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Two-dimensional finite-element-method (2-D FEM) calculations are widely used in electric machine modeling instead of three-dimen-
sional calculations because of their faster calculation time and simplicity. However, the 2-D calculations ignore end effects, causing a
large error in calculating eddy currents in permanent magnets of synchronous machines. In this paper, we develop three analytical
models and one curve-fitting model based on numerical calculations. The models improve the eddy-current loss calculation accuracy in
2-D FEM. The method adjusts the resistivity of a magnet material according to magnet dimensions. The adjustment takes into account
the resistivity, the temperature dependence, and anisotropy of the resistivity of rare-earth magnet materials. We compare the models
against FEM calculations in two and three dimensions and show that all the models improve the eddy-current loss calculation accuracy
significantly, especially when the time-harmonic caused eddy-current losses in permanent magnets are considered.

Index Terms—Eddy current, finite-element analysis, magnetic field modeling, permanent magnets.

I. INTRODUCTION

A N eddy-current calculation of an electric machine is a
three-dimensional (3-D) problem by its nature. However,

3-D analytic calculations are possible in a few geometries
only, and 3-D finite-element-method (FEM) calculations can
still be far too time consuming in a practical design work. For
this reason, two-dimensional (2-D) analytic and finite-element
eddy-current calculations are widely used.

A radial-flux electric machine has a transversal symmetry
along the axis of rotation, which makes 2-D calculations reason-
able: the calculated geometry is the middle cut-plane of the ma-
chine. For longer machines this 2-D approximation gives better
results, because the end effects of the machine do not have such
an influence on the total performance. For eddy-current calcu-
lations of the permanent-magnet machine, however, the situa-
tion is different: for practical manufacturing reasons, the largest
dimension of modern permanent magnets normally is around
100 mm, while a modern large machine in MW category can
have a rotor around 1 m long [1]. It is also possible that magnets
in a machine are axially cut to pieces to reduce eddy currents
[2], [3]. In each magnet, there exists an axial eddy current in
the magnet sides but also a circumferential eddy current at the
magnet ends, which is excluded from 2-D calculations. These
circumferential eddy currents in adjacent magnet ends almost
cancel each other from the field solution point of view, but these
currents still cause losses (Fig. 1). Because of this, the 2-D fi-
nite-element analysis of permanent-magnet machine does not
give accurate results, when eddy currents in permanent magnets
are considered.

The 2-D finite-element analysis still is far more computa-
tionally efficient than the 3-D finite-element analysis. Analyt-
ical equations are naturally even more effective in use. Thus,
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Fig. 1. Eddy currents in an axial row of magnets in a radial-flux machine (a).
Circumferential eddy currents in permanent magnets almost cancel each other in
the middle magnet ends (b) making 2-D approximation solid from the field so-
lution point of view. These circumferential currents still cause losses (c) making
2-D approximation inaccurate from the eddy-current point of view.

it makes sense to use 2-D analysis or analytical equations in
eddy-current calculations of electric machines. Markovic and
Perriard have compared analytical and 2-D FEM eddy-current
calculations in a slotless cylindrical machine configuration [4],
[5].

The goal of this study is to develop an analytical model, which
improves the eddy-current loss calculation accuracy in 2-D fi-
nite-element analysis when compared to similar 3-D analysis.
The method used is to adjust the electric resistivity of perma-
nent-magnet material according to the magnet dimensions. This
idea of adjusting resistivity has been used before by Kesava-
murthy et al. [6] in calculating a solid rotor induction motors
and by Deak et al. [7], [8] for permanent-magnet motors. In
the present study, the resistivity will be adjusted also according
to the magnet temperature and the anisotropy of resistivity of
Nd–Fe–B material [9].

II. SOURCES OF EDDY-CURRENT LOSSES

Eddy currents in permanent magnets in an electric machine
are mainly caused by two reasons: time-harmonics by nonsinu-
soidal input waveform and space-harmonics by nonconstant re-
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Fig. 2. Machine geometries used to estimate the relative importance of time-
harmonics and space-harmonics. The topmost machine is a two-pole machine
of 60 kW. The machine on the bottom is a six-pole salient-pole machine of
720 kW.

luctance because of stator slotting [7], [10]. In this paper, the
terms “time-harmonics” and “space-harmonics” are based on
the stator point of view.

In this section, the relative importance of different eddy-cur-
rent sources is studied by calculating the eddy-current losses
in permanent magnets with two different machine geometries
(Fig. 2) using 2-D FEM:

• 60 kW, 9000 rpm, 400 V, two-pole machine with 14 mag-
nets circumferentially in one pole;

• 720 kW, 240 rpm, 690 V, six-pole salient-pole design with
pole shoes.

