and 12). The essence of the quasiclassical theory is ignoring the
short-scale oscillations in the relative coordinate, and concentrating only
on the center-of-mass coordinate of the space-dependent Green'’s functions.
Such an approximation ignores the quantum-mechanical interference effects
arising from short scales of the order of the Fermi wavelength (structural
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variations on this scale can be included through boundary conditions, see
below and Ref. 28), and the effects related to the nonlinear parts of the
quasiparticle dispersion relation (the theory is based on the linearisation
of the dispersion relation around the Fermi energy). Therefore, it cannot
describe the normal-metal thermoelectric effects which arise from the energy
dependence of the effective mass.

In this paper, we concentrate on the diffusive limit, where all the im-
portant length scales are much greater than the mean free path. This is
typically the case in metallic wires. To describe nonequilibrium effects (fi-
nite voltage) in the nonlinear regime, we adopt the Keldysh formalism.??
In the considered limit, the Keldysh—Green’s function is described by the
Usadel equation.3¢

2.1. Keldysh-Usadel Equations

The Keldysh-Usadel equation for the Green’s functions G(7, F) in the
Keldysh ® Nambu space can be written in the static case as

V- (DGVG) = [~iE1®7+A+5y,G] . (1)

Here, D is the diffusion constant of the metal, 3 contains the inelastic scat-
tering self-energies, and A is the pair potential matrix. The pair potential
is self-consistently related to the solutions of Eq. (1),!2 but it vanishes in
normal metals, on which we concentrate here (superconductivity is induced
by a boundary condition from bulk superconductors). Moreover, G has the
matrix structure

AR AK
= (f’; gA) LG = —m(@P)e, GF = CRh BG4, (@)
where G‘R, G4 and GX, the retarded, advanced and Keldysh components,
are 2 X 2 matrices, and the last relation is due to the normalization G? = 1.
The electron-hole distribution function matrix A introduced here has two
free parameters and it can be chosen of the form h = fi1+ fr#s, where fr
and f;, are the symmetric and antisymmetric parts,

fr(E)=1—f(us — E) — f(us + E), fu(E) =f(us — E) — f(us + E) (3)

of the electron distribution function (7, E) and the energy F is given with
respect to the potential pg of the superconductors.
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The Green’s function obtained from Eq. (1) may be used for evaluating
the observable energy and charge current densities jo and je:

. [en . . o .

o= o5 [ B, o= [irdE, (4a)
1 P 1 ‘=

L= ZTr[(Tl ®1)GVE], T = ZTI[(T1 ® 73) GVG]. (4b)

Here, j1, and jr are the spectral current densities, and o is the normal-state
conductivity of the metal.

It is useful to parameterize G so that it automatically satisfies the nor-
malization. Since G? = 1 implies that (CA%'R)2 = 1, one can parametrize G&
in terms of two complex functions 6 and x as

A cosh(6) e'X sinh(8)
Gt = (—e_ix sinh(#) —cosh(@)) ’ (5)

and hence G4 and G¥ depend only on 6, x, fr and fr. To find the equations
that determine § and x, one can consider the retarded part in Eq. (1), and,
neglecting inelastic effects (Zi, = 0), obtain the spectral Keldysh-Usadel
equations in normal metals (A = 0):

DV?9 = —2iEsinh(f) + %D(Vx)2 sinh(26), (6a)
DV .-jg =0, jg=—sinh%(#)Vy. (6b)

These equations describe the behavior of the superconducting proximity ef-
fect: the pairing amplitude can be written as F = sinh(6) exp(ix), which
shows that @ is related to the strength of the proximity effect and y to the
phase of the superconducting order parameter.

Using the same assumptions as above and taking the traces Tr[(T;®1) - ]
and Tr[(T1®73) - ] of Eq. (1), one obtains the kinetic equations for the spectral
energy and charge current densities

DV .j, =0, JL=D1VfL = TVir+jsfr, (7a)
DV . jr =0, Jr =DrVfr+IVfL+ jsfL. (7b)

These describe the kinetics of electrons and holes in the presence of the
proximity effect, and, moreover, imply that j; and jr are conserved. The
spectral coefficients in Egs. (7) are determined from tlie solutions to Egs. (6):
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Dy = iTr[l—GRG’A] = %(1 + | cosh 8] — | sinh 8] cosh(2Im][x])), (8a)
D= }In[l—é%é%] - %(1 + | cosh8|? + | sinh 6] cosh(2Imx])), (8b)

T= %ﬁ[@AéR@] = %| sinh 6% sinh(2Im][x])), (8¢)

js = %n[(éRvéR — GAVGAYR] = Im[—sinh2(0)Vy] = Tm[jz].  (8d)

Here, D;, and D7 are the spectral energy and charge diffusion coefficients,
and jg is the spectral density of the supercurrent-carrying states.3! The
cross-term 7 is usually small but not completely negligible.

To simplify the problem, one often assumes that wires are quasi-1D
structures, i.e., much longer than wide, and translationally invariant in their
latitudinal directions. Thus, one needs only to consider longitudinal varia~
tion in the quantities, and the gradients may be replaced with 1D-derivatives.

2.2. Boundary Conditions

The Keldysh—Usadel equations cannot handle changes in the structure
which occur in a distance short compared to the Fermi wavelength or the
mean free path, so boundary conditions describing interfaces and junctions
need to be derived using different techniques.

To obtain the boundary conditions at nodes of one-dimensional wires
with clean metallic contacts, one may use the the matrix circuit theory.?
It yields a Kirchhoff-like conservation law for the spectral matrix currents
Ao GG, where A is the cross-sectional area of a wire, In the f-parameterized
form, this results in

> AoV =0, Y AioiVxi =0, (%)

Y Aioijr =0, > Aioijr =0, (9b)
i i

and to the continuity of 8, x, fi and fr. In Egs. (9), the sums go over the
wires ending in the node.

The properties of connections between wires and terminals are also de-
scribed by a matrix conservation condition.?® In the limit of a clean metallic
contact, at the interface to a normal reservoir, Green’s function G and thus
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also 6, x, fr and fr get their bulk values:

# =0, x = arbitrary, (10a)
1 E+pu E—yu
frr= 5 (tanh (2kBT) + tanh (QkBT)) , (10b)

where T is the temperature of the reservoir and p its potential, compared
to pg. Thus, near normal metal reservoirs or far from superconductors, the
coefficients (8) obtain their normal-state bulk values Dy — 1, Dr — 1 and
7—0.

At a clean metallic contact to a superconducting reservoir, butk values
are again obtained, with the exception of f;, for energies inside the super-
conducting energy gap A:

0= artanh%, x=¢, [fr=0, (11a)
E
|[BE|<A: jr=0. (11c)

Here, ¢ is the phase of the superconducting order parameter. We assumed
here no charge imbalance, g = 0, hence fr = 0. Moreover, the boundary
conditions for # and x imply that near a superconductor interface Dy — 0
and 7 — 0 for energies |E| < A, which in fact implies that jz, = 0. Thus no
contribution to the energy current density jo through the interface comes
from inside the energy gap — this is a known property of the Andreev
reflection.

