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End-Winding Vibrations Caused by Steady-State Magnetic Forces
in an Induction Machine
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VTT Technical Research Centre of Finland, Espoo, Finland

We conducted a 3-D electromagnetic analysis coupled with a 3-D mechanical analysis to analyze end-winding vibrations and de-
formation in an induction machine caused by steady-state magnetic forces on the end winding. Both the analyses were based on the
finite-element method. The electromagnetic analysis was used to calculate magnetic forces. During the mechanical analysis, complex
support structures in the end region were simplified. We first updated and validated the mechanical model according to a modal model
obtained from a modal test, and afterward analyzed deformation, vibrations, and stresses. According to the analysis, the shape of the
rotary dynamic deformation of the end winding caused by dynamic forces is similar to the most excitable mode shape though the natural
frequency of that mode is much higher than the excitation frequency. The static deformation caused by static forces tends to expand the
coil ends outward. Under both types of deformation, the nose portion of the coil ends experiences larger displacement, but von Mises
stresses are larger mainly in the knuckle portion.

Index Terms—End winding, finite-element method, magnetic force, modal testing, vibration.

I. INTRODUCTION

I N LARGE radial-flux rotating electric machines, the stator
end-winding leakage field can cause time-varying magnetic

forces on the end winding [1]–[11], and further, the forces can
give rise to forced vibrations [7], [12]–[20]. The stator winding
is tightly fixed to the stator core, and therefore the core vibra-
tions may affect the end-winding vibrations [13]. On the other
hand, the end-winding vibrations may slightly affect the end-re-
gion magnetic field and further the magnetic forces on the end
winding. Consequently, the end-region magnetic field and the
end-winding vibrations are interactive.

Long-term end-winding vibrations might cause premature
winding failure [21], such as the degradation of the insulation
integration and the metal fatigue of the materials [15]. In
turbogenerators, the three-phase short-circuit current can be
10 times as large as the rated current [16], so relatively large
forces may be caused [22], which may aggravate the damage
to the end winding. Normally, the end winding is supported so
tightly that its vibration level is negligible. However, this may
be an expensive solution, and further, the cooling of the end
winding may be greatly affected by excessive support struc-
tures. Besides, the installation of support structures can change
the mechanical structure of the end region, such as natural
frequencies and mode shapes. If a certain natural frequency
is close to the frequency of the forces and a corresponding
mode shape is similar to the spatial distribution of the forces
at that frequency, a severe resonance may occur. As a result, it
is of importance to model the end-winding vibrations to find
optimum support structures.
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Most previous studies are focused on large turbogenerators,
possessing similar support structures and coil ends. In [7],
natural frequencies of the end winding under different sorts of
support structures were analyzed and responses to displace-
ment of the bars were concisely discussed. In [12], strains in
the insulation layer of the coil ends were analyzed when the
number of spacers between two coil ends was changed and
when a fatigue-life test was conducted. Reference [13] revealed
that the end-winding vibrations in synchronous generators were
stronger under leading power factors than under lagging ones
by taking the core vibrations into consideration. In addition,
a response model of the end winding was developed in [14]
with the use of proportional viscous damping, to identify the
most excitable modes and to find effects of the changes and
the deterioration of relevant structures. Furthermore, effects of
the end-winding vibrations on the insulation and the fatigue
of materials used in the coil ends were stated in [15]. In [16],
displacement caused by forces on the end winding under short
circuit and full load was discussed.

Some studies are concerned with the monitoring of the long-
term end-winding vibrations in large turbogenerators [17]–[20].
The state and the condition variables to monitor include voltage,
current, vibration signals, etc. Artificial intelligence algorithms,
e.g., neural networks, are often employed to analyze those vari-
ables. For instance, a feedforward and an auto-associative net-
work were used in [17].