Themachineswerefirst fedwith thesinusoidal inputwaveform
and then with the pulsewidth modulation (PWM) waveform. The
eddy-current losses in the magnets were calculated in both the
cases. By comparing the results, the relative importance of the
different eddy-current sources for the machines can be studied.

The eddy-current losses in the permanent magnets with
sinusoidal input are caused by the space-harmonics only, be-
cause the synchronous sinusoidal input does not cause any
time-varying field in the rotor. The eddy-current losses with
PWM input are caused with both the space-harmonics and
time-harmonics. The harmonic frequencies of the input current
are causing a time-varying field in the rotor, causing long-wave
time-harmonics. However, the harmonics of the input current
also increase the significance of the space-harmonics in the rotor.
Thus, it is not possible to completely separate the source of the
eddy-current losses.

Theeddy-currentlossesinthemagnetsofthetwo-polemachine
were 37 W with the sinusoidal input waveform and 480 W with
the PWM input. The results for the six-pole design were 1 W and
620 W, respectively. Thus, it can be seen, that the eddy current
caused by the space-harmonics with the sinusoidal input current
are a lot smaller than the eddy-current losseswith the PWM input,
including both time-harmonics and space-harmonics.

III. ANALYTICAL MODELS

In this section, three analytical models are derived to calculate
the eddy-current loss caused by time-harmonics in permanent
magnets in 3-D. A magnet in a rotor is normally wider than one

Fig. 3. Eddy-current path in a magnet in models A, B, and C.

stator slot pitch in a traditionally wound machine, thus the eddy
currents caused by stator slotting form several loops in a single
magnet, while eddy currents caused by time-harmonics form a
single eddy-current loop in a magnet. The assumptions made
when deriving these equations limit the study to eddy currents
caused by time-harmonics. The 2-D- and 3-D-models derived
here are based on the following assumptions.

• The magnetic flux density is uniform throughout a
magnet.

• The problem is resistance limited, i.e., the frequency is rel-
atively low.

• The eddy current flows in one plane, i.e., the eddy-current
density is the same through the thickness .

A. 2-D Model

Polinder and Hoeijimakers have derived a formula for eddy-
current loss density [11], [12] (A1 in the Appendix). The eddy-
current loss in a magnet with dimensions , and (length,
width, and thickness, respectively) is presented in (A2) of the
Appendix.

B. 3-D Models

Three equations to calculate the eddy-current loss in 3-D
cases are derived. Model A assumes that the eddy current flows
parallel to the magnet sides, and then turns 90 at the diagonal
line of the magnet (Fig. 3). Model B assumes that the eddy
current flows parallel to the magnet sides in the middle of a
magnet, but at the ends of the magnet, the eddy current flows a
circular path (Fig. 3). The third model, model C, assumes that
the eddy current flows parallel to the magnet sides in the middle
of a magnet, but at the ends of the magnet, the eddy current
turns 90 at a line coming from a magnet corned at an angle
of 45 respective to the magnet end (Fig. 3). All three—(A3),
(A4), and (A5)—are presented in the Appendix.

IV. NUMERICAL CALCULATIONS

A. Simulations

To compare the results of the 3-D and 2-D eddy-current cal-
culations, a generic numerical model for 3-D and 2-D FEM
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Fig. 4. Structure of a model used to define correction factor between 2-D and
3-D eddy-current losses numerically. There is a magnet on the top of an iron
plate. Above the magnet there is an array of conductors.

calculations was designed (Fig. 4). The model represents one
pole length of a surface magnet machine. In the model, there
is a block of permanent-magnet material on nonconductive soft
iron. The magnet was modeled as a nonmagnetized, but con-
ductive object. Above the magnet, there is a row of conductors,
which were fed with sinusoidal currents. The phase difference
between different conductors was such that the flux density cre-
ated a standing half-wave on the magnet. The magnet width was
80% of this half-wavelength, which is a typical magnet width
relative to the pole width.

Both 3-D and 2-D modeling were done by using a commer-
cial 3-D FEM software. The 2-D modeling was obtained from
the 3-D model just by changing the boundary conditions at the
magnet ends. In the 2-D model the current density was set to
be perpendicular to the magnet end along the length, while in
the 3-D model the current density was set to be parallel to the
magnet length.

Three different magnet sizes were modeled
(length width height):

• 75 75 18 mm
• 50 18 8 mm
• 50 62 8 mm .

B. Results

The simulations were performed by changing one variable at
a time. The changed variables were the mechanical dimensions
of the magnet and the input frequency. In every case, the eddy-
current loss in a magnet was calculated both in three and two
dimensions.

At low frequencies, the 2-D calculations gave too-high eddy-
current losses compared to the 3-D results, but at higher frequen-
cies, the situation changes: The losses given by 3-D calculations
were higher than the losses given by 2-D calculations in higher
frequencies. The loss ratio between 3-D and 2-D calculations
can be found in Fig. 5 for all the three modeled magnet sizes.