With these boundary conditions, the spectral equations (6) depend only
on the phase differences and the geometry of the system, while kinetic equa-
tions (7) depend also on the temperatures and the potentials of the reser-
voirs. The system is, however, fully decoupled from the temperatures of the
superconductors for the energies |E| < A.

Note that in wires connected to a normal reservoir, the spectral su-
percurrent jg = 0, due to the boundary condition 8 = 0. Since generally
sinh(6) # 0 in these wires, the conservation of spectral supercurrent js im-
plies the conservation of the phase, thus x = const(z). Similarly, in wires
connected to a superconducting reservoir, there is the boundary condition
jr =0 for |E| < A, and one can eliminate f;, from the kinetic equations.

2.3. Energy and Length Scales

Scaling the spatial dimensions in the spectral equations (6) by the length
L (where L can be one of the wire lengths, or most naturally for the supercur-
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rent, the distance between the superconductors), one finds a natural energy
scale, the Thouless energy

B BD [ 184V e | D/(200 =)
T=T271 015K kg (L/pm)?

This energy is the inverse time of flight through a diffusive wire of length L.

In practice, there are two different types of energy scales describing
the behavior of the spectral functions: Er of the normal-metal link and
the superconducting energy gap A of the electrodes connected to it.3! The
previous is important in the case of long junctions L > &g (i.e., Er < A) and
the latter for L < & (Er 2 A). Here & = /AD/2A is the superconducting
coherence length. For example, for T’ < T, in Al & ~ 200 nm, and in Nb
&0 ~ 30 nm.

In the long-junction limit A > Eg, the energy scale for the solution
to Egs. (6) and (7) with the boundary conditions given by Egs. (9)-(11)
depends only on Ep. Thus, by changing Er, the results may be scaled to
fit all systems with similar ratios of wire lengths, cross sectional areas and
conductivities.

(12)

3. THERMOPOWER IN ANDREEV INTERFEROMETERS

A temperature difference AT between two points in a metal may in-
duce a charge current I.. Disconnecting the system from its surroundings
makes the current vanish, and a potential difference AV arises instead. The
thermopower () is the ratio of this potential difference to the temperature
difference, Q = (AV/AT'); _,. In this section, we show how the supercurrent
flowing in Andreev interferometers connects the temperatures and poten-
tials, inducing a finite thermopower.

3.1. Thermopower Without Superconductivity

An estimate for the thermopower in the absence of superconductivity
can be found using the semiclassical Boltzmann equation as, for example,
in Ref. 3. Such a description can be obtained from the microscopic theory
presented above, provided that the length scales important for the problem
are much greater than the Fermi wavelength.?® This analysis leads to the
Mott relation for the thermopower
72 k3T dlno(E)

=TT T s,

(13)
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pus =0, To, ¢/2  psa=0, To, —¢/2

m =eVy, 71 pa = eVa, T

Fig. 1. The system under examination. The terminals S are superconduct-
ing reservoirs, N normal-metal reservoirs and they are connected by normal-
metal wires with lengths Ly, cross sections Ay and normal-state conductivi-
ties ok, k = 1...5. Temperatures T and potentials p = eV in the reservoirs
are as shown. Moreover, all contacts are assumed clean metallic. Positive
directions for currents are indicated with arrows.

Here, o(E) describes a generalized conductivity — o(EFr) gives the actual
conductivity in the linear-response regime — and the logarithmic derivative
depends on the energy dependence of the elastic relaxation time and the ex-
act structure of the Fermi surface. The previous can typically be neglected,
and the latter is due to the small asymmetry between the dispersion relations
for electrons and holes. Both of these effects are neglected in the quasiclas-
sical theory. There are also other major contributions to the thermopower,
e.g. the phonon drag, but for simple metals, they should vanish at high and
very low temperatures.32

We can use the temperature dependence in Eq. (13) for an extrapolation
from the room-temperature values of @ to its value at subkelvin tempera-
tures. Usual magnitudes for the thermopower at the room temperature are of
the order *‘i(—v for pure metals. To obtain a rough estimate at a low tempera-
ture, we extrapolate 10 ’% from room temperature to a temperature of 0.5 K
(typical for the studies on the proximity effect), which yields @ ~ 10 21.{\1
Measurements in Ref. 21 gave a stricter estimate @ <1 nTy- for their case.

However, the Keldysh-Usadel equations predict the presence of a large
thermopower (@ ~ %{Y, even under complete electron-hole symmetry, as
supercurrents couple the temperatures to the potentials (through the coeffi-
cients jg and 7 in the kinetic equations (7)).

3.2. Modeled Structure

Here we focus to study thermopower in the structure shown in Fig. 1,
where two superconducting (S) reservoirs with a phase difference ¢ are con-
nected through a normal-metal link to two normal metal (N) reservoirs.
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When measuring thermopower in this structure, no current flows in wires 1
and 2,

jc,l = 07 j0,2 = 07 (14)

and definite voltages V7 and V, are induced in the N reservoirs. Here we
may define several thermopower-like quantities:

[2_ [1 L1 [2
= = . 1
Ty -1 ’ QNS’I T -1 ’ QNS’2 T -1 ( 5)

QNN =

Clearly, their behavior with varying parameters need not be similar. That
is, generally the potential induced in the colder electrode may differ from
that induced to the hotter electrode.

The thermopower appearing in the structure may be estimated by ap-
plying the formalism described in Sec. 2. We have solved Eqs. (6) and (7)
numerically, and derived analytic approximations for the solutions of the
kinetic equations (7). In the following, we first discuss the analytic results,
as they provide some insight to the problem, and then examine interesting
features numerically (Secs. 4 and 5).

3.3. Qualitative Picture

The effect of supercurrents on the thermopower can be understood phe-
nomenologically as follows. If T} # T3, the temperature-dependent!® equilib-
rium supercurrent I's(T) in wire 3 is different from Ig(T3) in wire 4. (For this
qualitative picture, we approximate these wires to be at the temperatures 77,
T, of the normal reservoirs.) Conservation of currents should still be main-
tained, so a compensating effect must arise. Should the normal reservoirs be
kept at the same potential as the superconductors, a quasiparticle current
Igp o (Ig(T1) — Is(1n)) from them to the superconductors would balance
the difference. However, when no current is allowed to flow in wires 1 and
2, a compensating N-S potential difference Vi — Vs o« R(Ig(T1) — Is(T3)) is
induced instead.