The aforesaid vibrations also exist in large induction motors.
Support structures in those motors are normally different from
ones in large synchronous generators, since the power of the
former is around several MW, whereas the capacity of the latter
can reach several hundred MVA. Support structures might be
also different among large induction motors made by different
manufacturers. However, such a study of the end-winding vi-
brations in large induction motors the power of which is larger
than 1 MW has not been reported yet.

The end-winding vibrations in a 2.24-MW squirrel-cage in-
duction motor were studied. A 3-D electromagnetic and a 3-D
mechanical model were built, taking all support structures of
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TABLE I
MAIN SPECIFICATIONS OF TEST MACHINE

the end winding into account. The two models were coupled in
one direction and solved by finite-element method (FEM). Mag-
netic forces on the end winding obtained from the electromag-
netic analysis were used as excitation forces in the mechanical
analysis. During the mechanical analysis, the mechanical model
was updated according to an experimental modal test. In addi-
tion, a procedure for identifying correlated mode pairs (CMPs)
of the axisymmetric end winding was proposed and shown to
be capable of obtaining accurate values of modal assurance cri-
terion (MAC). In comparison with the previous studies, both
static and dynamic deformation as well as stresses caused by a
constant and a sinusoidal component of steady-state magnetic
forces were studied individually.

II. MODELS AND PROCEDURE FOR ANALYSES

The end region of a three-phase squirrel-cage induction motor
equipped with a diamond winding was studied. The diamond
winding consisted of form-wound multiturn coils, the detailed
description of which can be found in some books and papers,
such as [23]–[25]. Inside the stator winding, each coil was made
up of three turns in series and each turn consisted of three con-
ductors in parallel. However, in both of the models, the multiturn
coils were modeled as single turn coils, and the cross-sectional
area of a single turn coil was equal to that of a multiturn coil.
Because it was not possible to test the motor under full load in
the laboratory, the rotor was removed and only the stator was
tested. Table I lists the main parameters of the machine. Fig. 1
shows the electromagnetic model, which incorporated the me-
chanical model.

A. 3-D Electromagnetic Model

The 3-D electromagnetic model included mainly the end
winding and its support structures as well as the air region.
Moreover, the core end was included because it could be
affected by the stator end-winding leakage [26]. The end shield
and the frame were not modeled but they were replaced by
standard impedance boundary condition (SIBC) on their inner
surface [27], as shown in Fig. 1.

B. 3-D Mechanical Model

The 3-D mechanical model only comprised the end winding
and its support structures. The support structures comprised sup-
port blocks, strapping tapes, and support rings, as shown in

Fig. 1. The 3-D electromagnetic model (with part of the surface of the frame
and without the air region) and the 3-D mechanical model incorporated into the
electromagnetic model.

Fig. 4. The support blocks were fixed between two neighboring
coil ends to mainly decrease their relative motion in the - and
the -direction, where and denote the axial and the circum-
ferential coordinate. The strapping tapes were capable of fas-
tening two neighboring coil ends in the -direction to mainly de-
crease their relative motion in the - and the -direction, where

denotes the radial coordinate. The support rings, surrounding
all the coil ends, could restrict their motion in the -direction.
The material of the support structures was glass fiber. All the
support structures were installed at three different levels in the

-direction, as indicated in Fig. 1. On level 2 are just the support
blocks, and on levels 1 and 3 are all the three kinds of support
structures.

It was quite difficult to model the support structures exactly
as they were in the machine because of the limited computer
resources. In view of their positions, two solid rings were built
to model those support structures on levels 1 and 3. The axial
length of the ring was equal to that of the support blocks, and
the radial length covered both the inner and the outer layer of the
winding. Such rings could, to a large extent, possess the same
mechanical properties as the support structures in the machine.
The support blocks on level 2 were modeled as they were in the
machine. Fig. 1 shows clearly the model of those support struc-
tures. Besides, the multiturn coils exhibited anisotropic mechan-
ical properties, but the anisotropic properties were supposed to
be isotropic in the model because it was difficult to enforce the
anisotropic properties in the model.