When the applied frequency is small, the eddy-current loss
ratio between the 3-D- and 2-D-calculations remains approxi-
mately constant, as can be seen in Fig. 5. In these cases, the
problem is clearly resistance limited.

A number of simulations were done by changing only the
magnet length but keeping the width and height constant and
the input frequency at 100 Hz. It was noted that the loss ratio

Fig. 5. Ratio between the 3-D and 2-D FEM calculated eddy-current losses for
three magnet sizes as a function of frequency.

Fig. 6. Relative loss between 3-D and 2-D as a function of� in (1) for magnet
A, B, and C. The input frequency used was 100 Hz. The thick black curve is
fitted to the data. The fitting function is called model X in this paper.

between the 3-D and 2-D cases of three different magnets shows
quite a similar behavior, if it is plotted as a function of

(1)

where

magnet thickness (mm);

magnet length (mm);

magnet width (mm) (Fig. 6).

C. Curve Fitting

A curve fitting was made to the data in Fig. 6. It was noted
that the following function gives quite a good agreement with
the simulated results while it also is quite simple

(2)
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TABLE I
TRANSVERSAL RESISTIVITIES AND CURVE FITTING DATA OF SmCo ,

Sm Co , AND Nd-Fe-B MATERIALS [9]

where constant: 3 mm.
This function will be called model X later in this text. Of

course, the use of this function is restricted to low frequencies
as can be seen from Fig. 5.

V. SUGGESTED 2-D/3-D CORRECTION

In this section, a model is suggested to improve the accuracy
of 2-D FEM eddy-current analysis by introducing a correction
factor to modify the resistivity of permanent-magnet material.

A. Anisotropy

The resistivity of sintered Nd-Fe-B, SmCo , and Sm Co is
anisotropic [9]. The resistivity is different in the magnetic ori-
entation direction of the magnetic material than perpendicular
to the orientation direction (transversal resistivity). Normally,
the eddy currents circulate in a permanent magnet in an electric
machine in a plane perpendicular to the orientation direction and
thus only the transversal resistivity should be considered in 2-D
FEM eddy-current calculations. Only in very accurate eddy-cur-
rent calculations in 3-D, the anisotropic resistivity must be con-
sidered [13].

B. Temperature Dependence

The transversal resistivity of modern high energy-product
permanent-magnet materials as a function of temperature is a
relatively linear function over the temperature range of interest
for most electric machines. The coefficients a and b for linear
equation (3) for resistivity for sintered rare-earth magnets can
be found in Table I based on the measurements by Ruoho et al.
[9]

(3)

C. 3-D/2-D Correction

In this paper, three analytical models and one curve-fitting
model based on numerical calculations are developed to im-
prove the 2-D calculation accuracy. The 3-D/2-D-correction
factor F is calculated as follows:

(4)

For example, the calculation formula to make the 3-D/2-D-cor-
rection based on model A is

(5)

Fig. 7. Correction factor between 3-D and 2-D eddy-current losses for magnet
B (width � �� mm, thickness � � mm) as a function of magnet length calcu-
lated with FEM and with models A, B, C, and X. The input frequency in FEM
model was 100 Hz.

This equation has been obtained by dividing (A3) by (A2)
(see the Appendix). The correction factors according to models
B and C can be derived in similar manners. The correction
factor according to the numerical calculations, model X, is
mentioned earlier in (2). The correction factors calculated
with different models as functions of magnet length with fixed
width and thickness are presented in Fig. 7. A FEM-calculated
correction factor for a certain magnet size (length: varying,
width: 18 mm, height: 8 mm) is also presented in Fig. 7 for
comparison purposes.

D. Model

The model to adjust the resistivity of permanent magnets ac-
cording to temperature and shape is simply

(6)

where a and b are coefficients (Table I) to calculate the
transversal resistivity as a function of temperature and F is
the 3-D/2-D-correction factor, which can be calculated by the
analytical models or by the model X.

VI. MODEL COMPARISON

A six-pole machine (Fig. 8) [13] was simulated to verify
the models A and X. Two different current input waveforms
were used, while the machine was rotated at a constant speed
of 6000 rpm. The sinusoidal 300 Hz input waveform causes a
magnetic field that rotates at the same speed as the rotor, causing
mostly an increase of space-harmonics. The sinusoidal 3 kHz
input waveform is causing also time-harmonics, and thus it is
more in the scope of this model verification. This problem is
considered well resistance limited, because both the input fre-
quencies are quite low. The results of the simulations are pre-
sented in Table II.

At first, the 2-D and 3-D eddy-current losses in permanent
magnets were calculated using a resistivity of 1.32 m. The
2-D calculation gave higher losses than the 3-D calculation.
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Fig. 8. Structure of the six-pole machine used to model eddy currents [13].