The qualitative picture gives the following predictions: First, the in-
duced potentials should oscillate with the phase difference ¢ between the S
electrodes, similarly to the supercurrent. Moreover, the potentials induced
in the N electrodes need not be the same, especially if the resistances of the
wires are not symmetric at the left and at the right. Thus, the supercurrent-
effect also contributes, as in Eq. (31b), to the thermopower Qnn between
the N electrodes. Such a contribution should be present even in structurally
symmetric setups, as the resistances are temperature-dependent due to the
proximity effect.!?
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3.4. Phase Behavior

If the phase difference between the superconducting elements vanishes,
the quasiclassical equations predict a vanishing thermopower @ (as shown
below). In the presence of a phase difference, the supercurrent and the
term 7 couple the two types of distribution functions, inducing a finite
. Although the solution to Eq. (1) cannot be found in closed form, we
can obtain information about the exact phase behavior of the thermopower
using symmetry considerations. Suppose we have the solutions Y, 6, fr and
fr for the Keldysh~Usadel equations (6) and (7) in the system. Then, define

X=-x, 0=0, fu=fu, fr=—fr. (16)

First, we see that these new variables are solutions to Eqs. (6). This implies
that DT = Dr, DL =Dy, T= —T and ]s = —jg, so the new variables are
also solutions to Egs. (7). They also satisfy the spectral current conserva-
tion (9), with jr = —jr and jp = - ji, and the boundary conditions given
by Egs. (10) and (11), but with ¢ = —¢ and & = —u. Thus, there is a
solution with inverted charge currents I, potentials 4 and phases ¢. For the
thermopower this implies that

AV

Q(¢) = AT, _

=-Q(-¢). (7)

Moreover, () is necessarily 27r-periodic in phase, so this implies that it should
also be antisymmetric with respect to ¢ = nx for all n € Z.

The result also implies that in a system with no phase differences or no
superconducting parts, the thermopower vanishes. This is in agreement with
the Mott-law prediction due to the quasiclassical approximation. However,
note that the reasoning above assumes that the condition (14) determines the
solution uniquely and that the thermopower is well defined. This may not
be the case in some pathological geometries in the presence of the proximity
effect, as the condition (14) is determined only for the energy-integrated
currents. In the cases studied in the present manuscript, the convergence of
numerics hints that the solutions are unique.

3.5. Analytic Approximations

Although we cannot solve analytically the spectral equations in the
structure of Fig. 1, we can obtain useful approximations starting from the
kinetic equations.
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As a first step, we assume that the induced potentials are small com-
pared to the temperature, |u| < kgT'. Since fr is related to the potentials,
we can reason that fr is small, and hence neglect the terms —79, fr and
jsfr in Eq. (7Ta). Comparison with numerics shows that this is a good
approximation.

The kinetic equations, where inelastic effects are neglected, can now
be integrated over a wire of length L. This relates the currents to the
distribution functions fr, fr at the ends of the wire:

_ fulh) - f1(0)

Loy (18a)
W +Jsf(0) (18b)
T
— fr(0) dz'dz
+L2<D Y(Dzh) (/DLDde+JS//DL ")Dr( 90))
L

Here <DZ/1T> = % 0 ZlT dz are the dimensionless spectral energy and
charge resistances. All the coefficients can be calculated numerically by
solving the spectral equations. We see that Eq. (18) is linear in the distribu-
tion functions, so we can use the continuity of fr and fr at the nodes and
write the Kirchhoff-like spectral current conservation equations (9b) for the
structure in Fig. 1 as:

o141 Xy (ff‘é?)) + 034sXs ( &0 )) + o5 AsXs (ﬁ;((g))) —0, (19)

245X (ffL)) + 04A1Xs (ffL)) + 05 AsXs (f:((g))) —0. (19b)

Here, f = (fr, fr), and f,? contain the electron distribution function parts
in the reservoir k, as in Egs. (10, 11). Moreover, the matrices Xy can be
obtained using Egs. (18) — noting that the results for |E| < A and |E| > A
are different due to the differing boundary conditions in the kinetic equations.
Equation (19) is linear, and the unknown f5(0) and f5(L) may be solved in
a straightforward manner. Thus, for given temperatures and potentials in
the reservoirs, we obtain the spectral currents j; and jr for each wire.

To determine the thermopower, we have to find p; and gy such that
the condition (14) is satisfied. These potentials are expected to be small, so
we can linearize the distribution functions in the reservoirs with respect to

them,

0 tanh

fﬂ’i(ffo”k) = 2 (E%BT'“) , k=12, (20)
Tk sech (m) 'fk%&,_ﬁ-
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in the expressions for j.1 and j.2 obtained from Eq. (19). Thus, we obtain
a linear equation for the potentials 41 and po, which can then be solved.

However, without further approximations, the final expression for the
thermopower is too complicated to provide much insight. We make the
following simplifications:

1. We approximate Dp with its normal-state value Py, = 1. This is a
good approximation only away from superconductor interfaces, but
numerics show that it usually has little influence on the thermopower.

2. Similarly, we approximate Dy =~ 1 in the latter term in Eq. (18b),
and retain it only in the first term. This is because 7 and jg provide
more essential energy-dependent features than Dy, but we still wish to
retain the temperature dependence of conductance due to the coeffi-
cient in the first term. Comparing to exact numerics, we see that these
approximations do not essentially affect the resulting thermopower.

Using the above and the conservation of 0 Ajs we can write Egs. (19)
for the structure in Fig. 1 in a useful form at |F| < A — noting that

Acjs = A303js3 = ~As05]s5 according to the chosen directions:
Ao g1+ 9s 0 . -gs 0
M1l= 552 + (T1) + 95(T5)  Guss 2208 — g5(T5) —s ,
agia 0 92+ 9s 0
—298 — g5(T5) ~g5 295 4 g(To) + 95(T5) Goss
(21a)
fr5(0) g 0 0 0 f%l
m-1 | f75(0) gl{fi) &» 0 0 f%;,1 , (21b)

frs(L) 0 0 g2 0| fLe
frs(L) 0 0 () §/ \FfP,
g - ~ ~~ gh P

9

f C fi2

where gp = o0pAx/Ly is the conductance of wire k, gijx = i + g; + G,



414 P. Virtanen and T. T. Heikkild

9k = gi/(Dry) and (Tx) = £ J7¥T; da. For |E| > A, the result is

g135 0 - =95 0
M-! = 91{T1)+93(T3)+95(T5) s A%LS' —95(Ts) -5
a = —g5 0 9245 0 |’
—A%ls — 0:(T5) ~g5 92{T2)+94(T4)+95(T5) Goss
(22a)
Agj g8 0 0
ATJS
M, =Cfio+ | 2 +95(Ts) 0 (fgﬁ). (22b)
0 Agj 94 hL,_JA
N 0 __21£+g4<7:1> L
D

Note that the temperature of the superconductors enters for energies |[F| > A
in the distribution functions f2,3 m

Using Eq. (18) with the assumptions as above, we can calculate the
currents flowing in wires 1 and 2:

—A101j1,1

—A10'1]'T’1 _ C(MC et I) fl,g ) for IEI <A (23)
AsoajL2 C(MAC -1)fi 2+ CMuaDfy, for |[E|>A
Asoojr

Here, the sign of j;,/7,; is due to the choice of directions in Fig. 1. Now, we
can integrate rows 2 and 4 over the energy to obtain the observable charge
currents, and linearize the distribution functions. Condition (14) then yields

an expression of the form
[eae )= o () oz [T () oo (F)] o=
0 H2 by L2 2 L2 2 Lo

(24)
Here, g is a matrix containing temperature-dependent conductance-like quan-
tities, and the integrals with P yield, for example, terms proportional to
the supercurrents flowing in the system at different temperatures. In the
following, we simplify the expression further to obtain the dominant fea-

tures. However, Eq. (24) can well be used to obtain numerical thermopower
estimates for given spectral data, without further approximations.