C. Procedure for Analyses by Finite-Element Method

First, the 3-D electromagnetic model was solved, and the
magnetic forces on the end winding were calculated. Next, the
calculated forces were used as excitation forces in the 3-D me-
chanical model, and the end-winding vibrations and the defor-
mation were analyzed.

During the analyses by FEM, effects of the end-winding vi-
brations and the deformation on the end-region magnetic field
were omitted. The magnetomechanical properties of the stator
core, e.g., magnetostriction, were not covered. The deformation
of the stator teeth was partly caused by the Maxwell forces in
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the air gap [28], but it was omitted because the rotor was not in-
cluded. Hence, the stator core was supposed not to be deformed.
In addition, thermal effects causing stresses in the coil ends were
not considered.

III. ANALYSES BY FINITE-ELEMENT METHOD

A. Analysis of Electromagnetic Model

In the time-harmonic analysis, the stator winding was
supplied by a three-phase current source with an rms value

, where “ ” over a symbol means the rms value of the
field quantity symbolized by the symbol, denotes stator
phase current, the number of turns in series in the stator coil,
and the number of parallel branches of the stator winding.
The governing equation was

(1)

where “ ” under a symbol means the complex vector or the
phasor of the field quantity symbolized by the symbol,
denotes magnetic vector potential, source current density,

tensor reluctivity, tensor conductivity, and angular fre-
quency. A linear magnetization curve was adopted in the core.
Electric scalar potential was not solved, because the stator
current was known and eddy currents inside the stator coil were
omitted owing to the thin conductors there [29]. Besides, the
inclusion of would make the computation problem too large
for the computer.

On the inner surface of the frame and the end shield, SIBC
also called Leontovich boundary condition given by [30] was
enforced

(2)

where denotes electric field strength, magnetic field
strength, a unit normal vector on a boundary, and surface
impedance. On the other surfaces, either or

was enforced according to the direction of the
magnetic induction. A detailed explanation of SIBC can be
found in [31].

First-order tetrahedral and prismatic edge elements were
employed and the number of degrees of freedom (DOFs) was
973642. The weak formulation of the method of weighted
residual (Galerkin’s method) was used to construct the system
of equations.

B. Analysis of Mechanical Model

The mechanical model was a linear time-invariant (LTI)
multi-DOF (MDOF) system. The analysis covered two aspects:
free vibration and forced vibration. At first, a free-vibration
analysis was conducted to obtain a modal model, and then the
modal model was compared with one obtained from a modal
test to see whether the calculated modal model ought to be

Fig. 2. Diagram of the measurement set-up. DCM: dc motor; SG: synchronous
generator; test IM: test induction motor; and PC: personal computer.

updated or not. The undamped free-vibration analysis was
completed according to

(3)

where denotes mass matrix, stiffness matrix, the column
vector of displacement, and “ ” over a symbol means the second
derivative of the field quantity symbolized by the symbol with
respect to time.

Next, a forced-vibration analysis was conducted to analyze
the static and the dynamic deformation. Because the excitation
frequency was much lower than the possible resonant frequency
according to the modal test, the damping was omitted. The gov-
erning equation was

(4)

where denotes the column vector of force.
In the mechanical model, those surfaces between the coil

ends and the coil sides were forced to be stationary, because the
modal test revealed that those surfaces were almost fixed. The
other surfaces of the model were allowed to move freely.

Second-order tetrahedral nodal elements were employed in
both of the analyses, and the number of DOFs was 1 488 882.
The way in which the system of equations was constructed was
similar to the one mentioned in Section III-A.

IV. UPDATING AND VALIDATION OF MODELS

Validations of the models were completed by measurement,
and Fig. 2 shows a diagram of the measurement setup.

A. Validation of Electromagnetic Model

A search coil, made of enameled copper wire, was fixed along
a coil end, and its induced electromotive force (EMF) was mea-
sured. Magnetic induction was also measured at two points in
the end region and in the active region, respectively.