TABLE II
EDDY-CURRENT LOSS IN PERMANENT MAGNETS

The difference was % for the 300 Hz input and %
for the 3 kHz input. Then, the 2-D calculations were repeated
with the modified resistivities. The magnet size of this machine
was 30 13.5 4.5 mm (length width thickness) causing
the following correction factors: 0.62 by model A and 0.70 by
model X. The modified resistivities resulted 2.13 m and
1.89 m, respectively.

The 2-D calculations of eddy-current losses in the permanent
magnets with the modified resistivity showed an improved ac-
curacy when compared to 3-D calculations. With model A, the
difference in eddy-current losses was % with the 300 Hz
input and % with 3 kHz. With model X, the result differ-
ences were % and %, respectively.

The models A, B, C, and X were developed to improve the
calculation accuracy of eddy currents caused by time-harmonics
in 2-D FEM calculations. This explains why the accuracy with
the 300 Hz input remained lower after the correction: the 300 Hz
input does not cause time-harmonics in this design. With 3 kHz-
input, however, the calculation accuracy improved significantly:
from % to %, when model X was used.

In machine designs, where the time-harmonics are the major
source of eddy currents in permanent magnets, the 2-D calcula-
tion accuracy of eddy-current losses in permanent magnets can
be significantly increased by using a resistivity value, which is
modified according to the shape of the permanent magnet.

VII. CONCLUSION

Three analytical models to estimate the eddy-current loss dif-
ference in 3-D and 2-D calculations by magnet shape were de-
rived. A generic numerical model for FEM calculations was de-
veloped to study the same problem. A curve-fitting model based
on the numerical calculations was established.

A model to improve the 2-D FEM eddy-current loss calcula-
tion accuracy was suggested based on adjusting the magnet re-
sistivity according to the temperature and shape of magnets. The
models were tested by calculating the eddy-current losses of a
permanent-magnet motor with FEM. The calculations were per-
formed in 3-D and in 2-D. The 2-D calculations were repeated
with adjusted magnet resistivity. It was discovered that in ma-
chine designs where the major source of eddy currents in perma-
nent magnets is caused by the time-harmonics, a significant im-
provement in the 2-D calculation accuracy of the eddy-current
losses in permanent magnets can be achieved with the methods
proposed.

APPENDIX I

Analytical equations for the total eddy-current losses in a per-
manent magnet in 2-D geometry and in 3-D geometry according
to models A, B, and C are presented in this Appendix. The losses
are calculated with the following assumptions.

• The magnetic flux density is uniform throughout a
magnet.

• The direction of is perpendicular to the plane formed by
dimensions and .

• The problem is resistance limited, i.e., the frequency is rel-
atively low.

• The eddy current flows in one plane, i.e., the eddy-current
density is the same through the magnet thickness .

2-D Case
In the 2-D case there is an additional assumption, according to

which all end-effects of eddy currents are neglected: The eddy-
current loss density in a magnet in 2-D case is

(A1)

where

eddy current loss (W);

magnet volume (m );

electric resistivity ( m);

magnet width (m);

magnet length (m);
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magnet thickness (m);

magnetic flux density (Vs/m );

time (s).

Equation (A1) is derived in [11] and [12].
Thus, the eddy-current loss power in a magnet is

(A2)

3-D Case: Model A
In model A, the eddy current takes a rectangular path pre-

sented in Fig. 3. The eddy-current loss power in a magnet ac-
cording to model A can be derived as follows: According to
Faraday’s law:

If the resistivity is isotropic constant, and if the flux density is
uniform over the integration surface, the following applies:

When this is applied to a geometry described in Fig. 9, the fol-
lowing relation is obtained:

Because of the geometry, the variables and and quantities
and are related as follows:

The eddy-current loss power in a magnet is

When and are substituted, the equation takes the fol-
lowing form:

Fig. 9. Geometry used to derive the equations for model A.

After integration, the eddy-current loss power in a magnet ac-
cording to model A is solved:

(A3)

3-D Case: Model B
In model B, the eddy current takes a straight path in the

middle part of a magnet and a circular path at the magnet ends.
The path is presented in Fig. 3. The equation for the eddy-cur-
rent loss according to model B can be derived in similar
manners than the equation for the model A. The eddy-current
loss power in a magnet according to model B is

(A4)

Equation (A4) was derived using a computer.
3-D Case: Model C

In model C, the eddy current takes a rectangular path pre-
sented in Fig. 3. The equation for the eddy-current loss ac-
cording to model C can be derived in similar manners than the
equations for the models A and B. The eddy-current loss power
in a magnet according to model C is

(A5)

Equation (A5) was derived using a computer.
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