3.6. Long-Junction Limit

In this section, we discuss the dominant features of the thermopower,
in particular the most significant contributions. We discuss first the long-
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junction limit A > max[Fr, kg7, ], and consider the effects of a finite A
as corrections in the following sections.

In the limit A » max[Er, kgT, 1] the induced potentials depend only on
the temperatures T} and T of the normal reservoirs. This is due to the fact
that the kinetic equations for |E| < A are decoupled from the distribution
function in the superconductors. In this limit, the spectral currents for
|E| > A are negligible, so they do not affect the integrated currents. This is
because at these energies the distribution function is nearly constant in the
system (fr, = 1, fr = 0), so there is no dissipative current. Additionally,
at energies E > E7, the coefficient js =~ 0, so there is no non-dissipative
supercurrent contribution in the current densities.

If we take the limit A — oo in expression (24), approximate 7= 0 and
neglect the energy dependence of D1 completely, we obtain the dominant
term in the induced potentials

_ l R5(2R4/3 + Rs)
Hse,1/2 2(Ry+ Ry + Rs)(Rs + Ry + Rs)

Ryyq e(Is(T1) — Is(Ty)). (25)

Here, Ig is the observable supercurrent Ig(T) = Ao f0°° jsf2dE flowing in
the system when the normal reservoirs are all at the same temperature T
and there are no potential differences, and f = tanh(E/(2kgT)). This
expression states that a major contribution to the thermopower arises due
to the temperature dependence!® of the equilibrium supercurrent.

Estimates for the equilibrium supercurrent appearing in Eq. (25) exist
for SNS junctions. One is given in Ref. 33:

64 3/2 .
e Ras I5(T) = < (ks T/Br)*/* VP"VRT/Pr sin(g) Br,  (26)
V2

where Ep and Hgng = R3 + R4 + R are the Thouless energy and the
resistance corresponding to the link between the superconductors. Expres-
sion (26) is valid for Er <« kgT < A. Although the formula applies to a
system where there are no extra normal-metal terminals, we can take them
into account by scaling the supercurrent with the factor presented in Ref. 31:

AsNsOsNS
Agnsosns + 3(A1o1 + Azoa)

Cscale = (27)

This holds for kgT > Er, L1,L2 2 Lgns, and Ls = 0. Obviously, in our
case Ls # 0, but the results should still be useful, since the effect due to

the central wire is small as discussed in Sec. 7. Now, using Eqgs. (25), (26),
and (27), we obtain an estimate for the thermally induced potentials in the
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linear response limit 7} =T — AT/2, To =T + AT/2:

3 3/2 R3/4R5(2Ryy3 + Rs)
sc, =32(——2)7r Cseal sin(¢
sc,1/2 /2 scale (R +R2+R5)R§NS ( ) (28)

x (\/i? ~ 3y/Br/(ksT) ) (kpT/Br) ¢ VVRT/Pr g AT

For example, in a structure where all the wires are similar, one would get
for k BT =3 ET
Qns ~ O.OALEIi ~3 ﬂ
e K
Comparing to numerical results (see Fig. 5), estimate (28) is found to be
useful for kgT 2 3 Er. However, in the following we prefer to calculate the
integrals with jg directly from numerical data, which gives better estimates
at temperatures kgT < Er.
Taking the coefficient 7 into account but still neglecting the energy
dependence of Dr yields the following correction terms to the potentials:

(29)

prae =F 22 [T (12, — £2,) (Ti) 4B
1/ Ri+ Ry + Rjy ) L ! /
R34 Rs

o0
9 — (T dE.
T (B + Rz + Rs)Rans /o (21 = £22) (T5)

Here, fgk = tanh(FE/(2kgT})). The correction is mostly small compared to
the contribution from the supercurrent, but it is significant in some cases,
for example at high temperatures kg7 = 10 Er. However, 7 is not known
analytically, so the integrals have to be calculated numerically.

Thus, we have the following approximations for the potentials induced
by a temperature difference:

(30)

U1 R Psel + BT1, M2 = Use2 + HT2, (313-)
Ap = pg — i = (MSC,Z - Msc,l) + (MT,2 - H'T,l) . (31b)

For left—right-symmetric structures, Ry = Ra, R3= R4, these approximations
yield p1/2 # 0 and Ay = 0, i.e. a finite N-S thermopower but a vanishing
N-N thermopower. This is due to the symmetries T1(x) = —Ta(L1,2 — %)
and (75) = 0, which make the correction (30) the same for both potentials
pr and fip

However, there is also a third contribution, which arises from the energy
dependence of Dp. This Dr-effect has only a small impact on Qng, but it is
noticeable (see Fig. 4(b)) in @nn in a left-right-symmetric structure. A fair
estimate for the effect can be obtained by evaluating the matrix g in Eq. (24)
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using numerical results for Dr. For a left-right-symmetric structure, we can
approximate the effect more roughly with

RaR 2, E 2 FE
=R+ ety (e(amm) e’
2kp1h 2kBT> ’

Ap = (Nsc,l + :U'T,l)/ p- Y

0 Ry + 5z T ks
_ (32)
where Ry = <D}}€>Rk are the energy-dependent spectral resistances of the

wires. Generally this contribution is non-negligible only for large [T — 11|

3.7. Quasiequilibrium Limit

In the calculation above, we neglected the inelastic scattering. However,
this assumption is not too restrictive for the thermopower, as long as a su-
percurrent may flow through the normal metal. To see this, let us consider
a “quasiequilibrium” system, where inelastic scattering has relaxed the dis-
tribution functions into Fermi functions with a local chemical potential u(x)
and temperature 7'(x). Assuming the induced potentials are again small,
approximating Dy =~ 1, Dr ~ 1, we can integrate the kinetic equations
over the energy F (after multiplying the equation for j; by E). Using the
fact that for quasiequilibrium distribution functions, in the limit where the
induced potential differences are small,

1

wa)= [ #@dE,  16)= % (["pa-snen ), o

we get the kinetic equations in wire

Or(LiOru(@) + eRiI¥(T () + LiT(2)3;T?) = 0, (34a)
32T*(x) = 0. (34b)

Here L
(@) = 5 [F5E) (BT (@) 4B 39)
is the supercurrent flowing in wire 7. In the studied system, for a constant
temperature, I§ = —I3 = I3 = Is(T) and I} = I} = 0. Moreover, we may

include the 7-term through

—FET(E,x)
)3 cosh?(E /2kpT(z))’
(36)

I(z) = % / dET(E,2)0r2 fr(E; T (z)) = / dESkBT(T

but it does not have a direct physical interpretation. Both the spectrum
js(E) of supercurrent-carrying states and the anomalous coefficient 7(FE)
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may in principle depend on the magnitude of inelastic scattering, but our aim
here is to relate the measured thermopower to the temperature dependence
of the actual supercurrent flowing in the system (and to the term 7{x)). The
supercurrent can be probed separately, and thus for this effect, we do not
need to know the exact form of j4(E).