Table II lists calculations and measurements
. In Table II, denotes induced EMF, and , , and

the components of magnetic induction. The calculations are
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TABLE II
RESULTS OF VALIDATION IN TERMS OF MAGNETIC FIELD

Fig. 3. Measured spots on the coil ends and the stator core end for the impact
hammer test.

consistent with the measurements except for at the point in
the active region. The reason is that it was difficult to make the
probe of the meter exactly perpendicular to the direction of the
measured component.

B. Updating and Validation of Mechanical Model

During the validation, an impact hammer test was completed
to obtain a modal model. In the 4-pole machine, the wave
number of the fundamental of the rotating magnetic field was
2, while that of the fundamental of the steady-state magnetic
forces was 4 in the -direction. Therefore, at least 8 spots on the
end winding evenly distributed in the -direction were required
for measuring responses to identify the most excitable modes.
On account of the 3-D structure, responses were measured on
three different axial levels, with eight spots on each level, as
indicated in Fig. 3. Spots 1–8 were on the surface of the core
end to observe the core vibrations, spots 9–16 were on the
surface of the knuckle portion of the coil ends, and spots 17–24
on the surface of the nose portion. Furthermore, a reference
spot on the frame was chosen to eliminate effects of the varying
operating conditions during the test.

Impact forces with a cut-off frequency 1.2 kHz were exerted
on spot 17 from the -, the -, and the -direction. Acceleration
at each spot was measured in the corresponding direction by a
triaxial piezoelectric accelerometer. A part of the experimental
set-up is shown in Fig. 4.

A column of entries in a symmetric frequency response func-
tion matrix was obtained during the modal test, which sufficed
for obtaining a modal model [32].

After the modal test, experimental mode shapes were com-
pared with nine calculated ones, and values of MAC were com-
puted to identify CMPs. The function of MAC is to provide a

Fig. 4. Part of the experimental set-up for the impact hammer test.

measure of the consistency between estimates of mode shape
vectors originating from different sources [33], such as from a
numerical computation and from an experimental modal test.
MAC is defined as a scalar and is bounded between 0 and 1. A
value of 0 means that two compared mode shape vectors are not
consistent totally, whereas a value of 1 means that they are ex-
actly consistent. In this paper, values of MAC were computed
based on

(5)

where and denote experimental and calculated mode
shape vector, respectively and “H” near a symbol means the
Hermitian transpose of the matrix symbolized by the symbol.

was computed from (3) relating to the eigenvalues of a
matrix. The matrix of eigenvalues, , and that of corresponding
eigenvectors, i.e., mode shape vectors, , were written as

and , re-
spectively, where and denote the eigenvalue and
the corresponding eigenvector of mode , .

The end winding was almost axisymmetric, so calculated
mode shapes were not fixed and they could be shifted in the

-direction. However, experimental mode shapes were fixed on
account of the fixed measured spots. Therefore, at first, those
points lying at the position of the measured spots in Fig. 3 were
chosen in the model. Mode shape vectors were calculated based
on those positions, and then values of MAC were computed.
Next, those points for calculating mode shapes were shifted by
a stator slot pitch, i.e., 5 , in the -direction. Mode shape vec-
tors were calculated again based on the updated positions, and
values of MAC were computed again. The shift in calculated
positions was not halted until 72 slot pitches were shifted, and
values of MAC were computed under each shift. During those
shifts, experimental mode shape vectors were kept constant.

Usually mode shapes of the end winding are viewed from
the -direction, for variations in the - and the -direction are
more interesting. Because the end winding was a cylindrical
structure to some extent, it would be convenient to describe its
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Fig. 5. Comparisons of CMPs before and after the model updating. (a) Before
the model updating. (b) After the model updating.

mode shapes by the wave number of ring modes of a cylin-
drical structure in the -direction [34]. Among the above calcu-
lated modes, there existed double modes which had equal nat-
ural frequencies due to repeated roots of the characteristic equa-
tion [35], and one mode shape the wave number of which was

could be obtained by rotating the other one by 90 in the
-direction. The existence of double modes is commonplace in

many structures [35].
A comparison is plotted in Fig. 5(a). It is evident that the

points lie on the dash-dotted line, the slope of which is not 1.
The most possible reason was erroneous material properties ac-
cording to [35]. The calculated natural frequencies are system-
atically almost twice as high as the corresponding experimental
ones, which indicates that the mechanical model required being
updated to make the points in Fig. 5(a) concentrated on a line
the slope of which is 1 and to make values of MAC for all CMPs
as close to 1 as possible.