The boundary and nodal conditions for the solutions p;(z), 1i(z) are
analogous to the general nonequilibrium case: in the reservoirs, they get the
bulk values, except at the normal-superconducting boundary, say z = zns
we have (as long as kT <« A)

OxT(Z)|z=zns =0 (37)

Moreover, at the nodes, the functions are continuous, and the charge and
heat currents are conserved. These equations imply that the tempera-
ture T'(z) is constant in wires 3 and 4, and the heat current obeys the
Wiedemann-Franz law in the rest of the wires, i.e., T%(x) is a linear func-
tion of position.

The solutions to these (linear) equations can easily be found. For sim-
plicity, let us first ignore the term(s) 7{z). Denote the position in each wire
by z, ranging from z = 0 at the reservoirs or the left-hand node in wire 5,
to L; at the other end. In wires 1 and 2, the solutions are

U = p3 = const, 4 = pig = const, (38a)
T
T(z) = T} + (Tis — T2)— T*@)= T3+ (Tos =T, - (38D)

In wires 3 and 4, we get
x x
() = L5 ul(x) = M2 (38¢)
T ="Tyu3 s T =Ty4, (38d)

respectively. Finally, in wire 5 the solutions are

pwlz) = /,L1+6R5C5 +6TR5E/ Is(T(2")) dz’, (38e)

T?(z) = T + (Tog — Tia) (38f)

L_5 .

Here w1, po, Tws, Tws, and c5 are constants that may be determined by
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requiring continuity and current conservation at the nodes. We get

(R2+ R5)T12 + R1T22 (R1 + R5)T22 + R2T12

. | T2 , 39
w3 Ri+Ro+ Rs v BitRo+ Bs o
B T34 I5(T) AT
VSC pu— — I T I T B R T2, -T2,
1 Rsns i R4ls(Twa) + (Ra + Rs)ls(Tus) ® /Tf,s Toa = Tzﬂ- ’
(39b)
- Ti4 Ig(T)dT?]
1/250 — Fons -_(R3 + R5)Is(Tw4) + R3[S(Tw3) + Bs /1‘,3) W ’
(390)
‘/'150
=Ry Is(Tys), Rsns = Rz + R4+ Rs . (394)

Thus, the induced voltages Vi = ui/e, V3¢ = po/e in the normal-metal
reservoirs are determined from the observable supercurrent Ig(T) between
the superconductors, in the temperature range determined by T'ys and Toyy4.

Including the term ’j’(m) is straightforward but leads to long expressions.
Therefore, we present only the resulting voltages V;:

R - -
Vi= Vi 4 g (Tha = Tog) (Ts) + (Tia — T(TL) - (400)
R ~ -
Vo= V5 + 5 (T = Toa) (B) + (Thy - T3)(T2),  (40D)
SNS
where
. 1 L
(Ty= 1 [T (41)
1 J0O

is the average of the coefficient 7 in wire i.
Let us now take the linear-response limit around the temperature 1o,
where

2
Tf/g =T+ 9—2T—, (42)
and
Is(T) = Is(To) + 77 —=AT*. (43)

In practice, the requirement for the validity of these formulae is AT? <«
min(Tg, E2/k%). In this case, always retaining only terms up to the first
order in AT?2, we get for the voltage in the left reservoir

R5R3(2R4 =+ R5) dlg (T)

Ve
1 2(R3+R4+R5)(R1 +Ry+Rs) dI?

AT?, (44)
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Fig. 2. Temperature dependence of the N-S thermopower in a left-right-
symmetric structure — Lj,0; and A; assumed equal. Phase ¢ = /2 is
fixed. In every figure, Er = hD/(L3 + L4 + L5)*.

This is the same as the linearized form of Eq. (25). Similarly, the linearized
form of the T-correction follows that of Eq. (30). This equivalence in the
linear regime is due to the fact that the considered effect is not dependent on
the exact shape of the distribution functions, and thus, in the linear regime,
the relation between the thermopower and the temperature dependent equi-
librium supercurrent is independent of the strength for inelastic scattering.

4. GENERAL BEHAVIOR OF THE THERMOPOWER

The typical magnitude and form of the temperature dependence of Qng
is shown in Fig. 2. The figure shows that the magnitude is Qng ~ HI—(Y (often
Qns,1 ~ @nsz2), and that the relevant energy scale is Ep, corresponding
to the link between the superconductors — which is also the energy scale
of the spectral coefficients. Moreover, as shown in the preceding sections,
the thermopower oscillates antisymmetrically with the phase difference (see
Fig. 3).

The N-S thermopower shows re-entrant behavior: it vanishes as 1,15 —
0, peaks at an intermediate temperature, and decays as T},T5 — oo. The
peak near T' ~ 2Ep/kp corresponds to the position where Ig(T) changes
rapidly as a function of the temperature, as Egs. (25) and (26) indicate.
Moreover, Egs. (25) and (30) predict that Qns decays at least as T~2 for
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Fig. 3. Oscillation of the thermopower. Left: Phase-oscillation of the
thermopower at Ty ~ T} = 1 E7. Right: Relation between (ng and the
non-equilibrium supercurrent Ig at different temperatures T = T1 ~ Ts.
Magnitude of the supercurrent here is nearly the same as in equilibrium.
Due to a numerical convergence problem, data for phases |¢| > 2.1 is not
available, and hence substituted with straight line segments (dotted). In the
right picture, the dotted part also approximately describes the accessible
non-dissipative regime in the case when the supercurrent is externally driven.

T) =~ Ty. In fact, Eq. (28) implies that the contribution from the supercur-
rent should decay exponentially, but the contribution from 7 has a slower
speed of decay.

The most significant contribution to @ns is described by Eq. (25): it
yields almost all of the effect seen in Fig. 2. The correction due to 7 ac-
counts for the most of the deviation from the numerical result, and has an
effect below 10% in relative magnitude for temperatures 71,72 < 10 Er/kp,
but the proportion becomes relatively larger at higher temperatures — see
Fig. 5(a). Moreover, Dy has a negligible effect on Qng, as seen in Fig. 5(a).

The thermopower @ng with respect to the actual (non-equilibrium) su-
percurrent flowing in the structure is shown in Fig. 3. For a given tempera-
ture, the relation between Qng and Ig appears to be linear, in accord with
Eqg. (25).

The temperature dependence of Qnn shown in Fig. 4(b) is very differ-
ent from that of Qng, since the structure there is assumed to be left-right
symmetric, so that for @y the contributions from Ig and 7 vanish and
the Dp-effect dominates (see Fig. 5(b)). In this case, Eq. (32) predicts
Ap ox (Th — T2)2 at T1 = T5 in symmetric structures, thus the thermopower
appears only at large temperature differences, i.e. in the non-linear regime.
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Fig. 4. Temperature dependence of the N-N thermopower. Left: Qnn in
an asymmetric structure, Rs3/2 = Ry} = Ry = Ry = Ry with Ao equal, at
¢ = m/2. Right: Qnn in a left-right-symmetric structure, where the Dp-
contribution dominates. The thick white lines indicate a change of sign for
R(T1) — R(T3), which occurs near the change of sign of Qnn.

For asymmetric structures, Dp-effect is less important, as Eq. (31b) implies
Ap o (T1 — Ty) at T1 = T3, and this effect tends generally to wash out the
Dr-effect also at large temperature differences. This behavior can be seen
in Fig. 4(a), where QNN has a similar temperature dependence as Qs in
Fig. (2). Effects due to the sample geometry are discussed in more detail in
the following section.

Note that the re-entrant temperature-dependent behavior of the con-
ductance!® induced by the proximity effect also arises due to the energy de-
pendence of Dr. Thus, the finite NN-thermopower in a left-right-symmetric
structure may at least qualitatively be understood to be caused by an in-
duced left-right asymmetry in the resistances, which makes the potential
induced in the colder electrode different from the one in the hotter electrode.
Indeed, the sign changes in Fig. 4(b) (along the diagonal and the 1/T-like
curve) occur close to the curves where the (zero-bias) conductances,'6

* W*(E/(2kpT)) A
Gm=| RM'E dE, R=(D;!)R,
( ) /0 2k 5T 4 R < T >R (45)
of wires 1 and 2 at the temperatures 77,72 become equal. Approximately
such behavior is also expected on the basis of Eq. (32).

Comparing to numerical results, we find that the approximations ob-
tained from Eq. (24) in the long-junction limit are quantitatively accurate in
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Fig. 5. Thermopower at ¢ = 7/2 in a symmetric structure, L and Ao
assumed equal for each wire. The numerical results and different analytic
approximations from Sec. 3.6 are shown. Here, “Ig (analytic)” is the ap-
proximation from Eq. (28).

a symmetric system, both for @ns and Qnn (the relative error in Qg is less
than 5% nearly everywhere in Fig. 2, although near T1,7% ~ 0 it is ~ 15%,
at worst). In setups geometrically deformed from this, the accuracy may
decrease slightly, but qualitative features are still well retained (in all cases
tested). Equations (24), (25), (30), and (32) may thus be used to provide
useful approximations to the induced potentials, if the spectral coefficients
are known.

5. DEPENDENCE ON SAMPLE GEOMETRY

The thermopower induced by the proximity effect has a non-trivial de-
pendence on the exact geometry of the structure: varying the geometry of
the structure changes both the magnitudes and the temperature dependence
of the induced potentials, as seen in Fig. 6. The changes arise partly in the
kinetic equations, the effect of which is estimated by the prefactors in the
approximations in Egs. (25) and (30), but also the spectral equations con-
tribute through the geometry dependence of the spectral coefficients — their
behavior is discussed in Sec. 7.

An effect visible in Fig. 6(a) is that compared to the symmetric struc-
ture, the induced potentials typically tend to be smaller in structures where
the lengths of some of the wires are strongly different from each other.
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(a) Qns,2 (b) Qnn

Fig. 6. Thermopower in an asymmetric structure with all except one wire
of length L, at T} = T3, ¢ = w/2. Ao assumed equal in all wires.

This behavior appears due to both the spectral coefficients and the kinetic
equations. For example letting L1 9/L345 — 0 tends to decrease the ther-
mopower, as then Ig and <T> are suppressed, while in the opposite limit
most of the temperature drop occurs in wires 1 and 2 where there is little
coupling between the charge and energy currents, leading again to a smaller
thermopower (as indicated by the prefactors in Eqgs. (25) and (30)).

The effect the geometry has on the induced potentials is more significant
for Qnn than for Qyg, since the contributions to Ay depend strongly on the
asymmetry and may also vanish due to symmetries in the structure. Gen-
erally, the approximations imply that in left-right-asymmetric structures,
@~ should be finite and roughly resemble the N-S thermopower in temper-
ature dependence, as in Fig. 4(a). Moreover, this thermopower should be
discernible even for small amounts (~ 10%) of asymmetry in resistances, as
can be seen in Fig. 6(b).

Although the temperature dependence of thermopower generally scales
with Bt similarly to the spectral coefficients, its exact form depends on the
geometry of the structure. That is, the terms due to js and <’T> appearing
in the thermopower estimates vary in the geometry dependence, hence one
can alter their relative weights by adjusting the structure. Moreover, they
may also differ in sign and in the way they depend on the temperature,
so their weighing has a direct effect on the temperature dependence of the
thermopower. This is important especially for the N-N thermopower, which
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Fig. 7. N-S thermopower for a structure with the central wire short or
absent, Ly = Ly = L4 and Ao assumed equal. Moreover, 71 ~ Ty and
¢ = /2. The “full analytic approximation” is obtained using Eq. (24) and
numerical data for Dy, jg and 7. The approximation for the contribution
due to 7 obtained from Eq. (30) (dashed) is nearly the same in absolute
value for all cases shown.

can be seen in Fig. 6(b) where changes in L, and L3 cause qualitatively
different results.

5.1. Thermopower and the Central Wire

As found analytically in Sec. 3.6, the spectral coefficients that affect the
thermopower most are jg and 7. In the long-junction limit, js couples the
energy and charge currents in the central wire, and (Tl /2> do this in the
wires leading to the N-reservoirs. By changing the proportion of the lengths
of these wires, using the factors in Eqgs. (25) and (30) as a guide, the weaker
effect due to (’T> may be brought to dominate. In the following, we consider
a special case where 7 should manifest: Ly <« Lgns. (Another possibility
suggested by Eqgs. (25) and (30) would be Ly, Ly > Lgns, but in this case,
the terms <T1 /2> become small.)

In the limit Ls/min[L;, Ly, L3, Ly] — 0, the supercurrent-effect ap-
proximation (25) yields no contribution, and the second term in Eq. (30)
vanishes, leaving only the contribution due to (Tl /2>. If the structure is
left—right-symmetric, then 73/ = 0, and the thermopower also vanishes
(confirmed by simulations). In fact, this can be shown exactly by noting
that fr = 0 is the exact solution to the kinetic equations in this special case.
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Fig. 8. Thermopower for different A/Ep. Left: Qng in a structure with all
wires equal. Right: Qnn in a structure with Ly = Ly = Ly = Ls = L and
Ls = L or Ly = 2L. In both figures, Ac is assumed equal for all wires. The
temperature dependence of A is neglected in the figures.