In fact, natural frequencies of a mechanical structure are
related mainly to its geometric shape, mass, stiffness, and
boundary conditions. Moreover, numerical computations of
natural frequencies may be affected by the set-up of numerical
models, such as the order of elements and the structure of a
mesh. However, the set-up of that mechanical model was con-
sidered fixed during the model updating. According to [32], the
geometric shape of the mechanical model proved reasonable,
for the points in Fig. 5(a) are concentrated on a line instead
of being scattered irregularly around a line. The mass and the
boundary conditions of the model were set up according to the
real end winding and the real physical situation. Therefore, the
stiffness was the parameter to revise.

As discussed in Section II, because of the limitations of the
modeling conditions, the multiturn stator coils were simplified
as homogeneous single turn coils, and a combination of different
support structures made of glass fiber was also simplified as
two solid rings. Therefore, the whole mechanical model was,
to some extent, different from the real structure and exhibited
stronger stiffness than the real structure. The above calculated
natural frequencies were inaccurate when original mechanical
properties of the materials were still used.

In general, the modal stiffness of a solid body is determined
by its material properties such as the Young’s modulus and
the Poisson’s ratio, its geometric structure, and its boundary
conditions. As a matter of fact, the geometric structure and
the boundary conditions of the mechanical model have been

Fig. 6. Values of MAC as a function of circumferential shift in the calculated
positions. (a) CMP 1. (b) CMP 2. (c) CMP 3. (d) CMP 4.

discussed above, so the main parameters to revise should be
the mechanical properties. To find sensitivity of the natural
frequencies to the material properties, a series of simulations
were completed, in which the Young’s moduli and the Poisson’s
ratios were changed respectively. By comparison, it was found
that Young’s modulus played a much more important role in
dominating the natural frequencies than Poisson’s ratio, so
Young’s modulus was the main parameter to revise. Therefore,
the Young’s modulus of copper was decreased from 128 GPa to
33 GPa, and that of glass fiber was from 80 GPa to 20 GPa. To
make values of MAC as high as possible, the Poisson’s ratios
were also revised slightly.

After the model updating, a calculated modal model was com-
pared with the experimental one again. Values of MAC as a
function of circumferential shift in calculated positions were
shown in Fig. 6. All the values of MAC fluctuate periodically ac-
cording to circumferential shift, and the fluctuation periods are
dependent upon the aforementioned wave number . In Fig. 6,
only the maximum values of MAC have practical meaning for
the CMPs, and the maxima for CMPs 1–4 are 0.88, 0.72, 0.80,
and 0.95, respectively. Though they are not equal to 1, those
values still indicate that the calculated mode shapes were, to
a large extent, consistent with the experimental ones, since it
was difficult to make all the aforesaid values of MAC equal
to 1 for this complex structure. Actually, the aforementioned
CMPs 1–4 were determined according to Fig. 7, which shows
values of MAC for different combinations. Those combinations
whose values of MAC are close to 1 were regarded as CMPs,
so there were eight combinations in total, as shown by the eight
tall blocks in Fig. 7. However, because calculated modes 1–2,
3–4, 5–6, and 8–9 were double modes, only one of them was in-
cluded. Hence, there were eventually four CMPs, as mentioned
above. What needs to be mentioned is that calculated mode 7
was not found clearly in the modal test, and the reason might be
its high modal damping. Furthermore, Fig. 5(b) plots a compar-
ison after the updating, and the points lie mainly on the dotted
line, the slope of which is 1.
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TABLE III
COMPARISON OF TWO MODAL MODELS

Fig. 7. Values of MAC for different combinations of the experimental modes
and the calculated modes.