In asymmetric structures especially with L3 # Ly, generally <Tl /2> #0
and their sign is the same for both wires 1 and 2. Hence Qns becomes
finite and there is a large difference between Qns1 and Qns2, as the con-
tributions from Eq. (30) differ in sign for electrodes 1 and 2. In Fig. 7 the
approximation (30) matches the numerical result well: (’Ii) and (TQ} yield
the dominant contribution.

As the terms in Eq. (25) due to Ig have the same sign for both electrodes
and vanish as Ls — 0, Qng may change its sign with increasing temperature
for intermediate length Ly of the central wire. This is possible because for
a certain range of values for Ls, Is contributes the same overall amount
as (T /2>, but in the opposite direction for either Qns1 or nsz2. As the
two contributions have slightly different temperature dependence, this can
result in a change of sign in the thermopower, for a suitable Ls. The effect
is illustrated in Fig. 7, where a change of sign occurs for Ly = 0.1L. This
sign change may partially explain the results in Ref. 21, see Sec. 6.1.
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5.2. Effect of Decreasing A/Er

In reality, the superconducting energy gap A may be quite small in
systems realized experimentally, and not necessarily much greater than Erp.
For example, Eq. (12) shows that A = 2 K corresponds roughly to 10 Er for
Lgns = 1 pm and to 3 Ex for Lgns = 0.5 pm, for a typical value D = 200 %‘—2—
of the diffusion constant.

For a finite A, the spectral currents from the energies £ > A contribute
to the integrated currents. This in turn couples the temperature Ty of the
superconductors to the system, as seen in Eq. (24). Additionally, the spectral
coefficients at energies E < A are modified from their long-junction limits,
and hence the contribution from E < A is also affected.

Estimates for the effect due to the coupling of Ty may be obtained from
Eq. (24). Generally, terms proportional to (f2 — f2,), (ffo — f1) and
( fg’l - f2,2) appear for £ > A, thus any of the corresponding tempera-
ture differences induces potentials. However, these contributions tend to be
smaller than those from E < A, at least for A/Er 2 10 — supposing of
course that 77 — T5 is of the order 77 — Ty or Ty — Ty, whichever is larger.

Figure 8(a) shows the effect of decreasing A/Er on the N-S ther-
mopower. The energy scale of the temperature dependence seems to be
compressed towards T' = 0, but no significant qualitative changes occur.
The result is similar if T} = Ty are kept fixed and T5 is varied.

As Qnn is generally smaller than Qng, the relative changes tend to be
larger in it. This can be seen in Fig. 8(b), where the contribution from £ > A
for A/Er = 10 peaks near Tp = 6 Er in the left-right-symmetric structure,
and is also the dominant effect there. For the asymmetric structure, the
change is relatively much less significant.

6. COMPARISON WITH RECENT WORK

In this section, we compare the theory presented in this paper and in
Ref. 26 to recent experiments and other theories on the thermopower in
proximity effect structures.

6.1. Comparison to Experiments

To our knowledge, there exist so far five published experiments from
two groups probing the thermopower in Andreev interferometers.'®22 One
can distinguish three features of these experiments to which our theory can
be compared: magnitude of the observed effect and the dependence on the
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temperature and magnetic flux.

In Ref. 18, the temperature gradient produced by the heating current
was not explicitly measured, but only estimated using a heating model. Such
a procedure yielded too large an estimate (of the order of 4 V/K) for the mea-
sured NN-thermopower.?° This observation is supported by Refs. 19 and 20,
which discuss further measurements by the same group, now with the direct
measurement of the temperature. Below, we concentrate on the results of
Ref. 19 — the observations in Ref. 20 are quite analogous. These measure-
ments yield a thermopower of the order of 50-60 nV/K at the temperature
of the order of one Thouless temperature corresponding to the distance be-
tween the two superconductors. The measured structure slightly differed
from that considered in our manuscript, as the superconductors were fab-
ricated directly on top of the normal wires. However, we may assume the
N-8 contact resistances to play a similar role as the resistances of the wires
3 and 4 (see also Sec. 6.2). We also note that the magnitude of the NN ther-
mopower greatly depends on the asymmetry in the structure. For example,
taking the following estimates for the resistances of the five wires: Ry =5 Q,
Ry =550, R3 =Ry =0.5Q, Rs = 5 Q (note that mostly only the ratios of
the resistances are relevant) and assuming Er/kp = 275 mK (correspond-
ing to a wire of length 700 nm) we get @Qnn = 60 nV/K at T = 295 mK,
¢ = m/2. This is very close to the experimental results.

Concerning a comparison to the experiments in Ref. 21, we obtain NS
thermopower which is larger by an order of magnitude (of the order of 2
#V/K, whereas the experiments report some 70 nV/K). However, it is not
totally clear to us where the normal-metal reservoirs in this experiment re-
side, and hence, which values should be used for the resistances R, and
Rs.

Our theory predicts a nonmonotonic thermopower as a function of the
lattice temperature, with a maximum at around Er/kp, given by the Thou-
less energy corresponding to the wire length between the superconductors.
This is in agreement with Fig. 4 in Ref. 18. The temperature scale of the
dependence Q(T’) in Refs. 21 and 22 is of the order of Fr/kpg, but these
papers also report a sign reversal of the thermopower as a function of T
As indicated in Sec. 5.1, this may be possible in a suitable (left-right asym-
metric) geometry where the overall supercurrent and 7-term contributions
to the thermopower are comparable. Another possible source for the sign
change is the additional term induced by the coupling of the superconductor
temperature T at high temperatures.

As shown in Sec. 3.4, the exact solution of our equations (within the as-
sumption of electron-hole symmetry) is an antisymmetric function of the flux
(phase) with respect to zero flux. This is in agreement with the symmetries
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obtained for the “Parallelogram” structure in Ref. 18, and those measured
in Refs. 19-22. However, our results cannot explain the symmetric flux
dependence seen in the “House” interferometer in Ref. 18.

6.2. Comparison With Other Theories

The first theoretical discussion of thermoelectric phenomena under the
superconducting proximity effect by Claughton and Lambert!” showed how
the thermoelectric coefficients can be calculated from the scattering theory.
The general qualitative features, extracted from the analytic formulae, are
valid in any kind of structures composed of normal metals and supercon-
ductors. However, the numerical simulations of these systems (included, for
example, in Refs. 17 and 23) suffer from the small size of the simulated
structures which makes it difficult to differentiate between the effects re-
lated with electron-hole asymmetry (large in the small simulated structures)
from the dominant effects in realistic experimental samples with thousands
of channels.