Fig. 8. Views of the calculated mode shapes correlating with lower natural
frequencies from the �-direction. Warm colors: large relative amplitude; cool
colors: small relative amplitude. (a) Mode 1 �� � ��. (b) Mode 3 �� � ��. (c)
Mode 5 �� � ��. (d) Mode 7 �� � ��. (e) Mode 8 �� � ��.

V. RESULTS AND ANALYSIS

A. Calculated and Experimental Modal Model

The undamped mode shapes correlating with lower natural
frequencies are shown in Fig. 8. With respect to those double
modes, only one of them was shown. The mode shape of mode
8 in Fig. 8(e) corresponds to the steady-state magnetic
forces in the 4-pole machine.

The calculated modal model was compared with the exper-
imental one, as shown in Table III. In the experimental modal
model, modal damping was supposed and no point damping was
considered. As a matter of fact, it was difficult to find certain
modes with high modal damping during the modal test. The nat-
ural frequency of mode 8 or mode 9 , which corresponds
to the magnetic forces, is 315.6 Hz, which is much higher than
the excitation frequency, 100 Hz, so the damping does not have
an important effect on the forced vibrations.

B. Magnetic Forces and Deformation

Magnetic forces on the stator end winding were classified as
Lorentz force [22], and the force density was defined by

, where and denote current density and magnetic
induction, respectively. Under the time-harmonic analysis, the
magnetic force density in the coil ends was

(6)

where “ ” over a symbol means the amplitude of the field quan-
tity symbolized by the symbol, , , and denote the force
components, , , and the constant components,

, , and the sinusoidal components, , , and
the phase angles, the angular frequency of the stator

field, and time. Obviously, each force density component
consisted of a constant component and a double-frequency
sinusoidal component, so the force also comprised a static and
a dynamic component. Because of the LTI characteristic, the
above two components were tackled individually.

The static components, , , and , would not lead
to vibrations but static deformation. The magnitude of the static
force density was calculated by

(7)

Fig. 9 shows the distribution of . In Fig. 9, every phase belt
comprising six stator coils experiences the same static forces. In
the coil ends except the portion close to the core, relatively large
force density in each phase belt appears in the involute portion
of the first coil end along the direction of the rotating magnetic
field, and the force density gets smaller in the rest of the coil
ends. The force density in the involute and the knuckle portion
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Fig. 9. Distribution of ���� � in the stator end winding.

Fig. 10. Static deformation caused by � , � , and � . (a) View from the
�-direction. (b) View from the �-direction.

of the coil ends, marked by the ellipse, is much larger than the
one in the nose portion.

The deformation was dependent on displacement at each of
the nodal points. Fig. 10 shows the static deformation caused
by , , and . It is visible that the end winding is
expanded outward due to the static forces. The deformation of
the nose portion of the first coil end is stronger than that of
the nose portion of the other coil ends in a phase belt, and the
maximum displacement is . Although the involute
and the knuckle portion experience larger static forces, strong
static deformation appears at the nose portion, as marked by the
ellipse in Fig. 10(a).

The dynamic components, , , and , would lead
to forced vibrations, which might cause a resonance. The mag-
nitude of the dynamic force density at a certain instant was
calculated by

(8)

Fig. 11. Distribution of ���� � in the stator end winding.

Fig. 11 shows the distribution of at the instant when the
current of phase A reaches the maximum. The distribution of

rotates in the same direction as the magnetic field. Though
the current of phase A reaches the maximum in Fig. 11, rela-
tively large dynamic force density does not appear in the phase
belt of phase A. Like the static forces, in the coil ends except
the portion close to the core, the involute and the knuckle por-
tion experience larger dynamic forces than the nose portion, as
marked by the ellipse.

The corresponding deformation based on the computation of
operating deflection shapes is illustrated in Fig. 12. Though
is larger in the involute and the knuckle portion, stronger defor-
mation appears at the nose portion, as marked in Fig. 12(a) by
the ellipse with a solid line. The maximum displacement in the
forced vibrations is . In addition, the deformation
of the nose portion of the coil ends in two successive phase belts
is in the opposite direction at a certain instant, as shown by the
ellipse with a dash line. In a phase belt, e.g., the one indicated
in Fig. 11, the dynamic deformation at the nose portion of coil
ends 1–6 is also different. Fig. 13 shows the magnitude of dis-
placement of each coil end as a function of solution angle, and
it can be seen that the nose portion of the outermost coil ends
1 and 6 experiences larger displacement than that of the other
four coil ends. Due to the rotary distribution of , the defor-
mation also rotates in the same -direction. Another important
phenomenon is that the dynamic deformation correlates with the
mode shape of mode 8 or mode 9 , though the excitation
frequency, 100 Hz, is much lower than the natural frequency of
mode 8 or 9, 315.6 Hz.

C. Real-Time Measurement of Forced Vibrations

During the measurement of forced vibrations, the supply
voltage varied at a frequency of 50 Hz, and real-time acceler-
ation at spots 17–24 marked in Fig. 3 was measured by eight
triaxial piezoelectric accelerometers.

Acceleration at spots 1–16 was not measured since vibration
levels at those spots were small by comparison with those
at spots 17–24. By integrating the acceleration twice, corre-
sponding displacement was obtained. Only under the dynamic
forces did the acceleration exist, so the displacement obtained
correlated with the dynamic forces. The components of the
displacement at spot 20, and the discrete Fourier transform
(DFT) of those components based on an algorithm of fast
Fourier transform, are shown in Fig. 14. In fact, measurements
of the displacement based on 100-Hz components were around
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Fig. 12. Dynamic deformation caused by � , � , and � . (a) View from
the �-direction. (b) View from the �-direction.

Fig. 13. Calculated magnitude of displacement at the nose portion of each coil
end in a phase belt as a function of solution angle.

10%–30% larger than calculations at all the spots, which might
result from the following two aspects. One is that the end-region
magnetic field and the end-winding vibrations were interactive
but the interaction was not covered in the calculation by FEM,
and the other is that the structure of the end winding was not
exactly axisymmetric due to manufacture but the calculation
used an exactly axisymmetric model. In addition to the expected
100-Hz components, in Fig. 14, notable 50-Hz components
are found. Actually, 50-Hz components were detected in all
the measured spots, and they had a considerable effect on the
time-domain waveforms.

To find the reason for the 50-Hz components, similar mea-
surement was completed, in which the supply voltage varied at
a frequency of 25 Hz. Under the circumstances, the sinusoidal
components of the forces should vary at a frequency of 50 Hz.
After checking the DFT of the components of displacement, no-
table 25-Hz components were found in the frequency domain.
Therefore, the presence of the 25-Hz and the aforementioned
50-Hz components resulted from the measurement. The electro-
magnetic sensitivity of the accelerometers was 1.4 , where

denotes the acceleration of gravity. And the electromagnetic
sensitivity was regarded as the main reason. In addition, there

Fig. 14. Time-domain and frequency-domain analysis of the displacement. (a)
The components of the displacement at spot 20 in the time domain. (b) The DFT
of the radial displacement. (c) The DFT of the circumferential displacement. (d)
The DFT of the axial displacement.

was a 4.7-mA dc current inside the connection wire, and that
it interacted with the time-varying magnetic field caused forces
on the wire, which also affected the measurements.

D. Stresses

The von Mises criterion is one of the yield criteria for duc-
tile materials [36]. Corresponding von Mises stresses , i.e.,
equivalent scalar stresses expressed by principal stresses, were
calculated in the mechanical model by

(9)

where , , and denote principal stresses. Under the static
deformation, the maximum was 0.096 MPa, and under the
dynamic deformation, the maximum was 0.111 MPa. In both
the cases, the maxima appeared in the knuckle portion of the
coil ends. Compared with the yield strength of copper, 69 MPa,
the maxima were small.