In Refs. 24 and 25, the thermopower of normal-superconducting struc-
tures is considered in the limit of a weak proximity effect (with large NS
interface resistance) and in the linear regime. To compare our theory to
those in their works, let us set 7o = Tp + 67/2, T1 = Tp — 6T/2 in Eq. (25)
for the S-N thermopower in a left-right symmetric structure,

me 1 Rs 1 / <, —of E
= 22 = E . (4
Qsn =57 13,5+ 75 (pToR Jo Tisosh™ g5 ) 48 (46)

Here, ji = L3js. This is analogous to Eq. (7) in Ref. 24 and to the upper
line of Eq. (8) in Ref. 25. The primary coefficient g, in these equations is
proportional to the spectral supercurrent across the normal-superconducting
interface, analogous to j§ in Eq. (46).

The lower line of Eq. (8) in Ref. 25 describes a thermopower arising
between the normal-metal reservoirs. This term arises from the spectral
supercurrent across the interface at the energies above the superconducting
gap A and is thus similar to the contributions discussed in Sec. 5.2. As
shown there, these contributions are mostly important only for highly left—
right symmetric structures in the case when Lgng is not much larger than
the superconducting coherence length, or when T3 or T3 are close to A/kp.



430 P. Virtanen and T. T. Heikkild

— L=L,=L=L =L,

—. L=L=L./2=L =L,
Ll—Lz—L3/2_L v LS_O
L1/8—L =L —L4—L5
L=L, —L =L, L =0

Fig. 9. The spectral supercurrent jg for different ratios of wire lengths.

7. BEHAVIOR OF SPECTRAL COEFFICIENTS

Since the thermopower is induced by the spectral coeflicients jg and
<T>, we describe here briefly their dependence on the energy and on the
sample geometry.

7.1. Spectral Supercurrent

The spectral supercurrent jg is the better-known of the two main con-
tributors for the thermopower. In structures such as considered here, it
typically has the energy dependence shown in Fig. 9: the characteristic en-
ergy scale is Er, and the dimensionless quantity Lgnsjs does not depend
greatly on the exact geometry of the structure (supposing L1, Ly 2 Lgns)-
The behavior of jg is discussed in detail in Ref. 31, and the results are
also mostly applicable to the structure considered here, as the central wire
typically causes no significant qualitative changes.

7.2. Anomalous 7-Term

The T-term in Eq. (8c), whose effect is neglected in most previous
papers, is a coefficient appearing in the non-equilibrium part of the super-
current, and it has no clear physical interpretation. Nonetheless, it affects
the potentials induced due to a temperature difference, and provides in some
cases the dominant contribution which may be large by itself. Hence it is
interesting to examine the energy and spatial behavior of this coefficient,
which is here considered in the long-junction limit A >> Er.
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Fig. 10. Behavior of 7 in a structure with Ly = Ly = L3/1.1 = Ly = Ly
and Ao equal, at ¢ = 7/2. Left: The energy-dependence of the averaged
dimensionless coefficient (T ) == LLk fOL *7Tdz in different wires. Right: Spatial
behavior of f(;” TdE/Eyr. Different branches correspond to 7y in different
wires. Locations of the two nodes are indicated by the dotted lines, and
reservoir interfaces are denoted by dots.

The typical energy dependence of the average 7 in different wires of the
structure in Fig. 1 is shown in Fig. 10. Its magnitude is approximately less
than 10% of the spectral supercurrent Lgngjg, but the energy dependence
is rather similar: a single peak appears on the scale of E7 although there is
less oscillation than in Lgngjs.

The spatial dependence shown in Fig. 10 gives insight to the magnitudes
of T in different wires. Here, 7 vanishes at the reservoirs and changes its sign
near the center of the SNS link, forming peaks between the S-reservoirs and
the center. This leads to <T5> 2 0 in nearly left-right-symmetric structures,
as seen in Fig. 10. Moreover, T3 and 7 are typically the largest and the two
differ in sign.

In the wires 1 and 2 leading to the N-reservoirs, 7° decays monotonically
to zero on the length scale of Lgng (according to numerical results). In
fact, no sign changes are possible for 7y/,, as x = const(z) in these wires.
Moreover, note that for the quantities (Tl /2> relevant for the thermopower,
this kind of a decay would imply that (7; /2> vanish for Ly o/Lgns — 0.

The magnitude and the sign of 7 in the wires 1 and 2 depend on the
points where the wires are connected to the SNS link, since 7 is continuous
in the structure. Moreover, if the N-reservoirs are far (L1, Ly 2 Lgng), the
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choice of the connection points does not affect much the 7 in the SNS link,
hence one may estimate the qualitative behavior of 7 in wires 1 and 2 by
looking at Fig. 10.

Using the symmetry arguments from Sec. 3.4, one finds that 7 oscillates
antisymmetrically with the phase difference. Moreover, the overall phase
behavior of 7 seems to be similar to that of jg, according to numerical
results.

8. DISCUSSION

In this paper, we have shown how the presence of the supercurrent
can lead to a finite thermopower in an Andreev interferometer even in the
presence of complete electron-hole symmetry. Generally, the thermopower
probes the temperature dependence of the supercurrent, which in the long-
junction limit is determined by the Thouless energy corresponding to the
distance between the superconductors. The actual magnitude of the ther-
mopower also strongly depends on the studied geometry of the sample, which
has to be taken into account when comparing to the experiments.

Another interesting result is the thermopower induced by the “anoma-
lous” coeflicient 7. This coefficient has been identified in a number of the-
oretical publications (for example, Refs. 24, 25, 27, and 34-36 — it is fre-
quently referred to as the “anomalous current” as its properties are not very
well known) but typically its effect is neglected and we are not aware of any
other observable whose behavior would be dictated by 7.

The theory presented in this paper and in Ref. 26 seems to be in fair
agreement with most of the experimental results published so far (see Sec.
6.1). However, unless device geometry (resistances of the wires) is quite well
known, it is difficult to make a detailed comparison of the magnitude and
temperature dependence of the measured thermopower. There exists also
one experimental result (the symmetric oscillations of the thermopower in
the “House” interferometer in Ref. 18) which clearly cannot be explained
with the present theory.

Confirming the theory clearly calls for more experiments on the sub-
ject. Rather than as a function of the applied flux, one could probe the ther-
mopower by externally applying a supercurrent between the superconductors
(c.f., Fig. 3). In this way, one would also be able to compare the observed
thermopower to the temperature dependence of the equilibrium (critical)
supercurrent, essentially with no fitting parameters — the normal-state re-
sistances can be fairly accurately measured in the considered multiprobe
structure. Further, it would be interesting to confirm the relation between
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the thermopower and the “anomalous” term 7, either by substracting the
supercurrent part from the results or, for example, in a structure without the
central wire. The effect of the additional terms, present in short wires (due
to a finite A/E7r) or highly symmetric structures (due to the proximity-
induced temperature dependence in the resistances), would also be worth
studying, but perhaps more difficult to realize in practice.
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