Metal fatigue, on account of repeated stresses in copper con-
ductors of the end winding, was also evaluated. Because the
magnetic forces on the end winding were like fluctuating loads,
corresponding stresses could be divided into mean stress and
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alternating stress. Goodman relationship, accounting for effects
of mean stress on the fatigue life of a material [37], was used
according to [38] by

(10)

where “ ” over a symbol means the mean of the field quan-
tity symbolized by the symbol, denotes stress, the desired
fatigue strength for zero mean stress, and the tensile stress
of a material. In most of the literature, copper was regarded
as a metal without an obvious endurance limit [38]. Moreover,
different types of copper have different S-N curves also called
Wöhler curves, such as annealed copper and stretched copper
[39], and their fatigue strength can also be affected by temper-
ature and pressure [40]. In this paper, mechanical properties
of annealed copper were used. and were 75 MPa and
220 MPa, respectively. Inside the copper conductors, the max-
imum level of calculated mean and alternating stress was in a
magnitude of 0.01 MPa, which was much smaller than and

. Therefore, when the mean and the alternating stresses were
taken into (10), their points in the plane of a Goodman
diagram were definitely below the Goodman line.

VI. CONCLUSIONS AND DISCUSSIONS

This paper gives a deeper understanding of end-winding
vibrations in a large induction motor. End-winding vibrations
caused by the steady-state magnetic forces and corresponding
deformation are analyzed based on a 3-D electromagnetic
analysis coupled with a 3-D mechanical analysis. The analyses
are carried out by FEM and both are validated.

The spatial distribution of the static deformation, due to the
static magnetic forces, is the same in every phase belt, but in a
phase belt, different coil ends have different degrees of defor-
mation. There is strong static deformation at the nose portion of
the coil ends, but von Mises stresses in the knuckle portion are
larger. On the other hand, the dynamic magnetic forces cause
forced vibrations and further dynamic deformation. The defor-
mation is rotary in the circumferential direction. And its spatial
distribution, to some extent, correlates with the mode shape the
wave number of which is equal to that of the forces, although the
excitation frequency is much lower than the natural frequency
of that mode. Like the static deformation, the nose portion of the
coil ends experiences stronger deformation, but relatively large
von Mises stresses are found in the knuckle portion. The max-
imum von Mises stresses are absolutely small in comparison
with the yield strength of copper, and the points of the mean
and the alternating stresses are far below the Goodman line in a
Goodman diagram. As a result, the metal fatigue of the copper
conductors is not important.

The mode shapes of the end winding of the induction motor
correlating with lower natural frequencies are similar to those
of large turbogenerators. However, the overall levels of the end-
winding steady-state vibrations are small, by comparison with
those in large turbogenerators reported in such as [13], [16]. Fur-
thermore, effects of the core vibrations on the end-winding vi-
brations can be omitted in the induction motor, but those effects
need to be considered in some large turbogenerators as reported
in [13].

In fact, the end region is the most complex structure in large
induction machines, and it has to be analyzed in 3-D space. To
study the end-region magnetic field and the end-winding vibra-
tions, 3-D analyses based on FEM, currently, are the most appro-
priate means. However, even if modern computers are powerful,
such 3-D analyses are still challenging, and some assumptions
and simplifications are still required. For instance, in the models,
the nonlinear magnetization characteristic of the core and the
nonlinear mechanical properties are not covered; the complex
support structures of the end winding are simplified, etc. There-
fore, validations, as well as further model updating, are neces-
sary for both the electromagnetic and the mechanical model. It
is well known that time-dependent analyses by FEM can give
more accurate results for nonlinear models, but, for models of
the end region, they are extremely time-consuming and require
plenty of computer resources. Hence, when nonlinearity in the
end region is not strong, time-harmonic analyses based on FEM
are a relatively fast and accurate method for electromagnetic and
mechanical analysis of the end region.
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